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RESUME 


Les  dtudes  tant  thdoriques  qu'expyrimentales  sur  la  propagation  des  ondes  acoustiques  ont  fait  I'cbjet 
de  travaux  depuis  de  nombreux  sifecles.  Aprfcs  un  bref  aper$u  historique  de  ces  dtudes  on  pr^sente  quelques 
uns  des  diffdrents  themes  qui  seront  abord6s  dans  le  but  de  faire  I'd tat  des  connaissances  danj  ce  domaine 
particulier  de  l'acoustique. 

1  -  INTRODUCTION 


Les  dtudes  th^oriques  et  expyrimentale*  sur  'a  propagation  des  sons  dans  les  fluides  ont  fait  l'objet 
de  travaux  b  la  fois  anciens  ct  nodemes. 

En  effet,  des  textes  anciens  qji  ont  pu  traverser  les  sifecles  et  nous  parvenir,  le  premier  relatif  i 
l'acoustique  est  d'Aristote  (384-322  av.  J.C.)  qui  a  effectuG  une  classification  des  diffyrentes  branches 
de  l'acoustique  en  consacrant  une  part  importante  ^  la  propagation  des  ondes  sonores.  11  a  pressenti  d'une 
part  qu'il  cxistait  une  forte  analogic  entre  la  propagation  des  ondes  acoustiques  dans  les  liquides  et  dans 
les  gaz  et,  d'autre  part  que  le  mi'ieu  avait  une  influence  non  n£gllgeable  sur  cettc  propagation  (effets 
de  refraction).  Seulemcnt,  la  notion  de  Vitesse  de  propagation  des  sons  in&pendante  de  la  frequence  le 
gCnait  et,  en  particulier  dans  le  cas  des  sons  purs  de  basse  frequence,  Aristote  considdrait  que  la  c6iy- 
ritd  du  son  ytait  d£pendancc  de  la  frequence. 

Vraisemblablement  sur  la  base  de  ces  travaux,  Vitruve  [1)  (ler  si&cle  av.  J.C.)  a  ddfini  des  formes 
de  rdsonateurs  (en  forme  d'amphores)  qui  ont  eu  pour  consequence  la  realisation  de  theatres  antiques  dont 
la  quality  acoustique  est  difficilement  imitable  {2). 

Aux  I6£me  et  17fcae  sifecles  differents  travaux  sur  l'acoustique  ont  donne  lieu  b  un  certain  nombre 
d'ouvrages.  Ceux*ci  eraient  plutOt  orientes  vers  I'audition  des  sons.  En  ce  qui  concernc  la  propagation 
on  pent,  entre  autres,  retenir  les  6tapes  suivantes  : 

-  Gassendi  (1592-1655)  qui  a  demontre  que  la  ceieritc  du  son  est  independante  de  la  frequence, 

-  Newton  (1643-1722)  qui  a  redige  une  premiere  theoric  de  propagation  des  sons  dans  les  fluides  13) 
en  s'cid&nt  de  travaux  de  Galilee  (4)  et  de  Mersenne  (5).  (A  titre  d'anecdote  rappelons  que 
Mersennf.  a  ddfini  les  sons  Pollens  dus  b  ^interaction  du  vent  et  de  fils). 

Puis  aux  18&me  et  19fcme  sifccles,  la  propagation  des  sons  continue  b  intdresser  des  savants  plut.de 
connus  pour  d'autres  travaux.  Citons  par  exemple  Young  (1773-1829)  pour  sa  th6orie  do  la  lumifere  ct  du  son, 
Laplace  (1749-1827)  qui,  le  premier,  donne  une  expression  correcte  de  la  vitessc  du  son  dans  l'air. 

Enfin,  vers  la  fin  du  19fcme  sifccle  les  premiers  vdritables  traity.*  d'acoustique  sont  publiys  presque 
slmultanyment  par  Helmholtz  (1821-1894)  (6)  et  par  Lord  Rayleigh  (1842-1919)  {7). 

La  premiere  guerre  mondialc,  de  1914  b  1918,  a  rclancy  les  6tudes  d'acoustique  ct  de  propagation  des 
sons  da. -  les  fluides  sous  deux  aspects  : 

le  premier,  lid  b  la  localisation  de  sous-marins  [8), 

-  le  second,  lid  b  l'acoustique  des  canons  et  des  projectiles  (9). 

Ce  dernier  ouvrage  (ryfdrence  (9))nous  intdresse  au  plus  haut  chef. 

En  effet,  uniquement  sur  la  base  de  la  gdomytrie  dans  l'espace  appliqudc  aux  dquations  de  la  mecaniquc 
analytique,  Esclangon,  dans  son  ouvrage,  a  dtudid  en  dytail  : 

-  l'acoustique  gdomytrlque  :  ondes  de  bouches  des  canons  et  ondes  balistiques,  propriytds  gdorndtriques, 
cas  des  bolides  et  gtoiles  filantes  ; 

-  l'acoustique  physique  :  audition  physiologique  et  audition  auditive  ;  sons,  bruits,  detonations, 
infra-sons  ;  notions  audltives  de  direction  et  de  distance  ;  infra-sons  engendrds  par  les  canons  et  appa- 
reils  de  ddtection  ;  rdfraction  et  ryflexion  atmosphyriques  des  ondes  sonores  ;  zones  de  silence  ;  acous¬ 
tique  et  bali8tique. 


Depuis  la  scconde  guerre  mondiale  de  trds  nombreux  travaux  sur  la  propagation  acoustique  dans  les 
fluides  et  dans  les  solides  ont  vu  le  Jour. 

Les  progrds  obtenus  nc  concernent  que  peu  les  fondements  physiques  des  phdnomdnes  mais  permettent  de 
rdsojdre,  grace  aux  ordinateurs  et  aux  ddveloppements  des  mdthodes  numdriques, des  systdnes  d'dquations 
reprdsentant  le  mieux  possible  les  probldoes  rencontrds. 

L'objcC  de  la  sdrie  des  exposes  qui  rempliront  cette  semaine  a  pour  ambition  de  fairc  le  point  sur  les 
derniiircs  dtudes  relatives  A  la  propagation  des  ondes  acoustiques  dans  les  fluides. 

Auparavant  nous  aliens,  de  fa9on  schdraatique,  tenter  de  ddfinir  les  classes  d'ondes  susceptibles  de  se 
propager  dans  un  milieu,  en  fonction  des  propridtds  physiques  du  milieu  considdrd,  cela  dans  le  but  de 
fairc  apparaltre  les  mdcanismes  physiques  qui  agiront  sur  la  structure  spatio-tcmporellc  dc  I'cnde. 

II  -  MILIEU  IDEALISE 


Considdrons  une  onde  plane  qui  se  propage  le  long  de  l'axc  x  ,  avec  la  vltcssc  c  ,  sans  subir  de 
distorsion  ou  d'actdruation. 

Aprds  un  instant  jt  cette  perturbation  aura  parcooru  la  distance  ct  .  L’amplitude  p  de  cette  pertur¬ 
bation  esc  fonction  de  ( ct  -  x.  )  ou  de  (  ct  «.  )  selon  que  I'on  considere  la  propagation  le  long  de  la 

direction  des  cc  positifs  ou  ndgatifs.  Les  deux  functions  : 

(1) 

sont  toutes  deux  solutions  de  liquation  d'ondes  : 

(2  i  .  i>k.  =  o 
U/  c1  Zp  Z*‘ 

Admettre  cette  representation  dquivaut  A  admettre  que  l'une  des  deux  perturbations  (1)  :  p  ou  yo  ou 
les  deux  se  transmettent  dans  lc  milieu,  de  prochc  en  proche  A  condition  que  ce  milieu  possddc  les  deux 
propridtds  fondamen tales  suivantes  : 

-  son  dlasticitd  est  telle  que  la  transmission  est  possible 

-  son  inertie  esc  telle  que  l'ondc  ne  se  deforme  pas. 

Au  sens  de  la  mdcanique  des  milieux  continus  cela  sous-entend  que  le  milieu  propagatif  possdde  les 
propridtds  suivantes  : 

(1)  il  est  continu  et  homogdne,  c'est-A-dirc  qu'en  l'absencc  de  perturbation  le  milieu  est  en  dtac 
d'dquilibrc  :  il  possdde  partout  les  mCmes  propridtds  physiques  ; 

(2)  e'est  un  fluide  parfait  :  il  r»'y  a  pas  de  contraintcs  de  cisaillement  tangentiellcs  A  la  direction 
du  mouvement,  done  il  n'y  a  par  '  friction  interne  (de  viscositd)  ; 

(3)  e'est  un  fluide  d'dlasticitd  parfaitc  :  aprds  le  passage  de  la  perturbation  il  retrouve,  sans  incr- 
tic,  son  dcat  initial  ; 

(4)  son  inertie  thermique  est  nullc  ; 

(5)  la  conductivity  thermique  est  nullc  (ou  infmic  suivant  le  caractdre  thermodynaoique  du  milieu 
considdrd). 

Dans  ccs  conditions,  on  appellera  p0  ,/£  ,  7^  recpectivenent  la  pression,  densitd  et  temperature 
moyennes  du  uilieu  en  l'absencc  de  perturbations. 

Pour  aboutir  A  l'dquation  des  ondes  (2)  deux  voles  sont  possibles  : 

-  lindariser  les  equations  de  conservation  dc  la  mdcanique  des  milieux  continus. 

-  considdrer  la  relation  fondamen  tale  de  la  mdcanique  (  To  )  et  la  deformation  dc  l'dldmcnt 

de  volume  soumis  A  la  perturbation  tout  en  effectuant  l'hypothdse  des  pecites  perturbations.  En  appelant 

lc  vcctcur  ddforaation,  le  vecteur  vitesse  v  associd  A  la  perturbation  dc  pression  p  est  ddfini 

par  : 

(3)  «r  = 

Dans  lc_gadre  dc  ccttc  thdorie  lindairc  des  sons  en  milieu  iddalisd  on  ddcontre  aisdment  que  le  champ 
de  vltcssc  'V  ddrive  d'un  potenciel  <f>  : 

(4)  nr  =  -  V(p 

(cf.  (10),  par  excmple). 

Dans  ce  cas  l'dquation  lindarisde  de  conservation  de  la  quantity  de  mouvement  conduit  A  l'cxpression 
suivante  dc  la  pression  acoustique  (de  la  perturbation)  : 

®  r-eU 

d'cA  l'dquation  d'ondcs  tridimcnsionncllcs  dquivalentcs  A  (2)  : 


4  13  -  *i 

c*  ZP 


(6) 


«=  O 
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L'existencc  de  ce  potentiei  acoustique  (f)  iaplique  auu  n6cessa«rement  le  champ  de  vitesse  est  irro- 
tatlonnel.  Parfois  on  appelle  ce  champ  d'ondes  de  compress  is*'.  :  oudes  longitudinales. 

En  se  rGfdrant  aux  raisonnements  de  la  mGcanique  des  milieux  continue  ([10)  par  exeraple,  $  2.6)  on 
peut  £tablir  liquation  de  conservation  de  l'^nergie  de  l'or.de  qui  s'dcrit,  en  appelant 


& 


:  la  density  d'rnergie  cin£tio.ue 

:  la  density  d'Gnergie  potcncielle 

:  la  densitd  du  flux  d’Gnergie  de  l'onde  : 


(7) 


&(■ ft*-’- 

Equation  de  conservation  de  l'dnergie,  la  < 

6  en  GlectromagnGtisite. 

II  est,  A  cn  stade,  intGressant  de  rappeler  que  1' intensity  sonore  X  est  dgfinie  par  : 


Dans  cecte  Equation  de  conservation  de  l'lnergie,  la  quantity  pv  est  1 'analogue  du  vecteur  de 
Poynting  utilisd  en  GlectromagnGtisite. 


(8  1  -JL.J  pv  e/t. 

ou  *~r  reprdsente  la  pdriode  d'unc  onde  monochroaatique,  ou  bicn  dans  lc  cas  d'un  bruit  A  large  bandc 

(8')  T  =  &r 


H 


•*T 

pis  ett 


Pour  conclure  ce  paragraphs  reiatif  A  la  propagation  cn  milieu  Id6alis6,  ou  donne  dans  le  tableau  ai¬ 
des  sous,  l'exprcssion  de  grandeurs  caractdrlstiqucs  dc  l'onde  solution  de  (6)  ct  de  irinp6dance  sp^cifique 
"Z  dc  l'onde  dGfinie  par  le  rapport  : 

(9)  Z  *  p/'tr 

dans  lc  cas  de  : 


1  I  'ondc  plane 

I 'onde  sphdrique 

I 'onde  cylindrique 

f  ' 

<P  =  P  CA  (cot  -H-x.) 

(j)  s  £  Cos  fat- 

0  s  •—  Cats  (cot  -  fl+ij 

Vs  -  ft.  P  Son  (cot  -  ftx.) 

5^,  (cot  -ftz-t) 

s <*»  (u>t  -  fit  -  ) 

p  =.-ft.P  Z-  Sxm(cot  -  ft*. J 

S ±(U.&) 

P=~y(  s”(u>t-*z) 

xx.  -  Cas  (cot  -  £*-  J 

P'  (.  -/  J'4 

- 

Cas  £ot  -  ftt  - 

Cos  (cot  -  fti  -  f) 

*-/?<= 

bir) 

z=^^_ 

1 

II 

0 

a 

J 

i 

3 
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XU  -  MILIEUX  HON  IDEALISES  (quelques  cxccples) 

Tou jours  dans  lc  but  d'introduire  les  exposes  qui  vont  suivre,  nous  indiquons  ccrtaines  situations 
physiques  qui  pourraient  presenter  un  rdcl  intdrGt  pratique  ec  qui  conduisent  A  des  classes  d'ondes  parfois 
non  ndgligcablcs. 

I I I . 1  -  Ondcs  dc  gravitd 

Ccs  ondcs  se  rencontrent  dans  lc  cas  des  gat  liquldes  (air-eau  par  exemple)  et  cllcs  se  propagent  A 
la  surface  du  liquidc. 


/ 

r 

/ 
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Dans  ce  as  I’on  «  : 


Sans  entrer  dans  le  detail  des  calculs  indlquons  simpleaent  que  l 'amplitude  du  potent iel  des  vltesses 
ddcrott  exponent iellement,  avec  la  cote  x  du  milieu  (I'axe  dtant  perpendiculaire  au  plan  de  1' inter¬ 
face  air-eau)  :  ^ 


$  =  <P0„„  *■*/>(-  **/>J  fa-  £,  fa ■ 


yc  ou  Cs  reprdsente  la  cdldritd  de  ces  ondes  de  surface  : 


III. 2  -  Reflexion  des  ondes 
Milieu  X 


Mi fr' co  JL 


o 

Ce  problfene  de  reflexion  des  ondes  sur  une  surface, 
ou  A  l’ interface  de  deux  milieux,  est  L'un  des  plus 
vieux  probldmes  qui  ait  dtd  dtudid.  Dans  le  cas  ou 
1* interface,  ddfinie  sur  le  schema  ci-contre  par 
ot  =  o  ,  a  un  coaporteaent  parfaiteaent  rigide 
av  sens  acouscique  (  fZj  — *>°  )  nous  savons 

bien  qu'il  n'y  a  pas  d'ondes  transmises  (onde 
<pt  %  O  )  et  rue  l'onde  incidente  <fi4  subit  une 
reflexion  tot ale/0,/  - 

Maintenanc  supposons  que  le  milieu  II  corresponde 
i  un  milieu  localement  rdactif  (schema  ci-dessous), 
dans  ce  cas,  dans  le  milieu  II  les  ondes  se  propa- 
gent  seu  lenient  dans  la  direction  normale  aux  condi¬ 
tions  aux  limites,  e'est-i-dire  que  les  ondes 
transmises  sont  guiddes  et  en  choisissant  Judicieu- 
seoent  les  impedances  des  milieux  1  et  II  ont  peut 
montrer  que  dans  le  milieu  I  il  n'y  a  pas  d'ondes 
rdf ldchics. 

Cette  propridtd  est,  de  fa$on  dvidentc,  importance 
pour  les  applications  pratiques. 

Les  architectes  de  L'dpoque  gothique  connaissaient 
certaineaent  sous  forme  enpirique  cctte  propnetd 
d'ondes  guiddes  par  des  milieux  localement  rdactif. 
En  effet  ct  si  vous  cn  aver  l'occasion,  vous  devriez 
visiter  le  Cloltre  gothique  (fin  du  Wine  siicle) 
de  la  Chaise-Dieu  (cf  un  guide  sur  1 'Auvergne)  ct 
plus  particuliirenent  la  "Salle  de  l'Echo"  ou  deux 
personnes  se  plaqant  dans  des  angles  opposes  et  sc 
toumant  le  dos,  peuvent  parlor  A  vois  basse  et 
s'entendre  de  faqon  parfaiteaent  intelligible. 


Les  deux  excmples  choisis  pour  presenter  des  milieux  non  iddalisds  nc  comptcnt  pas  parmi  les  plus 
important^.  Des  cas  plus  complexes  vous  scront  traitds  par  les  diffdrents  spdcialistcs  qui  interviendront 
au  cours  de  cctte  semainc  : 

-  cn  gdndralisent  le  cas  de  deux  milieux  a  n  milieux  dont  les  inpidances  varient  continQment  on 
abcutit  h  J 'dtude  des  effets  de  refraction,  effets,  crfcs  importants  dans  la  nature,  qui  conduisent  A  des 
zones  de  silence  ct  &  des  zones  de  rcnforcement  de  bruit  ; 

-  cu  considdrant  1 'effet  de  transport  par  un  fluide  on  aboutit  i  1' dtude  de  1' effet  de  convection  ; 

-  cn  considirant  des  milieux  semi-infini,  ou  des  milieux  finis  on  aboutit  i  des  effets  de  guidage  et 
de  filtrage  des  or.des  soncres  ct  en  fonction  de  l'xrapddance  acoustique  des  parois  h  l'absorption  possible 
de  certaines  cndcs  acoustiquce  ; 

-  en  considdrant  la  presence  d' obstacles  on  aboutit  5  l'dtude  d'effets  de  diffraction  ; 

-  en  considdrant  des  grandeurs  moyennes  du  milieu  variables  au  cours  du  temps  on  aborde  l'dtude  des 
effets  de  diffusion,  effets  complexes  et  non  encore  bien  dtudids. 

Enfin,  1 'aspect  non  lindairc  sera  abordd  sous  deux  formes  : 

-  la  premier z  conccme  la  propagation  d'ondes  de  fortes  amplitudes, 

-  la  scconde  les  mdcanismes  de  couplagc  non  lindaire,  gdndratcurs  de  sources  de  bruit. 

On  doit  rester  conscient  de  ce  que  cctte  branche  dc  l'acoustique,  relative  h  la  propagation  des  ondes 
sonorcs,  eat  vastc  et  que  seuls  certains  dc  scs  aspects  sont  traitds,  aspects  considdrds  coamc  constltuant 
La  base  des  dtudes  de  propagation  en  uilicu  inhoaoginc. 
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ACOUSTIC  EQUATIONS  IN  MOVING  FLUIDS 

P.E.  Doak,  Institute  of  Sound  and  Vibration  Research,  The  University,  Southampton  S09  5NH,  England 


The  full  transport  equations  of  mass,  momentum  and  energy  of  an  arbitrarily  moving,  thermally 
inhomogeneous,  fluid  are  considered,  and  also  appropriate  definitions  of  “acoustic  notion"  in 
such  circumstance j,  loading  to  the  partial  differential  equations  and  boundary  conditions 
governing  such  notion.  The  fundamental  nature  of  the  convective,  refractive,  diffractive 
and  diffusive  effects  of  the  fluid  notion  and  thermal  inhomogeneity  on  the  acoustic  notion  is 
made  ovident.  A  classification  is  made  of  types  of  problems  that  have  been,  and  can  be, 
solved,  and  of  the  kinds  of  interactions  that  can  occur  between  acoustic  and  other  kinds  of 
notions. 


1.  INTRODUCTION:  SMALI  AMPLITUDE  FLUCTUATIONS  Ov  A  LOSSLESS  FLUID  ABOUT  AN  EQUILIBRIUM  REST  STATE 

The  human  ear  functions  as  a  detector  of  certain  pressure  fluctuations  in  the  air,  and  thus  acoustic 
notion,  in  a  general  dynamical  sense,  is  a  class  of  mechanical  stress  fluctuations.  The  fundr centals  of 
tnc  dynamics  of  a  lossless,  ideal  fluid,  which  is  in  a  state  of  fluctuating  notion  of  small  amplitude 
relative  *“o  a  uniform  rest  state  of  thermodynamic  equilibrium,  have  long  been  well  understood.  Under 
such  conditions,  in  the  absence  of  any  external  force  fields,  the  equations  of  mass  and  linear  momentum 
transport,  to  first  order  in  the  small  fluctuating  quantities  which'  constitute  the  only  notion,  reduce  to 

9p'/9t  4-  *  0 

and 

003v'/3t  4-  dp'/9x.  -  0, 

respectively.  Here  0  is  tho  mass  density,  p  the  pressure  and  v. (i  *  1,2,3)  the  particle  velocity. 

Cartesian  vector  and  tensor  notation  is  used  hero  and  in  what  follows,  with  the  usual  convention  of  a 
repeated  suffix  indicating  suianation.  A  subscript  zero  indicates  a  constant  reference  value  (here  the 
equilibrium  rest  state  value)  and  a  prime  the  purely  fluctuating  part  of  a  quantity:  i.c.,  o'  »  p(x.,t)-Pg, 
etc.,  p*  Lcing  of  zero  time  average  over  a  period  of  the  ration,  if  it  is  periodic,  or  over  a  suitably  long 
interval  if  it  is  effectively  random. 

The  momentum  transport  equation  shows  that  vjj  is  irrotational,  so  that  it  can  be  derived  from  a  scalar 
potential,  v'  »  -df/dx^,  and  further,  since  then  9(p'  -  prt3^‘/3t)/9xi  -  0,  one  has  p'  “  Pg3$'/9t,  apart 
from  a  function  of  time  only. which  space-time  causality  considerations  require  to  be  zero.  If  the  fluc¬ 
tuations  are  rapid  enough  so  that  chero  is  not  time  for  any  fluid  clement  to  exchange  heat  with  its 
surroundings  by  the  usually  relatively  slow  orocess  of  thermal  diffusion,  then  p*  will  be  adiabatically 
related  to  p ' :  i.c.,  p‘  -  c2p ' ,  where  c2  -  1/p  ,  p  being  (9p/9p)g,  where  S  is  the  entropy  (this  subscript 

notation  for  thermodynamic  partial  derivatives  is  used  throughout) .  The  quantity  c  is  called  the  speed  of 
sound.  In  an  ideal  gas,  c  -/yp/p  and  is  thus  proportional  to  T*J,  where  Y  is  the  ratio  of  specific  heats 
and  T  is  the  absolute  temperature.  With  these  relations  among  p',  p'  and  and  c  =  Cg,  being  evaluated 
in  the  quiescent  reference  state,  the  mass  transport  equation  becomes 

3  V/3x’  «  <l/c2)3V/3t2, 

the  homogeneous  scalar  wave  ©ouation,  .'hich  nas  the  primitive  wt* '0  solutions  f+  (t+r/cQ)  /4nr,  where  r  =  |  j  - 
These  solutions  show  that  any  small,  adiabatic  pressure,  density,  or  velocity  potential  fluctuation  in  an 
otherwise  quiescent  equilibrium  rluid  is  composed  of  waves  of  unchanging  form  propagating  t  .  constant 
speed  Cg  relative  to  the  fluid  in  its  equilibrium  rest  state.  Such  waves  are  commonly  called  "acoustic 
waves" . 


The  mean  energy  density  associated  with  this  acoustic  wave  motion  is 
<l/2)o0v'2  +  U/2)p'2/o0c02, 

the  sum  of  the  kinetic  and  potential  energy  densities  (an  overbar  indicates  an  appropriate  time  average) . 

The  potential  energy  density,  of  course,  is  the  energy  stored  elastically  in  the  adiabatic  compression  of 
the  fluid  (not  isothermal).  These  energy  densities,  for  any  individual  travelling  wave,  are  "locked"  into 
the  wave  and  travel  with  it.  Since  the  fluid  has  been  assumed  lossless,  the  total  energy  must  be  con¬ 
served,  and  hence  the  mean  intensity  vector  (energy  flux)  *  p'v'  is  solenoidal:  i.e.,  377/3x^  =  0. 

Since  tho  wave  equation  is  linear,  the  Principle  of  Superposition  applies:  any  sum  of  solutions  is  also 
a  solution.  Thus  constructive  or  destructive  interference  occurs  among  waves  ar* *ving  at  an  observation 
point  by  different  paths  (due  to  reflections,  say)  or  from  different  sources.  Finally  the  Principle  of 
Reciprocity  also  applies:  i.e.,  e.g.,  f+(t  -  | -  yJ/Cgl/Mxlxj  -  y,|  ■=  f+(t  -  | yt  -  x,|/c0)/4„|y  -  x.l  ; 

the  wave  observed  at  x^  from  a  "point"  source  at  y .  is  identical  to  that  observed  at  y.  from  the  same 
"point"  source  at  x^.  Since  Pg  and  cQ  are  the  only  material  parameters  involved,  it  Is  evident  that  such 

wave  motion  is  a  characteristic  behavioural  property  of  any  material  having  inertial  mass  and  linear 
(Hookean)  elasticity,  the  speed  of  propagation  being  determined  by  the  square  root  of  the  ratio  of  the 
clastic  modulus,  here  Yp#  to  tho  mass  density. 

If  the  fluid  is  in  uniform  motion  at  a  constant  velocity,  (V,g,0,0)  ,  say,  then  since  the  wave  motion 
s  relative  to  the  fluid  equilibrium  state,  the  wave  equation  again  applies  but  in  a  co-ordinate  system 
laving  the  same  uniform  motion:  i.e.,  "  X1  +  Vl0t/  x2f  x3^ '  A  Galilean  transformation  of  co-ordinates 

for  a  wave  field  (C1#x2/X3,t)  into  (x^  +  V  t,  x2,  x3,  t)  then  describes  the  uniformly  convected  wave 

motion  in  the  fixed  (x^,t)  co-ordinates.  Thus,  the  appropriate  "acoustic"  wave  equation  in  the  fixed 
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•u-ordinates  for  a  fluid  in  uniform  thermodynamic  equilibrium  but  in  uniform  notion  with  constant  velocity 


iO 


aV/3^  -  a/c2)D%VDt2 


where  here  D/Dt  »  3/3 1  + 


It  is  therefore  evident  that  the  case  of  uniform  fluid  motion  can  be  easily  transformed  into  formal  identity 
with  that  of  a  quiescent  fluid.  For  this  case  of  uniform  raotiop,  the  relationships  between  p'  and  p*  and 
between  v|  and  remain  che  same,  but  p*  ■  Pq^'/D t. 


2.  THE  GENERAL  CASE:  THE  TRANSPORT  EQUATIONS 
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The  situation  can  be  essentially  different  from  that  for  a  quiescent  equilibrium  reference  state, 
therefore,  only  if  the  reference  state  is  one  of  non-uni form  motion,  or  is  thermally  non-uniform.  The 
possibility  of  the  existence  of  some  recognizable  form  of  ’'acoustic"  wave  motion  in  the  general  case 
clearly  must  be  considered  in  the  context  of  the  full  transport  equations  of  the  fluid  for  mass,  linear 
momentum  and  energy.  These  are,  respectively,  for  a  homogeneous  fluid  subject  to  conservation  of  mass, 


3p/3t  +  atpv^/DXj^  *=  0, 


(1) 


3(pv,)/3t  +  3  (pv,  v 
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of. 


(PU  +  hpv2)  +  ~~  {(PU  i  )  V j  +  PjjV 


011V1  +  C' 


T’ 


(2) 


(3) 


in  which  p.j  is  the  stress  tensor,  f^  the  external  force  per  unit  mass,  U  the  internal  energy  per  unit  mass, 
0  the  heat3 flux  and  QT  the  rate  of  external  addition  of  heat  per  unit  volume.  According  to  the  macro¬ 
scopic  laws  of  physics,  the  axternal  ("body")  force  per  unit  volume,  f,,  can  be  only  gravitational  or 
electromagnetic  in  nature,  and  thus  it  is  zero  if  forces  of  these  types  are  not  appreciable.  The  electro¬ 
magnetic  external  force  is,  of  course,  the  Lorcntz  force,  and  thus  is  zero  if  the  fluid  has  no  electrical 
charge.  The  stress  tensoi  is  taken  as  p.  ,  =»  p6.  -  S..,  wher*'  p  is  the  thermodynamic  pressure  (i.e.,  for 
U  ■*  U(S,p),  then  p  »  - (3U/3 (1/p) ) _) ,  and  63.  is  tile  Kroncckcr  delta,  6^,  *  0,  i  /  j,  and  6^,  «  1,  i  “  j. 
Then,  for  a  Stokesian  fluid,  S.,  is  ihe  usual  viscous  stress  tensor,  involving  both  shear  and  bulk  viscosity 
coefficients,  p  and  n,  respectively: 
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This  definition  of  pressure  in  t^e  general  case  is  not  a  trivial  matter  for  acoustical  purposes.  From 
equation  (4)  it  is  evident  that  3»  .  /  0  and  thus  for  a  Stokesian  fluid  with  bulk  viscosity  the  thermo¬ 
dynamic  pressure  p  is  not  equal  to  the  average  normal  stress,  -rp^,.  As  thermodynamically  defined,  the 
pressure  p  is  the  independent  variable  for  reversible  changes  In  the  enthalpy,  h  »  U  +  p/p,  through 
6h  =  Tic  +  (l/p)6p.  Also,  it  is  well  established  that  for  a  travelling  pressure  wave  in  a  viscous  fluid, 
the  decrease  in  amplitude  per  unit  amplitude  per  unit  distance  due  to  all  viscous  effects  is  proportional 
to  (4/3) M+n,  and  that  only  in  pure  monatomic  fluids  is  the  bulk  viscosity  n  negligible.  In  polyatomic 

fluids  and  mixtures,  its  effective  value,  due  to  internal  relaxation  processes  on  the  molecular  levels,  is 
very  often  much  greater  than  that  of  the  shear  viscosity  coefficient  \i. 


Elimination  3f  the  terms  m  pv^  only  between  equations  (1)  and  (2)  gives 

3(P  t,>/ax.. 


32p/3x2  -  32p/3t2  +  32<P 
or,  with  the  double  divergence  carried  out  explicitly 
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If  the  thermodynamic  state  of  the  fluid  can  be  specified  by  the  two  independent  thermodynamic  variables 
entropy,  S,  and  pressure,  p,  so  that  6p  =  p  *p  +  pg5S,  p  being  1/c2,  as  before,  then  for  small  fluc¬ 
tuations  about  a  reference  state  of  uniform* mean  velocity  V.y,  uniform  mass  density  Pq,  and  uniform 
temperature,  the  fluctuating  part  of  equation  (4)  becomes,  to  first  order. 
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which,  for  negligible  entropy  fluctuations,  internal  losses  and  external  forces,  reduces  to  the  previously 
obtained  uniformly  convected  wave  equation.  However,  it.  the  general  case,  the  tcim  -v^v, 32p/cxi3x,  in 
equation  (6)  includes  net  only  convection  of  fluctuating  density  gradients  by  the  moan  ilow  but  ilso  con¬ 
vection  of  mean  density  gradients  by  the  fluctuating  flow,  and  the  fifth  term  in  equation  (6)  is  similarly 
a  complicated  mixture  of  both  mean  and  fluctuating  density  and  velocity  gradient  components.  Since,  on 
an  intuitive  basis,  and  because  the  ear  responds  to  pr^ssuro,  it  would  be  attractive  to  suppose  that"  the 
fluctuating  pressure,  or  some  part  of  it,  might  be  still  intorpre table  as  "acoustic"  in  the  general  cate, 
it  is  natural  to  ask  whether  or  not  some  part  of  the  velocity  could  be  associated  with  this  pressure,  and 
thus  also  regarded  as  acoustic.  In  the  quiescent  reference  frame  case  the  velocity  derivable  from  the 
fluctuating  scalar  potential  was  associated  with  the  pressure  fluctuations  in  this  way.  The  particle 
velocity,  of  course,  according  to  Helmholtz*  Theorem,  con  always  be  represented  in  terms  of  a  scalat  and 
a  vector  potential:  v^  *  V^^tx.  ,t)-3^(x^,t)/3x. ,  V^x^ft)  being  the  solenoidal  component  cbtaii.ed  from  the 
vector  potential.  Consideration  of  the  mass  transport  equation  snows  immediately,  however,  that  this 
association  does  not  extend  advantageously  to  the  general  case.  It  is 


3p/3t  3  (VA  -  3Q/txL)  3o/3xi  -  p  32^/3xi2 


<8) 


®  0. 


In  this  form,  the  equation  is  non-linear  and  involves  product  terms  of  exactly  the  type  it  was  hoped  to 
avoid,  with  both  mean  and  fluctuating  solenoidal  velocity  components  present.  Also  it  appears  that  the 
scalar  velocity  potential  may  have  both  mean  and  fluctuating  parts,  and  that  both  the3o  can  be  present. 
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3.  THE  GENERAL  CASE:  DEFINITIONS  OF  ACOUSTICAL,  TURBULENT  AND  THERMAL  MOTION 


If,  however,  the  linear  momentum  density,  rather  than  the  particle  velocity,  is  regarded  as  the  primary 
dependent  vector  field  to  be  determined,  and  it  is  represented  in  terms  of  solenoidal  and  irrotational  com¬ 
ponents,  Pvj_  “  Bi-3^/3x^,  aB^/ax^  «  0,  then  the  mass  transport  equation  becomes  simply 

3p/3c  -  S^/Sx,2  -  0,  (9) 


which  is  linear,  involves  only  p  and  the  scalar  momentum  potential  and  with  p  ■  p(S,p)  immediately 
suggests  and  permits  definitions,  in  the  general  case,  of  "acoustical"  (i.e.,  "adiabatic”)  and  "thermal" 
(i.e.,  "isobaric")  components  of  both  p  and 


3p_  a  1  3S 

at  a  “2  at  +  ps  at 

c 


(10) 


These  definitions  are  wholly  consistent  with  the  linearly  independent  acoustic  and  thermal  diffusion  types 
of  motion  that  are  well  known  to  apply  for  small  amplitude  fluctuations  about  a  uniform  quiescent  reference 
state.  Furthermore,  since  a27/ax,*  -  0  for  a  time  stationary  motion  (i.e.,  when  p  »  (Mx^  4p  '  (x.  ,t) ,  with 
p'  having  a  zero  time  average  over  suitable  time  intervals),  then  a^/3x.  is  both  irrotational  ana  solenoidal, 
so  that  ^  can  be  taken  to  be  zero  without  further  loss  of  generality,  with  the  entire  solenoidal  mean 
momentum  being  represented  by  B . .  (A  vector  which  is  both  Irrotational  and  solenoidal  can  be  represented 

either  as  the  gradient  of  a  scalar  potential  satisfying  Laplace's  equation  or  as  the  curl  of  a  vector 
potential  each  of  whoso  Cartesian  components  satisfies  Laplace's  equation.)  The  uniqueness  of  the  fluc¬ 
tuating  momentum  components,  B. '  and  is  subject  only  to  an  appropriate  allocation  to  one  or  the 

other  of  any  fluctuating  momentum  field  component  which  turns  out  to  be  both  solenoidal  and  irrotational, 
in  any  particular  case. 


These  definitions  lead  directly  to  an  expression  for  the  total  linear  momentum  density,  in  the  general 
case,  that  is  a  linear  superposition  of  a  uniquely  defined  mean  component  and  similarly  uniquely  defined 
fluctuating  "turbulent",  "acoustical"  and  "thermal"  components: 

pvi(xk,t)  «  +Bi'(xk,t)  -  (xJc,t)/3xi  -  av  (xk,t)/3xi.  (11) 

Note,  with  reference  to  equations  (10)  and  (11),  that  since  ®  0  then,  even  if  \f>  and  ^  are  not  zero, 
nevertheless  +  ^  ■  0.  Note  also  that,  a3  in  this  general  case  no  other  precise  definition  of  turbulent, 
acoustical  and  thermal  fluctuations  has  been  previously  proposed  and  accepted,  the  terms  usually  having 
been  used  loosely,  without  consistent  definition  -  and  this  applies  to  both  "turbulent"  and  "acoustical"  - 
these  definitions  do  not  necessarily  correspond  exactly  to  motions  previously  described  elsewhere  by 
similar  words. 


In  terms  of  <>'  and  B^,  the  momentum  transport  equation  becomes 
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{p  at  1  3x^  v  lBiBj  axA  ax^  P  ax^  p  axi  ij; 


pf1.  (12) 


With  “  B  +  B  '  and  p  «  p  +  p',  and  with  6p  =  p  6p  +  ps$S,  the  non-linear  terms  in  equation  (12) 
which  represent  3(pv. v, ) /3x, ,  as  well  as  all  the  linear  terms,  are  now  explicitly  classified  as  comprised 
of  specific  mean,  turbolent,  acoustical  and  thermal  factors,  as  also  are,  of  course,  the  terms  5n  equations 
(10)  and  (11). 


4.  THE  GENERAL  CASE:  ACOUSTICAL  MOTION  EQUATIONS 


For  investigating  the  nature  of  the  fluctuating  part  of  equation  (12)  it  is  notationally  convenient  to 
consider  its  time  derivative  so  that  all  fluctuating  terms  will  be  clearly  visible.  With  coefficients  in 
a  mixed  notation,  for  compactness,  this  can  be  written  as 
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The  last  two  terms  on  the  left  hand  side  of  equation  (13),  taken  togothcr,  are  solenoidal. 
of  equation  (13)  is  thus,  after  elimination  of  p  and  p  by  use  of  equation  (10), 
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The  divergence 


(14) 


This  is  a  fourth  order  inhomogeneous  equation  for  with  some  obvious  partial  similarities  to  a  convectcd 
wave  equation.  The  equation  would  be  expected  to  be  fourth  order,  for  two  reasons.  First,  apart  from 
the  aB./at  term,  the  left  hand  side  terms  should  be  of  the  form,  as  it  were,  02/3x,2  +  L  )  02/3x  2  +  1^,)^’, 
where  LA  is  the  differential  operator  corresponding  to  the  acoustic  part  of  the  scalar  potential,  *f>  * ,  and 
L  that  corresponding  to  the  thermal  part,  vT,  this  form  being  also  obtained,  of  course,  in  the  well- 
understood  case  of  small  amplitude  motion  of  a  Stokesian  fluid  about  an  equilibrium  rest  state.  Second, 

„he  fluid  motion,  through  the  coefficients  involving  the  velocity  v^,  makes  the  propagation  of  both 
acvusticol  and  thermal  disturbances  anisotropic. 
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For  purposes  of  physical  interpretation/  equation  (14)  expressed  in  terms  of  p  and  p,  insofar  as 
possible,  is  of  particular  interest.  It  is 
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The  special  dynamical  role  of  the  velocity  gradients,  3v./3x, ,  is  evident  from  equation  (15).  The  other 
terms  involving  v.  are  generalized  convection  terras  for  density  fluctuations,  but  the  last  term  represents 
an  "acceleration"1 (second  time  derivative)  of  the  rate  of  mass  density  change  which  depends  on  the 
divergence  of  a  vector  composed  of  products  of  velocity  gradients  by  the  momentum  rate  of  change.  This 
"acceleration"  of  density  rate  depends  on  all  three  fluctuating  momentum  components,  turbulent,  acoustical 
and  thermal,  and  the  acoustical  component  cannot  readily  be  expressed  in  terms  of  p* ,  because  it  involves 
the  gradient  of  and  not  its  Laplacian.  From  the  momentum  equation  (12),  it  is  evident  that  3C>'/9t 
could  be  written  as  p*  +  3^'/3t,  where 
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The  component  thus  would  depend  on  the  irrotational  effective  force  fluctuations  arising  from  the 
Reynolds  and  viscous  stresses,  and  the  external  force.  However,  its  source  terms  in  the  Poisson  equation 
(16)  are  simply  the  integral  with  respect  to  time  of  all  the  terms  in  equation  (15)  except  the  first  two. 
Therefore,  attempts  at  elimination  of  the  3^'/<)x.  tetrn  In  equation  (15)  would  lead  only  to  an  integro- 
differential  equation,  of  a  form  mu^h  more  complicated  than  the  fourth  order  equation  (14;  for  V  . 


It  is  clear  from  equation  (15),  then,  that  pressure  fluctuations  in  an  arbitrarily  moving  fluid  are  not 
governed  by  any  simple  form  of  convected  wave  equation.  The  presence  of  velocity  gradients  of  appreciable 
magnitude  prevents  this,  by  introducing  a  single  term  which  can  locally  strongly  couple  momentum  fluctuations 
of  all  three  types,  turbulent,  acoustical  and  thermal,  tc  the  pressure  fluctuations,  which  would  otherwise 
propagate  in  a  recognizably  "acoustic-wave-like"  manner  relative  to  the  moving  fluid. 


For  the  reasons  stated  and  other  obvious  ones,  the  fourth  order  equation  (14)  for  rather  than  the 

second  order  equation  (15)  for  3p/3t,  must  be  regarded  as  the  fundamentally  correct  basis  for  analyzing  the 
interrelationships  among  turbulent,  acoustical  and  thermal  types  of  motion  in  an  arbitrarily  moving  fluid. 
However,  a  "mixed"  expression  for  3p/3t  can  be  obtained  from  equation  (15) ,  which  can  be  useful  and  of 
interest  in  some  situations,  and  which,  for  the  most  common  case  of  zero  externa)  forces,  is  relatively 
slmnle.  By  using  the  momentum  equations  \2)  and  (12),  with  f^  “  0,  the  last  term  on  the  left  of  equation 
(15;  can  be  written  as 
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Equation  (15)  thus  can  be  put  in  the  form 
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The  validity  and  usefulness  of  such  an  expression  depends  wholly  on  whether  or  not  the  right  side  source 
term  can  be  evaluated,  or  estimated  to  a  sufficient  approximation,  independently  of  the  left  side  terns. 

In  the  general  case  this  obviously  is  not  possible,  as  the  "Bernoullll  pressure  gradients"  in  3(pv^vk) 4 /3x^ 
of  the  right  side  can  "cancel  out"  appreciable  components  of  the  total  pressure  gradient  ap’/Ox.  cri  the 
left  side.  Also  it  is  evident  that  in  its  present  form  (selected  for  simplicity  at  this  stage;  the  right 
side  includes  a  terra  -3{2(3v. /3x.) v, 3p/3t}/3x.  "doubly"  cancelling  the  term  of  half  that  value  and  identical 
form  on  the  left  side  (from  32 (v^v  ap/3t) /3x. 3x.) .  With  this  term  extracted,  the  remainder  of  the  right 
side  is  3{2 Ov^/Sx^)  (pv^3v./3x.  ) *}73x.  and  tne  linearized  forms  of  this  are  of  interest  for  cases  of  _ 
"parallel"  sheared,  or  only  slightly  divergent,  mean  flews.  For  tho  "parallel"  mean  flow  case,  where  v^  ■* 
(V1(x2) ,0,0) ,  say,  it  becomes,  to  first  order,  simply 
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since  v2  *=  0.  in  such  a  case,  then,  the  "source"  termjdepends  on  only  one  of  the  fluctuating2 velocity  com¬ 
ponents.  Note  that  if  p  is  similarly  stratified,  p  »  P  (x2) ,  the  source  tern  becomes  32{p(3v.  /3x«)  v2*  J/Sx^ . 

For  an  axisymmetric  divergent  mean  flew,  a  rather  similar  result  would  be  obtained,  but  with  both  fluctuating 
transverse  velocity  components  involved. 


As  the  simplest  of  the  "mixed"  equation  formulations,  equation  (IF)  can  be  notationally  compressed  down 
to  the  "acoustical  analogy"  form: 
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the  last  two  terms  on  the  right  being  regarded  as  independently  estimable  (to  seme  degree  of  approximation) 
forcing  terms. 

5.  BOUNDARY  CONDITIONS 


Boundary  conditions  are  derived  from  the  transport  equations  as  limiting  cases.  As  mass,  linear 


momentum  and  energy  densities,  and  their  rates  of  change,  and  also  external  forces  and  rates  of  heat 
addition,  must  be  everywhere  finite,  integration  of  the  three  transport  equations  (1-3)  across  any  fixed 
surface  in  a  region  containing  the  fluid,  in  the  direction  n  normal  to  the  surface,  shows  that  pv^, 
pv.v  +  p  and  <pU  +  ^Pvj*>v  +  p£  +  6  all  aust  be  continuous  across  the  surface.  At  a  mutually 
impenetrable  interface  between  twoi9issioi?ar  continua,  moving  or  fixed,  the  conditions  become  continuity 
of  particle  displacement  {so  that  no  "vacuum”  can  be  formed  at  the  interface),  Newton's  Third  Law  of  action 
and  reaction  for  the  internal  stresses  p.  ,  and  continuity  of  stress  energy  and  heat  flux,  pinv^  +  ©n.  In 
fluid  mechanics  the  former  conditions,  the  Rankine-Hugoniot  conditions  in  general  form,  are  appropriate 
across  near-discontinuities  in  fluid  properties,  such  as  shock  waves,  or  thin  shear  layers.  The  latter 
conditions,  however,  are  the  appropriate  ones  at  the  moving  interfaces  between  fluids  and  solids  (or  other 
immiscible  fluids)  which  are  common  in  acoustics. 

6.  MEAN  ENERGY  FLUX 

The  momentum  potential  formulation  also  leads  to  definitions  of  mean,  turbulent,  acoustical  and  thermal 
energy  fluxes,  and  to  certain  significant  relationships  among  these.  The  transport  equation  for  total  (or 
’’stagnation’)  enthalpy,  H  »  h  4  (1/2) v.2  *  U  +  (p/p )  +  (l/2)v^2,  is 

It <PH1  +  -  suvi  +  V  ■  If +  p£jvj  +  V  ,19) 

Time  averaging  shows  that 
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that  is,  that  the  mean  flux  pHv.  -  s  *  i  +  6j  h<*s  only  the  external  sources  pf^v.  and  ftp  and  is  solenoidal 
everywhere  that  these  are  zero.  Thcrnean  flux  pHv,  can  be  written  as  the  sum  of  a  flux  carried  by  the  mca 
momentum  and  a  flux  carried  by  the  fluctuating  momentum,  Hpv^  -  H(pv  )  +  H'(pv,)',  or,  by  virtue  of  the 
expression  for  (pv^)  '  as  a  sum  of  turbulent,  acoustical  and  thermal  parts,  equation  (11),  as 

iipvj  -  iy  h'b^ *  ♦  +  H’T-a^/ax^") .  (21) 

As  for  the  momentum,  then,  unique  mean,  turbulent,  acoustical  and  thermal  components  of  the  total  mean 
energy  flux  Hpv^  can  be  identified,  and  Hpv^  is  a  linear  superposition  of  these. 

From  the  momentum  equation  in  the  form 
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where  ft.  is  the  vorticity  (the  curl  of  the  velocity),  a  separate  expression  for  H  pv  can  be  obtained. 
Taking  the  time  average  of  equation  (22) ,  and  multiplying  it  scalarly  by  (pv.)  gives,  after  some 

rearrangement,  _  _ 
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Then,  subtracting  equation  (23)  from  equation  (20),  combining  and  rearranging  terns,  with  use  of  the  time 


average  of  the  entropy  transport  equation  and  the  fact  that,  since  the  triple  scalar  product  (pv .) (ft^xv . ) . 
is  identically  zero,  (o v^) (ft^xv^) -(Pv^) '  (ft^xv^)  ^ ,  gives,  exactly,  ^  ^ 
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The  sources  of  the  mean  energy  flux  carried  by  the  fluctuating  momentum  are  thus,  like  IP  (pv.) '  itself, 
time  averages  of  quadratic  products  of  fluctuating  quantities.  Note  also  that  the  externalJheat  addition, 
does  not  appear  in  equation  (24) ♦  In  the  absence  of  external  forces,  and  when  irreversible  effects 
are  small,  the  only  source  is  -  (pv . ) '  (ft^xv. )  ' ,  representing  creation  of  a  mean  flow  of  fluctuating  energy 

by  fluctuating  Coriolis  accelerations.  It  can  be  positive  or  negative,  corresponding,  respectively,  to  a 

source  or  sink  of  such  a  mean  energy  flow.  As  previously  mentioned,  it  is  identically  equal  to 

+  pv^tft^xv^)^,  and  in  the  case  of  an  internally  wholly  lossless  fluid 


3^{,,,<PV') 


“’V'Wj'  ■  (pvJ)  <nkxvi)  j  ‘  K(pvj>' 


showing  that  sources  of  the  mean  energy  flux  carried  by  the  fluctuating  momentum  are  locally  sinks  of  that 
carried  by  the  mean  momentum,  and  vice  versa. 

In  terms  of  the  specific  vorticity,  ftj./p ,  the  fluctuating  Coriolis  acceleration  source  term  is 

-  (PVJ)’{(ftk/p>'x(^>}j  -  (pvj)  (lftk/p)  •x(pvi)  ')y  (26) 

which  shows  that  it  depends  on  the  mean  momentum,  and  on  each  component  of  the  momentum  fluctuations.  Thus, 
both  the  mean  intensity  associated  with  tne  fluctuations  and  its  sources  are  expressed  in  terms  of  the 
turbulent,  acoustical  and  thermal  fluctuations. 

7.  POSSIBILITIES  FOR  SOLUTIONS 


Because  of  their  complexity  and  non-linearity,  the  equations  for  the  fluctuating  pressure  and  other 


field  variables  in  an  arbitrary  fluid  flow  are  not  in  general  amenable  to  analytic  solution.  The  only 
case  for  which  analytical  methods  are  readily  available  and  applicable  is  that  of  small  amplitude  fluc¬ 
tuations  about  an  equilibrium  quiescent  (or  uniformly  moving)  reference  state,  and  for  fluids  of 
relatively  small  viscosity  and  thermal  conductivity.  In  this  case  the  equations  can  be  reduced  to  a  set 
of  three  uncoupled  partial  differential  equations  with  linear  coefficients  which  are  readily  solved  by 
standard  analytical  methods:  i.e.,  separation  of  variables,  special  functions.  Green  functions,  etc. 

For  this  case  the  turbulent  vector  momentum  (or  velocity)  potential  and  the  thermal  scalar  potential 
satisfy  diffusion  equations  and  the  acoustic  scalar  potential  satisfies  a  form  of  scalar  wave  equation 
with  attenuation  due  to  viscosity  and  thermal  conductivity. 

For  analytic  solutions  for  more  general  cases,  the  most  usual  analytic  approach  is  some  form  of 
perturbation  method,  with  the  diffusion  and  scalar  wave  equations  of  the  equilibrium  quiescent  reference 
state  problem  used  as  starting  points.  Such  methods,  including  those  of  geometrical  acoustics,  are 
particularly  well  suited  to  problems  in  which  the  variable  coefficients  in  the  full  governing  equations 
can  be  regarded  as  slowly  varying.  For  cases  where  these  variable  coefficients  are  rapidly  varying,  but 
only  in  regions  of  relatively  limited  extent,  these  regions  can  often  be  effectively  replaced  by  dis¬ 
continuities  and  the  corresponding  complicating  terns  in  the  equations  by  appropriate  "jump"  (boundary) 
conditions. 

Finally,  recourse  can  be  had  to  numerical  computation,  either  by  finite  difference  methods  or  general 
weighted  residual  methods  (Galerkin,  finite  element,  etc.).  By  such  methods,  with  digital  computers, 
solutions  of  the  linearized  forms  (i.e.,  with  the  coefficients  replaced  by  their  mean  values)  of  equations 
such  as  equations  (14)  or  (17)  are  possible,  so  that  the  convective  effects  on  the  fluctuations  of  mean 
velocity  and  mean  temperature  can  be  calculated  for  particular  cases. 
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SUMMARY 

Starting  with  a  historical  review  of  geometrical  acoustics,  a  treatment  o'  sound  wave 
propagation  is  given  including  the  effects  of  temperature  and  wind  gradients. 

In  section  4,  analytical  solutions  of  the  wave  equation  are  presented  for  an  iso- 
thermally  and  a  poly  tropica  1 ly  stratified  still  atmosphere  and  fo-  n  atmosphere 
with  wind  gradients  and  wind  direction  changes  as  well. 

These  solutions  are  valid  beyond  the  scope  of  geometrical  acoustics. 

Final’y,  dispersion  of  infrasound  is  dealt  with. 


1.  INTRODUCTION 


The  propagation  of  noise  in  a  real  atmosphere  is  a  matter  of  different  phenomena.  Tem¬ 
perature  and  wind  gradients,  gravity  stratification,  air  viscosity,  humidity,  finite  am¬ 
plitude  effects  and  nonequilibrium  behaviour  of  air  lead  to  reflection,  refraction,  scat¬ 
tering,  diffraction,  dispersion,  absorption,  nonlinear  propagation  and  relaxation  and  to 
an  almost  unlimited  variety  in  the  possible  geometry  of  the  wave  fronts  and  the  rays.  In 
the  limiting  case  of  zero  wavelength,  this  geometry  can  be  described  by  means  of  geometric 
acoustics.  This  appromixation  neglects  the  effects  of  viscosity,  heat  conduction  and  gra¬ 
vity,  though  it  can  be  applied  in  most  cases  of  practical  interest  since  sound  absorption 
in  the  air  is  very  small  and  the  state  of  the  atmosphere  in  general  does  not  change  con¬ 
siderably  over  a  distance  of  a  wavelength.  Then,  due  to  the  fact  that  in  the  so-called 
"ray  tubes"  the  acoustic  energy  is  conserved,  the  acoustic  intensity  at  any  point  of  the 
atmosphere  can  be  calculated.  From  the  scientific  point  of  view  geometric  acoustics  now 
is  in  its  fir.,  1  stage  of  development.  However,  application  of  geometric  acoustics  often 
fails  for  different  reasons.  Thus,  it  requires  in  most  cases  more  knowledge  about  the 
atmosphere  than  is  available.  The  numeriral  ray  tube  area  method  is  very  cumbersome  and 
probably  therefore  not  often  used.  On  the  other  hand,  there  are  severe  cumulative  effects 
over  long  distances,  ranging  from  700  to  7000  m.  Geometric  acoustics  is  also  limited  in 
range  of  application,  diffraction,  scattering  and  dispersion  of  low  frequency  waves  are 
most  interesting  under  conditions  for  which  the  basic  assumption  of  geometric  acoustics  is 
not  valid.  All  this  implies  the  need  for  much  greater  care  in  the  application  of  analyti¬ 
cal  techniques.  That  means  analytical  solutions  of  the  wave  equation  are  required,  which 
oescribe  long  range  effects  as  there  are  refraction,  reflection  and  dispersion.  Once  avai¬ 
lable,  these  solutions  can  serve  as  initial  solutions  for  methods  describing  diffraction, 
scattering  and  absorption  and  for  characteristic  methods  describing  nonlinear  effects.  This 
paper  deals  with  geometric  acoustics  in  paragraph  2  and  with  analytical  solutions  of  the 
wave  equation  available  at  this  stage  in  paragraph  3. 

2.  GEOMETRIC  ACOUSTICS 


2 . 1  Historical  development 

A  wind  gradient  as  a  cause  of  refraction  of  sound  waves  was  suggested  by  Stokes  (  1857  ) 
[1].  Reynolds  (1874)  (2)  pointed  out  that  changes  in  air  temperature  would  also  cause  re¬ 
fraction  of  sound.  One  of  the  first  theoretical  accounts  of  these  two  effects  was  given  by 
Rayleigh  (1896)  r 3 ] .  Barton  (1901)  [4]  pointed  out  that  in  the  presence  of  wind  the  direc¬ 
tion  of  a  sound  ray  in  space  is  not  necessarily  along  the  wave  front  normal.  He  considered 
the  case  of  a  linear  increase  of  wind  speed  with  height  and  derived  the  equation  of  sound 
rays  from  a  source  at  the  origin.  In  the  case  where  the  wave  front  is  horizontal  initially, 
the  ray  paths  are  parabolas,  and  the  wave  front  remains  horizontal  during  propagation. 
Parabolic  sound  rays  have  been  obtained  also  by  Matthiesen  (1899)  [a],  Mohn  (1892,  1893, 
1895)  [6,7,8]  and  OSger  (1896)  [9).  The  inverse  problem  of  deducing  atmosperic  properties 
from  observations  on  sound  wave  propagation  was  dealt  with  by  L8wy  (1919)  (10J.  Abnormal 
propagation  of  sound  waves  has  been  investigated  by  Borne  (1910)  [11],  Fujiwhora  (1912) 
[12],  Everdingen  (1915)  [13]  and  NSlke  (1917)  [14].  Kommerel 1 ( 19 16)  [15]  and  Lamb  (  1925) 
[16]  applied  geometric  acoustics  to  a  model  atmosphere  with  a  linear  temperature  profile. 
Emden  (1918)  [17]  and  Milne  (1921)  [18]  gave  the  first  generalized  treatments  of  sound 
propagation.  Emden  detected  that  the  path  of  the  wave  front  normal  is  a  curve  of  single 
curvature  whereas  the  ray  is  a  curve  of  double  curvature,  if  wind  force  and  wind  direction 
are  functions  of  altitude  only.  Using  Milne's  paper.  Groves  (1955  )  [  1 9 J  presented  an  even 
more  generalized  treatment  of  sound  prpagation  by  means  of  geometric  acoustics.  Some  years 


In  presence  of  tangential  components  of  u  to  the  wave  front  any  particular  wave  front 
element  propagates  with  the  ray  velocity,  which  is  not  in  the  direction  of  the  wave  front 
normal  and  can  be  obtained  by  substituting  (10)  into  (7)  giving 


(12) 


3'3 


This  is  the  vector  sum  of  the  local  sound  velocity  in  the  direction  of  the  wave  front  nor¬ 
mal  and  the  velocity  3  with  which  the  sound  in  carried  along  by  the  moving  fluid.  A  ray  is 
then  a  line  such  that  the  tangent  to  it  at  any  point  is  in  the  same  direction  as  the  ray 
velocity  given  by  equation  (12). 

The  wave  number  vector  k  is  always  in  the  direction  of  the  wave  front  normal  n  of  the 
wave  front  and  not  necessarily  into  the  direction  of  the  ray  velocity.  The  relation  between 
3  and  3  is  given  by 

y  ■  n  (13) 

where 

-  ,  >/2 

k  =  (k-k)  (14) 

According  to  (13)  and  (14),  the  change  in  direction  of  n  is  given  by 
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On  the  other  hand,  it  follows  from  (9)  and  (7)  that 
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With  (16)  equation  (15)  can  be  rewritten  to  give  : 


(15) 
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-grad  aph  +  n(n-grad  aDh) 
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(1?) 


which  coincides  with  equation  (19)  of  Groves  (19)  paper.  The  curve  of  the  wave  front  normal 
is  then  defined  as  a  line  such  that  the  tangent  to  it  at  any  point  is  in  the  same  direction 
as  the  wave  front  normal.  Introducing  the  element  of  length  along  this  curve  dt  =  a  hdt, 
we  can  rewrite  (17)  to  give  pn 


dn  . 


grad  a 
3  »h 


ph 


3ph 


-(n-grad  aph) 
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In  steady  propagation  of  sound  in  an  inhomogeneous  medium  at  rest  (u  «  0)  the  curve  of  the 
wave  front  normal  coincides  with  the  ray  and  the  phase  velocity  with  the  ray  velocity  as 
well.  Furthermore,  the  phase  velocity  then  is  equal  to  the  local  sound  velocity 


a„k  =  a 
ph 

where  a  is  a  given  function  of  the  coordinates 
HI  =  ‘  F  9rada  +  £  (n-grada) 

As  is  known  from  differential  geometry,  the  derivative  dn/di  along  the  ray  is  equal  to  N/R, 
where  N  is  a  unit  vector  along  the  principal  normal  and  R  is  the  radius  of  curvature  of 
the  ray.  The  right  hand  side  of  equation  (20)  is  apart  from  the  factor  1/a,  the  derviative 
of  the  sound  velocity  along  the  principal  normal.  Therefore  (20)  can  be  rewritten  to  give 

-  =  -  -  (N-grada)  (21) 

R  a 


(19) 

(20) 


which  means  that  the  rays  are  bend  towards  the  region  where  a  is  smaller.  However,  in  the 
general  case  when  3  is  nonzero,  the  equations  (12)  and  (17)  have  to  be  solved  simultaneously 
in  terms  of  the  initial  form  of  the  wavefront  in  order  to  obtain  the  geometry  of  the  wave 
front  at  a  later  time.  The  procedure  of  solving  (12)  and  (17)  can  be  simplified  by  using 
trace  velocities  introduced  by  Groves  (19)  as  defined  in  the  next  chapter. 

2 . 3  Groves  method  of  trace  velocities 

The  initial  wavefront  at  time  t  =  0  is  given  by 
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r  =  r(ct,B,0) 


(22) 


Now,  introducing  the  new  vector  h(a,c,t)  defined  by 


h  -  {- 


s  -J-) 


with  some  rearrangement  Groves  rewrote  equation  (17)  as 


(29) 


P"  +  (ha'*ii-u')h  +  grad(ha+h-u)  =  0  (30) 

3t 

Here  a'  and  u'  are  tK»  local  changes  with  the  time  of  sound  velocity  and  wind  velocity 
respectively.  However,  si,.c°  a  sound  wave  is  very  fast,  these  changes  in  general  can  be 
neglected,  lhe  vector  h,  of  couioe.  depends  on  the  choice  of  reference  axis  Now,  equa¬ 
tion  (30)  has  to  be  solved  simu la teneow:' v  with  (12) 

2 . 4  Sound  propaga tion  in  tne  atmosphere  j 

For  the  sound  wave  propagation  in  the  atmooshere,  the  following  simplifying  assumptions 
can  be  made  :  , 

1)  As  explained  at  the  end  of  the  above  chapter  sound  velocity  a  and  wind  veionj  «i 
are  independent  of  time. 

2)  Furthermore,  u  and  a  are  independent  of horitonta!  displacements,  fins  means  that  the 

distribution  of  meteorologic  lows  and  anticyclones  is  neglected  and  the  curvature  of  the 
earth  as  wel 1 .  .  . 

Thus,  wind  velocity  and  sound  velocity  are  functions  of  altitude  only.  If  the  z-axis  is 
taken  in  the  vertical  direction  the  relation 


d  =  u  ( z ) 


a  =  a  ( z ) 


(31) 


holds . 

From  (30)  it  then  follows  that 


Vx  =  d (a , 6 ) 

vy  =  b(o,e) 


(32) 


which  means  that  along  any  ray  (o,8),  v  and  v  remain  constant.  Following  Groves  { 3  9  i 
d  and  b  are  introduced  as  new  parametric  coordinates 
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d  =  d(a,e) 
b  =  b(a,B) 

A  characteristic  velocity 


(33) 
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d2  b2 


(34) 


is  introduced.  To  an  observer  on  the  ground  receiving  the  ray  (d,b),  the  sound  appears  to 
be  travelling  along  the  ground  with  velocity  a£. 


With  the  abbreviation 
=  a 


1  -  “ill  -  Xill 

d  b 


(35) 


and  using  (28),  (32),  (34),  the  trace  velocity  in  the  vertical  direction  is  found  to  be 


a(a2+w2-a 
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The  phase  velocity  reads  in  terms  of  the  new  coordinates 
aph  * 


)'  ,22  2.1/2) 
aaz  i(az+w  -a  )  j 


(36) 


(37) 


2.4.1  9f .refraction 

The  law  of  infraction  is  found  by  formulating  first  the  direction  cosines  of  the  wave 
front  normal  in  terms  of  the  new  coordinates  by  means  of  (25),  (27),  and  (32)  and  then 
substituting  aph  from  (10) 

(a(i)  .  xu(z)  *  nv(z)  +  vw(z)j 

x  (38) 

(a ( z )  +  xu ( z )  +  iiv(z)  *  vw(z)) 


u 


For  every  particular  ray,  i.e.;  fixed  values  of  d  and  b,  these  relations  give  together  with 
(25)  Hie  direction  cosines  of  the  wavefront  normal  along  the  ray.  When  the  wavefront  is 
parallel  to  the  y-axis  (u  =  0),  and  when  there  is  no  vertical  component  of  the  wind 
(w(z)  «  0)(38)  becomes 


i  u(z)  a  d 
X 


(39) 


This  formula  also  has  been  deduced  by  Rayleigh  13).  When  u(z)  =  0,  Snell's  law  of  geome¬ 
trical  optics  is  obtained 


_i_  „  iill 
*  0  a0 


(40) 


where  x0  and  a0  are  the  initial  values  of  direction  cosine  of  the  wavefront  normal  with 
the  x-axis  and  sound  velocity  respectively. 

From  (40)  again  it  can  be  seen  that,  as  stated  with  eqautio  .  (21),  the  rays  are  bend 
towards  the  region  where  the  sound  velocity  is  smaller. 

From  the  equations  (38)  the  relation 


can  be  deduced.  This  means,  as  stated  already  by  Milne  1181,  that  along  any  ray  the  wave- 
front  normal  remains  parallel  to  the  same  vertical  plane. 

2.4.2  Sglutign_fgr_wavefront_and_rays 

The  ray  velocity  (12)  can  be  written  in  components  as 

H  =  “ ( 2 )  +  a(z)x(d,b,z) 

H  =  V(z)  +  a(z)u(d,b,z)  (42) 

||  =  w(z)  +  a(z)v(d,b,z) 


where  the  direction  cosines  x,  g,  v  can  be  found  from  (38)  or  by  means  of  (23),  (27)  and 
(32).  The  integration  of  (42)  yields  the  equation  of  the  wavefront  at  a  later  time. 
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The  above  equations  can  be  evaluated  for  special  forms  of  a(z)  and  u(z)  only.  In  other 
cases,  numerical  methods  would  have  to  be  utilized,  see  also  (281,  (29)  and  [301. 

In  chapter  2.3  to  2.4.2,  I  make  considerable  use  of  the  results  obtained  by  Groves  [19] 
Further  details  can  be  studied  m  [191. 

2.4.3  Sti 11 _atmosphere_wi th_con|ta nt_decay_o f_ sound _ velocity 

For  aircrafts  flying  at  high  altitudes  in  general,  the  temperature  stratification  is 
more  important  than  the  vertical  distribution  of  wind  face  and  wind  direction.  Further¬ 
more,  the  model  of  the  atmosphere  can  be  simplified  by  assuming  the  sound  velocity  to  be 
a  linear  function  of  altitude  z,  that  is, 

a(z)  =  ag  -  mz  ti  =  0  (44) 

where  z  denotes  altitude  above  ground,  the  constant  a„  is  the  speed  of  sound  at  the  ground 
and  the  constant  m  the  decrease  of  sound  with  altitude.  This  variation  agrees  substantially 
with  measured  data  at  the  atmosphere  up  to  altitudes  between  35  000  and  40  000  feet.  For 
a  standard  atmosphere,  ag  «  1,116  ft/sec,  and  m  *  0,0040  ft/sec  per  foot.  These  values 
were  used  by  Lansing  and  considerable  usie  of  the  results  obtained  in  his  paper  [ 2 1 1  is 
made  in  this  chapter.  Now,  Randall  [311  and  Lansing  [21]  applied  Fermat’s  principle  of 
least  time  in  order  to  obtain  the  rays.  Introducing  (44)  in  (43)  gives  the  same  result. 

For  this  particular  atmosphere  the  rays  are  circles  : 

r— — :  ao  2  ao  2  ao 

(Vx2+y2  +  —  tanc)  +  (z-Zo-  — )  =  — sec2c  (45) 
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cf  the  soundssource .  These  circles  are  lying  in  vertical  planes  through  the  origin  of  the 
o  sturbance  having  their  centers  located  at  the  altitude  a  /m  =  279,000  feet,  the  so-called 
height  of  the  virtual  atmosphere  which  is  the  theoretical  3altitude  at  which  the  speed  of 
sound  vanishes.  In  the  standard  atmosphere,  the  speed  of  sound  decreases  up  to  an  altitude 
of  about  40,000  feet.  Above  this  altitude  there  is  the  stratosphere  with  constant  sound 
velocity  (i.e.,  isothermal  atmosphere),  for  which  the  geometry  of  rays  and  wavefronts  is 
the  same  as  in  a  homogeneous  atmosphere. 

For  the  lowest  layer  of  the  atmosphere  between  ground  and  an  altiti.de  of  about  40,000 
feet,  the  so-called  troposphere,  the  above  assumption  (44)  is  a  very  good  approximation. 
Then,  the  shape  of  the  wavefronts  associated  with  a  still  point  source  is  obtained  by  the 
system  of  surfaces  which  are  orthogonal  to  all  the  rays  (45)  through  the  position  of  the 
point  source.  The  chape  and  growth  of  a  wavefront  in  an  atmosphere  with  linear  decrease 
of  the  speed  of  sound  with  altitude  is  (see  references  31  and  21)  : 


( x -x  o  )  +  ('  -yo)  +  |z-z0+  —  (coshmt-l)  =  sinh  mt 

m  m2 


where  (xo,yo>2o)  are  the  coordinates  of  the  position  of  the  sound  source.  The  wavefronts 
form  a  system  of  spheres  with  centers  lying  on  the  z-axis  through  {he  origin  of  the 
disturbance.  Figure  3,  taken  from  [211  shows  a  vertical  cross  section  of  come  rays  and 
wavefronts . 


The  center  of  the  wavefront  gradually  moves  down  the  z-axis  as  time  increases,  because 
the  sound  speed  gradient  causes  the  sound  to  propagate  more  rapidly  in  the  direction  of 
the  ground.  If  the  sound  source  moves  through  the  atmosphere,  it  can  be  represented  by  an 
infinite  number  of  fixed  sources  located  on  the  flight  path  each  having  a  nonzero  time 
dependent  source  strength  only  when  the  moving  source  just  passes  its  position,  e.g.  lights 
switched  on  and  off  in  a  series  to  advertise  something.  Then  the  position  of  the  acting 
source  is  a  function  of  the  retarded  time  given  by  the  flight  path,  x o ( x ) >  yo(x),  z0(x). 

In  the  case  of  supersonic  source  speed  the  spherical  wavefronts  form  an  envdopping  surface. 
To  illustrate  this  an  accelerated  source  at  supersonic  speeds  in  a  homogeneous  atmosphere 
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is  chosen,  figure  4.  For  axisymmetric  flow,  the  y-  and  2-axis  collapse  into  the  Vy 2  +  2 2  - 
axis,  so  that  three  dimensional  unsteady  axisymmetric  flow  can  be  represented  with  three 
coordinates  only.  The  growth  of  the  spheres  then  is  represented  by  the  Le  Monge  cones, 
see  figure  4.  Every  Le  Monge  cone  is  fixed  with  its  apex  end  to  the  flight  path.  Due  to 
Huygen's  principle  applied  to  three  dimensional  unsteady  flow,  the  areas  of  dependence  and 
of  influence  collapse  into  the  surfaces  of  these  Le  Monge  cones.  The  envelope  formed  by 
the  distribution  of  these  cones  is  also  known  as  Mach  wave.  The  tangent  between  Le  Monge 
cone  and  Mach  wave  is  known  as  bicharacteristic.  The  intersection  lines  between  Mach  wave 
and  planes  of  constant  time  are  for  constant  source  speed  the  characteristics.  It  is  obvious 
that  different  vertical  stratifications  of  the  atmosphere  in  combination  with  different 
flight  paths  (straight,  inclined,  longitudinally  or  laterally  accelerated)  lead  to  an  al¬ 
most  unlimited  variety  in  the  possible  geometry  of  Mach  waves.  For  the  particular  case  of 
constant  decay  of  sound  speed  with  altitude,  Lansing  (21)  has  plotted  the  intersection  line 
of  the  Mach  wave  (i.e.,  shock  wave)  with  the  ground,  see  figure  5. 

2.4.4  Atmosgheric_wi nd_grad ients .near_the_ground 

The  case  of  an  isothermal  atmosphere  with  a  horizontal  wind  is  now  considered.  Then,  as 
the  wind  velocity  increases  linearly  with  altitude,  it  follows  that  the  ray  travelling  in 
the  direction  of  the  wind  is  deflected  towards  the  earth  (Figure  6),  while  a  ray  travelling 
against  the  wind  is  deflected  upward.  The  observer  at  P  will  not  receive  the  ray  leaving 
the  source  in  his  direction.  Only  a  small  number  of  rays  will  arrive  at  P  due  to  diffrac¬ 
tion.  However,  in  the  atmospheric  wind  boundary  layer,  there  is  not  only  a  decrease  of  wind 
force  while  approaching  tc  the  ground  but  also  a  change  of  wind  direction.  In  the  case  of 
a  stably  stratified  atmosphere,  the  wind  direction  changes  by  45  degrees.  This  is  the  so 
called  laminar  Fkman  wind  boundary  layer,  see  figure  7.  in  practice,  the  wind  shear  may 
vary  from  0  to  180  degrees  in  dependence  of  different  weather  conditions.  It  seems  to  the 
author  of  this  paper  that  windward  and  leeward  sound  propagation  cannot  be  urderstood 
without  the  vertical  distribution  of  wind  direction.  Measurements  done  in  the  past  scatter 
considerably  around  a  theoretical  line  calculated  from  vertical  wind  force  distribution 
only,  see  figure  8,  taken  from  (321.  Due  to  wind  shear  atmospheric  sound  wave  propagation 
becomes  much  more  complicated  because  the  rays  will  be  a  curve  of  double  curvature. 

2.4.5  Simul taneous_wi nd_and_sound_ve loci ty  gradients 

In  a  real  atmosphere  wind  gradients  and  temperature  gradients  act  simultaneously.  Sma'l 
gradients  lead  to  considerable  curvature  of  sound  rays.  The  illustrations  in  figures  9  and 
10  are  taken  from  a  paper  by  tmden  [171.  Figure  9  illustrates  sound  propagation,  if  tempe¬ 
rature  drops  by  6.2°  per  kilometer.  There  is  no  wind  between  ground  and  370  meters,  above 
this  altitude  wind  increases  linearly  by  4  meters  per  second  per  kilometer.  The  rays  travel¬ 
ling  windward  are  deflected  upwa-d  by  the  temperature  gradient  and  by  the  wind  gradient, 
whereas  the  rays  propagating  along  with  the  wino  initially  are  deflected  upward  by  the 
temperature  gradient  and  then  due  to  the  wind  gradient  are  deflected  towards  the  earth.  A 
large  zone  of  sound  shadow  is  created  extending  up  to  159  kilometers  on  the  leeward  side 
of  the  sound  source.  Figure  10  shows  sound  propagation  if  temperature  drops  by  3  degrees 
from  ground  up  to  910  meters  and  wind  increases  by  2.13  meters  per  second  within  this 
altitude.  Above  this  altitude  temperature  drops  by  3 . 6 5 0 C  and  the  wind  by  3.28  meters  per 
second  both  within  1  kilometer. 

2.4.6  Worst _case_of .ground _tg_grgund_sgund_grogaga t ion 

Eventhough  geometry  of  sound  wave  propagation  in  atmposphere  is  manifold  the  worst  case 
probably  can  be  reduced  to  one  simplified  model  of  the  atmosphere  :  that  is,  the  midwind 
sound  propagation  during  night,  when  there  is  a  temperature  inversion  near  the  ground,  so 
that  both  wind  and  temperature  gradients  bend  the  ray  downward.  Investigations  133)  in¬ 
dicate  that  the  rays  then  are  segments  of  circles  with  a  radius  of  5  km,  see  figure  11. 

This  also  has  been  taken  into  account  for  german  standard  regulations  [34]  for  outdoor 
sound  propagation.  It  can  be  seen  from  figure  11  that  the  shielding  effect  of  walls  arounu- 
an  airport  does  not  exist  in  this  worst  situation,  since  the  sound  jumps  along  a  circular 
segment  over  the  wall.  Walls  only  contribute  to  reduction  of  sound immission  if  they  are 
close  to  the  sound  source.  Furthermore,  there  is  a  boundary  layer  at  the  wall,  see  figure 
12,  bending  in  addition  to  the  above  effects  the  ray  towards  the  earth  on  the  leeward  side. 
Thui^i  Maekawa's  (35]  sophisticated  diffraction  theory  for  a  still  atmosphere  cannot  be 
applied  to  this  situation. 


2 . 5  Conservation  law  of  acoustic  energy 


In  absence  of  viscosity  and  heat  conductivity  the  sound  is  propagating  by  isentropic 
compressions  and  expansions  of  the  medium  and  the  distribution  of  acoustic  energy  can  be 
determined  after  ray  and  wavefront  geometry.  In  a  motionless  medium  conservation  of  the 
acoustic  energy  density  E  oofined  by  Rayleigh  (31  : 
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gives  the  desired  intensity.  — ^ —  is  the  kinetic  acoustic  energy  and  — — j-  is  the  potential 

0  a  0 

acoustic  energy.  Then  there  are  no  more  complications  than  those  involved  in  the  ray  geo¬ 


metry.  Guiraud  (1965)  (36)  presented  a  quadrature  along  the  ray  in  order  to  calculate  the 
acoustic  energy.  The  law  of  the  conservation  cf  acoustic  energy  was  extended  by  Blokhintzev 
(1946)  [26,27] to  a  medium  with  steady  motion.  Blokhintze v  considered  a  modified  energy  den¬ 
sity  E  u'/w.  where  «'  is  the  frequency  for  a  fixed  observer  and  a  the  frequency  for  an 
observer  .loving  with  the  undisturbed  medium.  Garrett  (  1967)  [37]  has  given  an  interpreta- 


/ 


tion  of  the  Blokhintzev  invariance  in  terms  of  another  invariant  E/u' ,  which  is  of  the 
type  introduced  by  W.iitham  (1965)  (38),  but  Garrett  restricted  his  consideration  to  a  me¬ 
dium  with  undistributed  steady  motion.  Ryzhov  and  Shefter  (1962)  [39]  applied  the 
Blokhintzev  invariance  to  ray  tubes  and  considered  weak  shock  waves. 

The  same  method  was  applied  by  Hayes  (1969)  [40]  to  the  calculation  of  the  sonic  boom 
in  a  stratified  atmosphere.  Hayes  [41]  [42]  showed  that  volume  integrals  of  E/u  are 

conserved  with  the  undistributed  flow  unsteady  and  applied  this  result  to  a  wave  tube. 

He  obtained  the  basic  law  in  the  form  of  Garrett  :■ 

—  (— )  +  V  (— )  =  0  ,  (48) 

at  u  cj 

where  v  is  the  del  operator.  The  integral  of  E/u  over  any  volume  whose  boundary  ooints  move 
with  velocity  ar  is  invariant.  This  result  was  also  mentioned  by  Bretherton  and  Carrett 
(1968)  [43].  The  acoustic  energy  is  conserved  in  ray  tubes,  see  figure  13. 

A  ray  tube  is  formed  by  sound  rays  associated  with  a  specific  value  of  the  phase.  With 
4  being  the  area  of  a  ray  cut  by  a  wavefront,  Hayes  [42]  found  that  the  quantity  EaA  /uJ 
is  constant  along  a  ray,  a  function  only  of  phase.  This  is  a  generalization  of  Blokhintzev's 
[26]  result.  For  further  details  Blokhintzev's  [26],  Hayes'  [42]  and  Candel's  [44]  paper 
may  be  used.  It  is  evident  that  in  an  atmospheric  boundary  layer,  when  the  ray  is  a  curve 
of  double  curvature,  the  ray  tube  is  difficult  to  determine  since  it  is  generated  by  rays. 
For  this  reason  it  is  desirable  to  find  closed  form  solutions  of  the  wave  equation  descri¬ 
bing  the  effects  of  temperature,  wind  force  and  wind  direction  gradients. 


3.  ANALYTIC  SOLUTIONS  OF  THE  WAVE  EQUATION 


The  atmospheric  sound  wave  propagation  often  is  under  conditions  for  which  a  treatment 
by  geometric  acoustics  would  not  be  valid  as  there  are  for  example  the  effects  of  gravity 
on  infrasound  propagation,  scattering  and  diffraction  of  sound.  It  is  therefore, not  only 
for  convenience,  desirable  to  use  a  complete  wave  theory,  rather  than  that  theory  of 
geometric  acoustics. 

3 . 1  Homogeneous  atmosphere 

The  analytical  solution  for  the  wave  propagation  in  a  homogeneous  atmosphere  is  weli 
known,  see  for  example  [45]  or  [46].  The  general  solution  for  plane  waves  is  given  by 

t  =  f+(at-x)  +  f*(at+x)  (A9) 

representing  the  propagation  of  independent  waves  in  the  positive  (f+)  ano  negjtive  (f  ) 
x-direction  with  the  sound  velocity  a.  The  arguments  (at-x)  and  (at+x)  are  retarded  times. 
The  potential  *  is  retarded  to  that  time  at  which  the  perturbation  was  produced.  The  gene¬ 
ral  solution  for  spherical  waves  is 


t  ,  f+(at-r)  ,f'(at-r) 
r  r 


(50) 


where  r  is  the  distance  of  the  observer  from  the  origin  of  the  perturb  tion.  The  two  terms 
on  the  right  hand  side  of  (50)  represent  the  radially  outward  and  the  >-adiallv  inward  tra¬ 
velling  wave  respectively.  Acoustical  dipoles  and  quadrupoles  can  be  wund  by  ’inear 
superposition  of  acoustical  monopoles  given  by  (50),  see  for  example  ighthill’s  paper 
(1952)  (471. 


3 . 2  Isothermal  atmosphere 


In  the  terrestrial  atmosphere,  due  to  the  influence  of  gravity,  me  static  pressure  p0 
drops  with  increasing  altitude.  The  vertical  distribution  of  p0  is  ,iven  by  the  fundamen¬ 
tal  equation  of  static  meteorology 


1  dp°  _  .  gt 
YP0  dz  a2 


(51) 


where  g  is  the  gravity  acceleration,  t  the  wavelength  and  y  the  ratio  of  the  specific  heats. 
Equation  (51)  states  that  at  every  local  altitude  the  static  pressure  of  the  atmosphere 
corresponds  to  the  weight  of  the  air  above  this  altitude.  The  vertical  density  distribution, 
due  to  the  isothermal  stratification,  is  given  by  the  vertical  static  pressure  distribution 
(51).  The  stratification  parameter 


“isotherm 


(52) 


is,  except  for  infrasound,  a  quantity  of  a  small  value,  i.e.,  wavelength  divided  by  8  km. 
The  analytical  solution  for  the  wave  propagation  an  isothermal  atmospehre  has  been  given 
by  Schrddinger  (1917)  [48).  It  follows  from  his  theory  that  the  kinetic  and  potential 
energy  associated  with  a  plane  sound  wave  remain  constant  separately  while  travelling  up¬ 
ward  or  downward  .  That  means  that  the  amplitude  of  the  part’de  velocity  q  due  to  the  sound 
wave,  see  also  equation  (47),  must  change  with  the  mvo-se  square  root  of  the  density  : 


where  p0  1:  the  density  at  the  altitude  wnere  the  sound  wave  is  given  and  <>(z)  the  density 
at  that  altitude  where  the  sound  wave  Is  observed.  However,  the  sound  pressure  (47)  changes 
with  the  square  root  of  the  density  : 


The  sound  intensity  remains  unchanged  compared  to  that  one  in  a  homogeneous  atmosphere, 
since  the  density  cancels  in  the  product  of  (53)  and  (54)  : 

J  .  q.p'  «  q  •  p '  (55) 

This  is  also  in  accordance  with  the  fact  that  in  an  isothermal  atmosphere  the  geometry  of 
the  wavefronts  and  rays  is  the  same  as  in  a  homogeneous  atmosphere.  Tha  result  (55)  there¬ 
fore  would  also  follow  from  the  conservation  law  of  the  acoustic  energy  in  a  ray  tube. 
SchrBdingcr  (481  also  taught  us  that  there  are  additional  terms  due  to  gravity  in  the  par¬ 
ticle  velocity  (see  figure  14).  The  air  particle  is  then  circling  on  an  elliptic  path. 

The  ratio  of  the  small  axis  divided  by  th  large  axis  is  of  magnitude  of  «,  so  that  except 
for  infrasound,  this  effect  can  be  neglected.  From  figure  14  the  relationship  between  infra¬ 
sound  waves  and  gravity  waves  can  be  seen,  it  has  already  been  stated  by  SchrBdinger  (48) 
that  dispersion  must  occur.  However,  the  main  effects  of  isothermal  stratification  on  sound 
wave  propagation  in  the  usual  frequency  range  is  described  by  the  factor  v(p(z)) loo  which 
can  be  replaced  by  the  square  root  of  the  static  pressure  ratio  : 


Alii  „  /Eiil 

V  Co  v  Po 


which  is  more  common  in  literature. A  lot  of  papers  on  the  sonic  boom  1  49),  150),  (51  1  are 
dealing  with  an  isothermal  atmosphere.  Oue  to  the  constant  temperature  the  characteristic 
method  Itself  remains  uncnanged.  The  increasing  static  pressure  and  density  while  approa¬ 
ching  to  the  ground  result  in  a  finite  asymptotic  distance  between  a  leading  and  a  trailing 
shock  of  a  finite  body,  see  also  [521,  whereas  in  a  homogeneous  atmosphere  there  is  no 
finite  asymptotic  value  for  this  distance.  Furthermore,  shock  waves  in  an  isothermal  at¬ 
mosphere  are  damped  with  an  error  function,  see  also  (51).  Because  of  convenience,  the 
isothermal  atmospehre  is  often  used  to  make  preliminary  studies  of  the  gravity  stratifi¬ 
cation  effects  on  sound  and  shock  wave  propagation. 

3.3  Polytropic  atmosphere 

in  a  polytropic  atmosphere  the  fundamental  law  of  static  meteoro’ igy  (51)  still  applies. 
Due  to  vertical  transport  of  heat  during  some  periods  of  instability  the  vertical  distri¬ 
bution  of  temperature  in  a  real  atmsophere  in  general  is  somewhere  between  the  indifferent 
stratified  isentropic  and  the  stably  stratified  isothermal  atmosphere.  The  polytropic  at¬ 
mosphere  can  be  well  approximated  by  a  constant  decay  of  sound  velocity  with  altitude, 
compare  chapter  2.4.3. 
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(56)  is 
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1/2  - 
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and  a  reduced  particle  velocity  qre<j  and  a  reduced  sound  pressure  p*  ^  will  be  obtained. 
With  (57),  the  sound  intensity  is  given  by 

0  =  q-P'  ■  WP;ed  (58) 

which  means  that  the  acoustic  intensity  is  invariant  to  the  transformation  (57). 

The  system  of  di  fferentia  1  equations  is  in  formal  accordance  witli  the  corresponding  system 
for  the  isothermal  atmc'phere  solved  by  SchrBdinger,  see  also  [481  and  (51).  The  complete 
solution  for  <Jred  an<1  Pred  can  be  tak«n  from  [531.  There  a  velocity  potential  is  introduced 
given  oy 


4«  -2-  R 
3P 

where  R  is  the  instantaneous  radius  of  curvature  of  the  wavefront  and  s  is  the  distance 
measured  along  he  ray  from  the  origin  of  the  source. 


/ 


3-10 


\ 


The  quadrature 


represents  a  distorted  ray,  se  that  same  units  of  distance  cor 


respond  to  same  units  of  time.  Furthermore,  the  distortion  allows  the  choice  of  two  sets 
of  bicharacteristics  which  are  perpendicular  to  each  other,  see  [53],  For  the  particular 
atmosphere  with  a  constant  decay  of  sound  velocity  with  altitude,  see  chapter  2.4.3,  the 
radius  of  curvature  of  the  wavefront  and  the  distorted  distance  along  the  ray  can  be 
given  explicitly  : 


R 


(x2+y2+z2 ) 


.  i/s 


Ifi 


and 


A2(X2+jr2+Z2  )  | 
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1/2 


(60) 


ds 


-  ar  sinh|AR| 
A 


(61) 


where 

A  *  —  —  (62) 

a  dz 
P 


is  given  by  the  rate  of  decay  of  a  with  altitude.  The  geometry  of  R  and  s  also  can  be  seen 
from  figure  3.  Of  course,  the  correct  formula  for  the  acoustic  intentisy  (58)  can  be  derived 
using  the  analytical  solution  given  in  (53).  In  order  to  show  the  deviation  of  the  acous¬ 
tic  intensity  from  its  value  in  a  homogeneous  atmosphere,  a  thumb  rule  is  found  by  compa¬ 
rison  of  equation  (59)  with  equation  (58)  ; 


'polytropic  '  Jhomogeneous  H?  “  ''homogeneous  ™ 

where  Tp  is  the  absolute  temperature  at  source  altitude  and  T0  the  absolute  temperature 
at  the  observer's  altitude.  In  figure  15  the  sound  pressure  radiated  by  an  acoustir  mono¬ 
pole  is  shown.  At  the  origin,  it  radiates  the  same  acoustic  pressure  into  all  directions, 
the  local  sound  pressure  is  modified  only  by  theratioof  the  sound  velocities  ap/a0  and 
the  local  acoustic  intensity  by  the  ratio  of  the  absolute  temperatures  Tp/T0.  This  means 
that  only  the  acoustic  intensity  from  very  high  acoustic  monopoles  is  affected  by  the 
vertical  temperature  distribution,  when  Tp/T0  reaches  a  maximum  value  of  0.75.  For  low 
acoustic  monopoles  there  is  almost  no  influence  of  temperature  distribution  on  the  acous¬ 
tic  intensity,  since  the  temperature  changes  at  most  by  ten  degrees  celcius  only.  The 
above  statement  does  no  longer  hold  for  higher  order  acoustical  sources  such  as  acojstical 
dipoles,  figure  16,  and  acoustical  quadrupoles,  figure  17.  In  these  cases,  there  are  two 
or  four  directions  of  zero  intensity.  These  directions  of  zero  intensity,  of  course,  fol¬ 
low  the  ray  and  therefore  are  reflected  upward  or  downward  as  a  function  of  tne  tempera¬ 
ture  gradients.  This  may  be  important  for  high  directivity  noise  sources  such  as  jet  noise. 
In  this  connection  it  might  be  worthwhile  noting  that  near  airports  in  months  with  differ¬ 
ent  major  weather  conditions,  there  arc  different  average  noise  .evels  taken  from  the  same 
microphone  positioned  under  the  flight  path. 

The  stratification  factor  for  .  polytropic  atmosphere  contains  in  addition  to  the  gra¬ 
vitational  term,  given  in  equation  (52),  a  contribution  from  the  sound  velocity  gradient, 
see  also  (53)  : 


“polytropic 


dz 


(64) 


Aga  1  the  air  particles  circle  during  the  passage  of  a  sounJ  wave  on  an  elliptic  path; 
sue  figure  14.  The  magnitude  of  the  small  axis  is  then  given  by  tha  one  of  tne  large  axis 
multiplied  with  ap0)ytr0piC •  Except  for  infrasound,  «poiytrop,c  is  verv  small.  One  more 

time  the  relationship  to  gravity  waves  is  seen.  Equation  (64)  is  a'so  consistent  with 
Bergmann's  statement  (54)  that  there  is  also  dispersion  in  the  absence  of  gravity  due  to 
density  gradients . 


3 . 4  Atmospheric  wind  boundary  layer 

Due  to  the  combined  action  of  meteorologic  pressure  gradient,  ground  fthetion  and 
Coriolis  force,  there  is  a  wind  force  gradient  and  a  wind  direction  change  in  the  atmos¬ 
pheric  wind  boundary  layer,  see  figure  7.  A  sound  wave  cannot  have  much  effect  on  the 
wind  boundary  layer,  since  a  sound  pressure  level  of  100  dB  causes  a  particle  velocity  of 
0.5  cm/s  only,  whereas  the  wind  velocity  (u(u£,  '£,0))  is  often  greater  than  50  cm/s.  Thus, 
the  velocity  distribution  in  the  combined  wind  and  incident  sound  field  is  approximately 
the  same  as  that  in  the  wind  boundary  layer  without  the  sound  field.  The  first  order  equa¬ 
tions  therefore  are  obtained  by  subtracting  the  equations  for  the  wind  field  from  the  ones 
for  the  combined  wind  and  sound  field.  One  then  obtains  for  the  conservation  of  mass  : 
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where  U£  and  vj-  are  the  wind  components  in  the  x-  and  y-directions  and 
3y 1 
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(67) 


is  a  substantial  derivation  indicating  that  the  sound  is  carried  along  with  the  wind. 

For  U£  and  V£  any  vertical  distribution  of  wind  can  be  taken. 

To  illustrate  the  effects  of  wind  gradient,  a  plane  sound  wave  (qy  =  0)  with  the  front 
inclined  moving  into  a  boundary  layer  with  constant  wind  direction  (v£  =  0)  is  studied 
first,  see  figure  18.  The  coordinate  system  is  moving  with  the  uniform  wind  above  the 
boundary  layer.  For  this  particular  case  the  solution  of  (65)  and  (66)  is  given  by 
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and  Nz  and  Nx  as  direction  cosines  of  the  wavefront  in  the  boundary  layer 


. 2  2 

Nx  +  N2  *  1 


(70) 


and  JiXo  and  N2o  as  direction  cosines  of  the  wavefront  outside  of  the  boundary  layer 
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Emden's  (17)  refraction  law  of  the  wavefront  normal  can  be  written  os 
Ur 
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(71) 
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(73) 


The  wavefront  also  can  be  regarded  as  a  Mach  wave  of  a  plane  profile  at  supersonic 
speed.  The  direction  cosines  (71)  are  then  related  to  the  Mach  number  M0  of  that  profile 


N  =  sinun  «  — 
X°  M0 


(74) 


From  Emden's  (17]  refraction  law  (73)  it  can  be  found  with 
.  1 


(75) 
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H  is  a  local  effective  Mach  number  determined  by  the  relative  velocity  of  the  profile  rela¬ 
tive  to  the  moving  particle  in  the  boundary  layer.  The  argument  of  the  retarded  function 
in  (69)  represents  a  phase.  Therefore,  in  the  quadrature  along  the  path  of  the  wavefront 
normal  r.,  compare  chapter  2.3,  the  phase  velocity  aph  and  not  the  ray  velocity  is  required. 
The  quadrature  also  can  be  rewritten  in  terms  of  the  Mach  number  o>"  the  direction  cosines 
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Thus  the  character  of  the  plane  sound  wave,  see  figure  18,  depends  on  the  local  effective 
Mach  number  given  by  (75).  This  phenomenon  has  been  used  by  Makino  (1074)  (55)  to  describe 
the  effect  of  steady  wind  on  tne  sonic  boim. 

Due  to  the  interaction  of  the  particle  velocity  due  to  the  sound  with  the  wind  gradient 
an  additional  velocity  in  the  x-direction  occurs,  see  equation  (68).  Tins  additional  velo¬ 
city  obviously  belongs  to  the  sound  field,  since  it  is  propagated  with  the  sound,  see 
also  (56'  and  [571. 

In  the  general  case,  when  the  wind  direction  changes  with  altitude  (vr  t  0),  Emden’s 
law  (17)  reads  t 
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where  *  is  the  angle  between  wind  vector  and  horizontal  component  of  the  wavefront  normal. 
The  wind  is  supposed  to  be  a  function  of  altitude  only.  The  solution  of  (65),  (66)  and 
(67)  under  the  condition  (78)  reads  for  a  planar  wave,  see  also  (57)  : 

£—  --  -  --  (—  ■.  UE  -2-  *  vr  -1)  F  (79) 

ypo  a  at  ax  'ay 


If- 

u*  a  —  +  —  n  r 

ax  52  ‘ 


aF  ^v£ 

u  =  a  —  +  — -  N  F 
y  iy  )! 


u2  .  a  2L 
az 


f(t-  4i-) 


=  a  +  Nx  uE 


+  Ny  VE 


Emden  (1?|  showed  for  this  case  that  the  path  of  the  wavefront  norma'  is  a  curve  of  single 
curvature.  Therefore,  the  argument  of  the  retarded  potential  (81)  can  be  handled  much 
easier  than  the  ray  required  for  the  ray  tube  area  method,  because  the  ray  is  a  curve 
of  double  curvature. 

3.5  Infrasound  waves 


Internal  gravity  waves  and  infrasound  waves  have  been  dealt  with  in  the  literature  since 
a  long  time.  Early  work  by  Rayleigh  (  1890)  (  58),  Lamb  (1908,-  1910)  (59,  60],  G.J.  Taylor 
(1929,  1936)  [61,  62)  and  Pekeris  (1938,  1939)  [63,  64)  was  concerned  with  waves  from  the 
Krakatoa  eruption,  see  also  Symond  (1388)  (65),  and  from  the  great  Siberian  meteorite, 
see  also  Whipple  (1930)166).  Recent  studies  are  on  the  interpretation  of  nuclear  explosion 
waves,  see  Harkrider  (1964)  (67)  and  Pierce,  Moo  and  Posey  (1973)  (68).  Other  papers  are 
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concerned  with  infrasound  waves  generated  in  the  troposphere  during  severe  weather  [69] 
or  during  the  passage  of  Concorde  supersonic  transport  [70)  or  during  deceleration  of  big 
ocean  waves  on  beaches.  A  bibliography  [71]  published  in  1971  lists  over  600  titles.  All 
these  papers  deal  with  wavelengths  shorter  than  the  Brunt-VSisSIS  wavelength,  see  also 
VSisSIS  (1925)  [72)  and  Brunt  (1927)  [73).  On  the  other  hand,  studies  on  internal  gravity 
waves,  whose  time  period  is  longer  than  the  Brunt-VSisSIS  period  exclude  compressibility 
effects,  see  also  [74)  and  [75],  However,  there  are  coupled  gravity  and  infrasound  waves 
as  described  by  Keck  (1977)  [76).  Keck  investigated  one  dimensional  wave  propagation  in 
a  compressible  stratified  fluid  including  a  gravity  field,  see  figure  19.  He  derived  a 
wave  equation  for  the  vertical  component  of  the  particle  velocity  due  to  a  wave  travelling 
horizontally  : 
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is  the  Brunt-VSisSIS  frequency  of  an  incompressible  fluid  and 
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the  well  known  sound  wave  equation  and  for  an  incompressible  fluid  (a 
gravity  wave  equation 
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0)  equation  (83)  reduces  to 

(86) 

N)  to  the 


N 


ll!2 

at2 


N2q  =  0 


(87) 


that  is  for  the  case  when  the  buoyancy  forces  as  like  as  a  force  of  a  spring,  try  to  put 
the  particle  back  into  its  original  position.  For  a  harmonic  dependence  oF  qz 


q2  =  q0  exp | i (wt-kx) | 


(88) 


Keck  (76)  obtained  the  following  relation  between  angular  frequency  u  and  wave  number  k 
from  (83) 

£  ^  (89) 

a2  U2-N2 


k2 


A  series  expansion  for  large  wave  numbers  (N2/  a2k2  <<  1)  clearly  shows  two  types  of  waves 


^  =  a2k2  +  H2  -  N2  ((1  -  +...)+  — + 

a2k2  a2k2 


...) 


(90) 


where  after  Keck  [76)  can  be  understood  as  the  angular  frequency  of  a  sound  wave  modi¬ 
fied  by  gravity  effects  and  the  angular  frequency  d>2  ,  given  by 


*  N2((1  -  -!! —  +  ...) 
2  a2k2 


a2k2 


+  .  .  .) 


(91) 


as  an  angular  frequency  of  a  gravity  wave  modified  by  compressibility  effects.  The  two 
waves  are  also  shown  in  the  dispersion  diagram,  figure  20,  taken  from  [76],  where  w2  is 
plotted  as  a  function  of  k2.  The  slope 

3o>2  _  w  dw 
3k2  k  aK 

is  the  product  of  phase  velocity  given  by  equation  (10)  and  groupe  velocity  agr  *  as 

given  by  equation  (7).  The  dispersion  diagram  is  for  a  stably  stratified  atmosphere.  For 
the  modified  sound  wave,  the  frequency  is  above  the  Brunt-VSisSIS  frequency  (w2  >  N2). 
These  waves  asymptotically  approach  the  line  u2  =  k2a2  +  g2/a2.  For  the  gravity  wave 
modified  by  compressibility  effects  the  highest  possible  frequency  is,  obviously,  the 
Brunt-VSisSIS  frequency  N  for  a  compressible  fluid.  A  generalization  of  the  analytical 
solution  given  in  chapter  3.3  to  encompass  the  modified  sound  wave  as  given  by  Keck 
seems  to  be  possible. 


/ 
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MATHEMATICAL  TECHNIQUES  FOR  ACOUSTIC  PROPAGATION  PROBLEMS 


P.E.  Doak,  Institute  of  Sound  and  Vibration  Research,  The  University,  Southampton  S09  5HH,  England 
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The  principal  mathematical  techniques  for  solution  of  both  steady  state  and  transient  acoustic 
propagation  and  boundary  value  problems,  for  both  forced  and  free  motion,  are  reviewed.  These 
include  separation  of  variables  methods  and  the  associated  techniques  for  the  resulting  ordinary 
differential  equations,  Green  function  methods,  Fourier,  Laplace  and  other  transform  methods, 
finite  element  and  other  numerical  methods,  and  certain  special  techniques  including  Wiener-Hopf. 
Emphasis  is  placed  on  the  relative  merits  of  the  various  methods  for  specific  types  of  problems. 


i.  INTRODUCTION 


In  its  relatively  simple  "acoustic  analogy"  form,  the  equation  governing  the  thermodynamic  pressure 
fluctuations  p' (Xj.,t)  in  a  time  stationary  but  otherwise  arbitrary  tlow  of  a  homogeneous  fluid,  can  be 
written  as 


.  !_  (1  Je, 

3t  '2  3t; 


3  .  3S.  ,  3  ,  .  .. 
3t  <PS  3t  +  3x1  <p£i) 


3^  <pVj  -  V 


(1) 


2 

where  p(x  ,t)  is  the  thermodynamic  pressure,  1/c  ■  p  »  (3p/3p)  ,  P  being  the  mass  density  and  S  the 
entropy  per  unit  mass  {similar  subscript  notation  is  used  for  other  thermodynamic  derivatives)  ,  f^  is  the 
external  force  per  unit  mass  {only  the  electromagnetic  Lorentz  force  and/or  a  gravitational  force  are 
physically  possible),  is  the  particle  velocity  and  S^.  is  the  "viscous"  stress  tensor:  i.e.,  the  total 
Internal  stress  tensor  p.  is  given  by  p. .  -  p6. .  -  S.i,  where  6  ,  is  the  Kronecker  delta,  6  -  0,  i  /  j 

and  6  .  -  1,  i  »  j.  Cartesian  vector  and  tensor  notation  is  used,  i,j,...  *  1*2,3,  with  the3usual  con¬ 
vention  that  summation  is  indicated  by  a  repeated  index.  A  prime  indicates  the  purely  fluctuating  part  of 
a  quantity  and  an  overbar  the  time  averaged,  mean,  part.  By  the  time  stationary  hypothesis,  any  function 

f(x,t)  can  be  written  as  f{x.  ,t)  ••  fOO  +  f*(x:,t),  with  f1  having  zero  time  average  over  an  appropriate 
interval  {a  period,  if  the  motion  is  periodic,  or  a  suitably  long  time  if  it  is  random).  Equation  (1)  is 
an  inhomogeneous  scalar  wave  equation  with  a  wave  speed,  c(xJ{,t),  which  in  general  may  be  variable  in  both 
space  and  time.  Analytical  solution  methods  are  readily  available  if  c2  is  a  constant,  cQ2.  In  a 
physical  case,  cQ2  would  naturally  be  selected  as  an  average  of  c2  over  an  appropriate  space-time  region. 
With  variable  terms  in  c2  thus  transferred  to  the  right  side  equation  (1)  becomes  of  the  form 


a2?/**/  -  (l/c02)32p/3t2  - 


(2) 


where  -q(x.,t),  the  source  term  of  this  inhomogeneous  scalar  wave  equation  with  a  constant  wave  speed  cQ, 
represents  all  the  terms  on  the  right  side  of  equation  (1)  plus  3({{l/c^)-(l/c ~2)  }(3p/3t)  ]/3t.  For 
simplicity,  the  primes  indicating  that  the  fluctuating  part  of  p  is  being  sought  are  omitted  in  equation 
(2) ,  which  in  any  case  is  formally  correct  even  without  them. 


2.  FORMAL  GREEN  FUNCTION  SOLUTIONS 


A  formal  solution  of  equation  (2) ,  appropriate  for  any  fluid  filled  space  V  with  any  boundary  surface 
S,  and  satisfying  the  condition  of  space-time  causality  (i.e.,  that  the  cause  precedes  the  effect),  can  be 
obtained  by  using  the  f"ce  space  Green  function  (the  "point-impulse"  response)  ^(x^tJy^T) ,  which  is  the 
particular  solution  of  equation  (2),  satisfying  radiation  conditions,  when  q(xk,t)  -  6  (x^-y^)^  (t-i) ,  where 
6  (Xj^-y^)  -  5(xi-y,)6{x2“y2)5(xj-y«) ,  6(  )  being  the  Dirac  delta  function,  and  x.  ,t  and  yk,t  being  observer 
and  source  space  time  co-ordinates,  respectively.  This  Green  function  is  the  impulsive  primitive  spherical 
wave  -  6{T-(t-r/Cg)  }/4xr,  where  r  **  |xj,-yk|  is  the  source  to  observer  distance.  The  problem  can  always 
be  formulated  on  the  hypothesis  that  q,  pr  and  all  its  derivatives  are  zero  up  to,  say,  time  t  *■  0,  so  that 
the  complementary  function  for  equation  (2)  is  zero,  and  the  forced  particular  integral  solution  due  to  q  is 
then 


P(xk,t) 


q(yk,t  -  r/c( 


4nr 


-  dyk  + '  i£f  p  <vt>  +  : 


(3) 


Here  n  is  the  normal  to  S  outward  from  V,  and  cos(n,r)  is  the  cosine  of  the  angle  between  n  and  r.  The 
volume  integral  in  equation  (3)  represents  the  superposition  of  the  primitive  spherical  waves  propagating 
out  from  each  point  in  the  source  distribution  q(yk*t' ,  each  contribution  arriving  at  an  observation  point 
a  time  r/cQ  after  it  was  emitted.  The  surface  integral  represents  the  effects  of  scattering  of  these 
original  waves  at  the  boundary  S,  and/or,  since  S  could  be  simply  any  "fictitious"  geometric  surface  drawn 
arbitrarily  in  the  fluid,  the  effects  of  any  sources  outside  V.  The  first  term  in  the  surface  integral 
shows  that  the  pressure  gradient  on  S  acts  like  a  surface  source  layer.  The  second  term,  which  is 
'  3G. 

-  '  '  p‘Vt)  3T  dsdT< 


shows  that  the  pressure  on  S  acts  like  a  dipole  surface  layer,  or,  what  is  the  same  thing,  a  distribution  of 
normal  force  per  unit  aiea  on  the  fluid  at  the  surface. 


In  addition  to  Gm,  the  Green  function  can  include  an  arbitrary  complementary  function,  G  **  +  G  ,  and 

this  in  principle  can  be  selected  so  that  the  Green  function  satisfies  an  "impedance"  boundary  condition  of 
the  form  AG  +  3G/3n  »  0  on  the  surface  S,  the  quantity  A  being  specified  on  the  surface.  This  form  obviously 
includes  the  homogeneous  boundary  condition  cases  o£  G  ■  0  or  3G/3n  *  0  on  S.  The  general  Green  function 
expression  for  p(xk,t)  can  be  written  as 


»  f  f  q(yk,x)G  dykdx  +  /  /  (G  -  p  |^?dSdi.  (4) 

Evidently,  if  p  satisfies  on  inpedar.ee  boundary  condition  then  if  G  is  selected  so  that  G  satisfies  the 
same  condition  the  surface  integral  in  equation  (4)  will  venish.  In  physical  terms  this  means  that  the 
complementary  function  part  of  3  represents  the  "scattering"  from  the  actual  impedance  surface  S  of  the 
incident  impulse  Gw.  It  is  possible  in  many  situations  to  construct  appropriate  Green  functions,  either 
exactly  or  approximately,  by  using  the  method  of  images,  or  expansions  in  suitable  base  functions,  or 
otherwise.  Also,  the  choice  3G/3n  -  0  on  S  is  often  useful,  corresponding  to  total  in-phase  reflection 
of  the  incident  waves.  On  a  rigid  boundary  of  a  fluid,  of  course,  3p/3n  *  3S.  /3n,  and  insofar  as  the 
fluctuating  viscous  normal  stresses  ore  relatively  negligible,  this  choice  can^Iead  to  effective  vanishing 
of  the  surface  integral.  As  equation  (4)  for  p(x^,t)  is  independent  of  the  choice  of  boundary  condition 
for  G,  the  volume  integral  in  it  always  contains  the  "free  field"  contribution  (i.e.,  the  volume  integral 
term  of  equation  (3))  but  the  Gc  contributions  to  the  volume  and  surface  integrals  are  interchangeable,  as 
it  were,  being  transferred  from  one  to  the  other  by  the  boundary  condition  choice. 

If  S  is  a  surface  in  the  fluid  coinciding  with  a  wavefront,  then  the  surface  integral  in  equation  (3), 
or  equation  (4) ,  is  the  complete  formal  expression  of  Huyghens'  Principle. 

3.  SEPARATION  OF  VARIABLES 

Image  constructions  for  G  are  possible  in  certain  problems  involving  plane  boundaries.  When  the 
boundaries  are  not  plane,  recourse  must  be  had  to  the  method  of  separation  of  variables,  or  other  methods. 
Fourier  (or  Laplace)  transformation  on  time  provides  separation  for  timer 


plVu)  “  fj- ^  p(Xj,,t) 


/  p(x)t,u)eiutdu. 


With  again  a  quiescent  unforced  system  for  t  <  0,  application  of  the  Fourier  transform  to  eauation  (2)  gives 
+  K2  pixels)  -  -  qtx^.u),  (6) 

2  2  2 

where  k  «  w  /c^  .  Equation  (6)  is  the  scalar  Helmholtz  equation,  and  it  is  separable  in  eleven  orthogonal 
curvilinear  co-ordinate  systems:  rectangular  Cartesian,  circular,  olliptic  and  parabolic  cylinder,  spherical, 
conical,  parabolic,  prolate  and  oblate  spheroidal ,  clhpsoklel,  and  paraboloidal.  It  is  also  separable  in 
a  few  non-orthogonal  systems  (e.g.,  triangular).  Thus,  in  these  co-ordinate  systems,  series  solutions  of 
the  homogeneous  form  of  equation  (6)  can  be  found: 

(1)  (1)  (2)  (2) 

p(V“>  “  j,^<CUmn  FJUUn(£i;kifmn1  +  CUmn  FUmn<V,kUnn>  1  =  1'2'3' 

where  the  are  the  three  co-ordinates,  the  C..  *s  are  constants,  the  k. .  "s  are  the  associated  wave¬ 
numbers,  kf-^  +  k2lmn  +  k3Stmn  a  k$,mn'  V/Vl05e  proportions  are  determined  by  boundary  conditions, 

including  those  at  infinity,  if  any^and  the  superscripts  correspond  to  the  two  linearly  independent 
solutions  of  the  second  order  ordinary  differential  equations  produced  by  the  separation  process.  The 
total  wavenumber  eigenvalues,  k  2  ,  may  be  selected  equal  to  k2,  or  not,  according  to  the  type  of  problem. 
This  selection  is  possible,  and  desirable,  according  to  circumstance,  because  for  the  orthogonal  co-ordinate 
systems  suitable  combinations  of  the  F  *s  can  be  constructed  to  form  a  complete  orthonorroal  set  of  base 
functions  over  an  interval  along  a  co-orcffnate  curve,  or  on  a  co-ordinate  surface,  £.  «  constant,  or  over 
a  volume  bounded  by  co-ordinate  surfaces.  The  case  of  rectangular  Cartesian  co-crdlnatos  is  the  simplest 
for  illustration,  and  is  representative  of  the  general  case.  Here,  for  the  co-ordinate  surfaces  x ^  *  0,a, 

2  “  0»l>»  *  0,d,  the  (un-norroalized)  base  functions  are,  for  curve  interval,  surface  and  volume  cases, 


cos  .iwx.  cos  ,lffx,  cos  ,mffy. 
sin  '  a  *  9  sin  {  a  '  sin  '  b  ' ' 


cos  .itrx.  cos  .taffy,  cos  .nsz. 
sin  '  a  '  sin  b  }  3in  '  d  ' ' 


with  the  corresponding  k  tt'*  33  k  ,  “  *ff/a,  “  (**/3/  «*/*>)  and  k  2  «  (is/  a)2  +  (nti/b)2, 

^li'^2m'^3n^  “  and  k.j^  **  (i*1/3)2  ♦  (mff/b)2  >■  (nff/d)2.  Evidently  when  such  sets  of  base 

functions  are  constructed,  the  wavenumber  eigenvalues  are  geometrically  determined,  quite  independently  of 
the  fluid's  sound  speed  or  density,  and  of  any  applied  forcing  frequencies. 

By  means  of  such  sets  of  base  functions,  series  expressions  for  any  functions  defined  in  the  volume. 


or  on  its  surfaces  or  edges,  can  be  found. 
*tBn<Ci>  the  volume  case,  for  example, 

#  (0,  tmn  /  Xuv, 

f  i>.  $  x  dV  *  < 

..  Imn  Ayv  ,,  .  . 

V  *  (1,  ion  n  Xpv, 


By  virtue  of  the  orthonormality  of  the  base  functions. 


and  hence  £o'  any  function  £(£j)ff 


and  similarly  for  the  surface  and  co-ordinate  curve  cases.  By  use  of  such  expansions  matching  of  boundary 
conditions  on  co-ordinate  surfaces  can  oe  readily  accomplished,  and  also  the  particular  solution  of  the 
inhomogeneous  equation  (6)  can  be  obtained. 

The  case  of  a  sphere  in  u  fluid  <p,c)  of  infinite  extent,  the  sphere  having  a  small  amplitude  normal 
velocity  vr(*,0,$)eiwt  on  its  surface  r  -  a,  provides  an  illustration  of  boundary  condition  matching. 

In  spherical  polar  co-ordinates  (r,0,$)  with  origin  at  the  sphere's  centre,  the  normalized  (i.e..  on  a 
sphere  of  unit  radius)  surface  base  functions  arc  the  spherical  harmonics  SQ(0,$)  ■  N  P°(cose)eim*,  P° 
being  the  associated  Legendre  functions  and  N  the  normalization  constants?  The  ra!>ia?  functions  n 
satisfying  outgoing  wave  radiation  conditions  at  infinity  are  the  spherical  Hankel  functions  of  the  second 
kind,  hJ2Mkr) .  Thus  the  pressure  for  r  >  a  can  be  written  as 


,-o-\ 


•  ^J-V****  —A  > 


p(r,6,*)  e‘ 


(10) 


iwt 


iwt 


E  p  S®  (0,*)  h<2!  (kr), 
on  n  n 

mn 


with  the  constants  p  remaining  to  be  determined  by  application  of  the  boundary  conditions  at  r  ■  a. 
small  amplitudes,  p3v^/3t  +  3p/3r  «  0  so  that  at  r  ■  a  one  must  have  (l/ikp0cQ) 3p/3r  +  vr(a,6,$)  *  0. 
Expansion  of  v  (a,8,$f  in  the  spherical  harmonics  gives 

-  2n  *  mm* 

v  ■  /  /  v  (a,0,A)S  S  sin8d0d0. 

mn  v  n  « 


Ur' 


vr(a,9,*)  -  E  V[m  Sn, 


0  0 


The  boundary  condition  therefore  is 


eiUt  E  {(l/iP0c0,hf1Mk»)pmn  +  vm}s“<e,*) 


0, 


(11) 


where  the  prime  indicates  differentiation  with  respect  to  the  argument.  Since  the  S  's  are  orthogonal, 
equation  (11)  can  be  satisfied  only  if  the. coefficient  of  each  Sm  vanishes.  Hence  the  coefficients  p 
are  determined; 


p  _  •  pftcftih*2*  *  (ka)v  . 
mn  0  0  n  mn 


(12) 


(2) 

The  quantity  p^c^ih^  *  (ka)  is  evidently  the  "on-modal"  impedance  at  the  radiating  surface  r  *»  a. 


An  illustration  of  how  particular  solutions  can  be  similarly  obtained  is  provided  by  the  case  of 
scattering  of  an  incident  plane  wave  by  a  rigid  sphere,  again  of  radius  r  =■  a.  Suppose  first  that  a  point 
simple  harmonic  pressure  source  of  unit  strength  is  located  at  z  *  h(>  a)  on  the  polar  axis  of  the  (r,0,4) 
co-ordinate  system  with  origin  at  the  centre  of  the  sphere.  The  pressure  from  this  source  then  can  be 
expressed  as  R  “  o?  +  +  (z  -  h)  ,  in  which,  of  course,  x  *  rsin0cos$,  y  «  rsin0sin$  and 

z  «  rcos6.  This  potential  is  the  particular  solution  of  the  inhomogeneous  equation 


(32/3Xl2  +  k2)p6  -  -  6(x)«(y)«(z  -  h)elut 


(13) 


and  is  thus  a  free  space  Green  function  for  simple  harmonic  motion.  The  small  amplitude  boundary  conditions 


of  zero  pressure  gradient  on  the  rigid  sphere  r  »  a  evidently  can  be  satisfied  if  the  source  term,  or,  yhab. 
is  the  same  thing,  the  pressure  field  from  it,  earn  be  expressed  in  terms  of  the  wave  functions  Sm(0,f)n  *  ikr) 
appropriate  to  the  co-ordinates  with  origin  at  the  sphere's  centre.  Such  expansions  of  base  functionsin 


one  co-ordinate  system  in  terms  of  those  of  another  are  obviously  possible  in  any  region  in  which  the  domains 
of  the  base  functions  overlap  (since  both  gets  are  complete  and  orthonormal) .  Tiny  are  sometimes  called 
"addition  formulas".  In  the  case  of  e”iKR/4nR,  with  the  point  R  -  0  being  on  the  polar  axis  at  z  *  h,  the 
expansion  is 


-ikR 
e _ 

4ft  R 


J2> 


-  &  ho2’  (kR> 


ik 


i  (kr)h'  (kh) ,  r  <  h 


E  <2n  +  l)P(cos0>  {  ... 

n-0  3n(kh,hn  Ikr),  r  >  h 


h  «,  one  obtains 

ikrcosO 


).  (14) 

By  proceeding  to  the  limit 


E  <-i)  (2n  +  1) P  (cosO) j  (kr), 

n«0  n  n 


(15) 


a  representation  for  the  incident  plane  wave  in  the  negative  z-direction.  with  the  incident  pressure  wave, 
p^,  thus  represented  in  terms  of  the  appropriate  base  functions,  the  boundary  condition  that  the  total  normal 
pressure  gradient  be  zero  at  r  »  a  can  easily  De  applied  as  before.  The  scattered  field  can  conveniently 
be  represented  as 


P,(r.8»4)e 


iwt 


eiut  E  p  <-i)"n(2n  +  1)P  (cos0)h‘2) (kr) , 


(16) 


satisfying  radiation  conditions.  The  boundary  condition  then  is 

3p  Jp  00 

(^T  +  ^r)  -  0  -  E  (-i)'n(2n  +  1)P  (cosOHkJ  •  (ka)  +  p  kh‘2)  •  (ka) ), 

r»a  n«0  1 


3r  3r 

which  gives,  by  equating  each  coefficient  to  zero  as  before, 
P, 


rsn 


jn,(ka)./h,|2>'(ka). 


The  case  of  a  hard-walled  rectangular  room  containing  a  si^_>le  harmonic  point  source  provides  an 
interior  problem  example.  With  the  eiwt  factor  omitted,  and  the  point  source  at  y^,  the  pressure  satisfies 


O2^2  +  k2)p(XjL)  -  -«(Xl  -  yA) 


(17) 


in  the  room  (0  <  x.<  a,  0  <  x,  <  b,  0  ^  x3  <  d) ,  and  3p/3n  ■  0  on  the  walls.  The  normalized  (over  the 
room  volume)  base  functions  satisfying  these  boundary  conditions  are 


^mn(Xi*  "  (1/abd)  (2  -  6Q/)  (2  -  6^(2  -  6Qn)  cosUrx^/a)  cos (mftx2/b) cos(nft*3/d) . 

The  formal  expansion  of  the  delta  function  in  these  base  functions  is 


4(xi.  •  V 


and  similarly  the  pressure  can  be  written  as 


p<xi)  *  ,Z  ‘Wtmn(xi) • 
rmn 


-  /  . 


1 


tfith  the  p  '»  to  be  determined  by  substituting  both  of  these  expansions  into  equation  (17).  This  gives, 
again  term1©  term,  ? 

(<k2  '  +  WV’WV  ■  °' 

whence  p  »  "  k2*‘  T1,a  coefficients  p,  a*  thus  turn  out  to  be  infinite  when  k  is  equal  to 

one  of  the1 wavenumber  eigenvalues  k<mn  ■  /((t»/a)2  +  (nm/b)2  +  (n«/d)2).  This  is  only  to  be  expected  as  the 
fluid  in  the  room  has  been  assumed  tossless  and  there  are  no  losses  at  the  walls.  If,  realistically, 
viscous,  thermal  and  relaxation  losies  in  tie  fluid  are  taken  into  account  k  will  be  a  complex  function  of 
frequency,  which,  in  itself,  of  cou:se,  is  sufficient  to  remove  the  singularity.  Small  losses  at  the  walls 

similarly  can  be  taken  into  account;  they  will  provide  imaginary  parts  to  the  k  ‘s,  without  affecting 

the  base  functions  to  a  first  approximation.  tBn 


With  the  wavenumber  eigenvalues  k,  ,  one  can  associate  frequency  eigenvalues,  w.  *  c.k.  These 

are  the  normal  frequencies  of  free  vibration  of  the  fluid  in  the  room  and  the  functloRS  0  aK  the  normal 
modes  of  vibration.  A  general  free  vibration  of  the  fluid  in  the  room  is  thus  representeSnby 

■><V  -  *  piWW*i>«iW:' 


where  the  constants  are  determined  from  initial  conditions. 

By  the  same  procedures  as  in  these  three  examples,  formal  series  solutions  for  radiation,  scattering 
and  interior  problems  can  be  obtained  in  any  of  the  eleven  orthogonal  curvilinear  co-ordinate  systems  in 
which  the  scalar  Helmho*  2  equation  is  separable,  the  differences  from  one  system  to  another  being  only  in 
the  specific  functions  used. 


Obtaining  numerical  results  from  such  formal  solutions  is  dependent  on  the  rapidity  of  convergence  and 
on  the  availability  of  appropriate  asymptotic  or  other  approximate  representations  of  the  functions,  or  of 
efficient  computer  programs  for  calculating  them.  The  limitations  here  are  very  real  in  practico;  except 
when  asymptotic  formulas  can  bs  used  to  greatly  simplify  the  series  the  labour  of  calculation  is  almost 
invariably  orders  of  magnitude  greater  than  that  of  obtaining  the  formal  solution.  In  many  boundary  value 
problems  where  numerical  values  are  required,  it  is  often  simpler  to  return  to  the  Green  function  solution, 
equation  (3),  and  either  integrate  it  directly  or  treat  it  by  integral  equation  methods  -  it  can  be  regarded, 
of  course,  as  an  integral  equation.  Such  approaches  are  of  relatively  new  general  use,  their  increase  in 
popularity  coinciding  with  the  increased  interest  in  obtaining  numerical  results  in  specific  cases  with  the 
aid  of  computers. 


There  are  two  general  analytical  properties  of  solutions  of  the  homogeneous  scalar  wave  equation  and 
homogeneous  scalar  Helmholtz  equation,  respectively,  that  are  of  particular  interest,  in  connection  with  any 
solutions,  analytic  or  numerical.  The  first__is  chat,  in  consequence  of  energy  conservation,  the  mean 
intensity  vector  J,  «  p’v^’  is  solenoidal,  J^/Sx^  -  0.  The  mean  energy  flew  contours  therefore  are 
relatively  simple,’ and  reasonable  estimates  of  them  can  sometimes  be  made  in  the  absencu  of  full  inforr.  -tJon 
on  the  vaiues  of  p'  and  v  ' .  The  second  property,  relevant  only  to  the  scalar  Helmholtz  equation,  is  that 
for  both  the  real  part  ana  the  imaginary  part  of  p(x.  ,w)  separately,  the  avorage  value  over  any  sphere  of 
one-half  wovolenqth  radius  is  zoro.  (This  result  comes  from  the  analog  for  the  scalar  Helmholtz  equation 
of  the  well  known  mean  value  theorom  for  Laplace's  equation.)  Consequently,  whatever  the  particular  boundary 
conditions  or  source  distribution,  both  the  real  and  imaginary  parts  of  p(Xj,w)  must  be  oscillatory  functions 
of  space  with  an  "average"  distance  between  nodal  surfaces  of  one-half  wavelength.  Evidently  this  property, 
like  the  energy  conservation  one,  is  available  for  use  as  a  "control"  on  any  assumed  solutions. 


4.  MULTI POLE  EXPANSIONS 

The  relative  ease  with  which  exact  formal  solutions  for  the  general  inhomogeneous  scalar  wave  equation 
can  be  obtained  is  in  strong  contrast  with  the  subsequent  difficulties  one  can  have  in  numerical  evaluation 
o'  the  solutions.  These  difficulties  ar«  Inevitable  in  the  general  case,  because  of  two  inherent  properties 
of  the  wave  motion  itself.  The  firs'  of  these  properties  is  that  the  motion  propagates  and  the  second  is 
that  superposition  results  in  interference.  Contributions  to  the  motion  at  any  point  in  space  from 
different  regions  of  a  source  distribution  interfere  with  one  another,  and  with  the  waves  from  the  same 
origins  which  have  been  scattered  fiom  the  obstacles  in  the  tluid.  The  range  of  characteristic^ impedances, 
pc,  of  common  materials  is  very  largo:  for  example,  the  pc  of  air  is  of  the  order  of  10"3  to  10~5  thope  of 
water  and  the  many  other  liquids  and  solids  of  comparable  densities  and  compressibilities,  but  porous  fibrons 
or  granular  materials  can  have  characteristic  impedances  of  magnitudes  comparable  to  that  of  air. 

Scattering,  therefore,  can  very  from  being  very  strong  to  very  weak,  and  in  gene.il  can  result  in  changes  in 
wave  form.  As  the  Green  function  formula  (3)  shows,  to  calculate  the  pressure  at  any  point  at  any  time  t, 
if  the  source  began  emitting  at  t  “  0,  one  has  to  knew  what  the  field  was  on  all  scatterers  within  a  radius 
c^t  of  the  source  distribution  at  the  respectively  appropriate  earlier  times.  F'jr  the  steady  state  case, 
one  has  to  know  the  field  everywhere  on  all  scattering  surfaces,  for  all  time,  as  it  were.  In  general, 
then,  calculations  for  only  localized  space-time  regions  are  not  possible. 

Even  if  scatterers  are  not  present,  calculation  of  the  voluna  integral  in  the  Green  function  formula  (3) 
is  rendered  difficult  by  interference.  Variation  of  the  source  function  q  with  position  and  ti^e  means 
that  there  will  be  interference  at  an  observation  point  between  contributions  from  different  t5arts  of  the 
source  region  even  if  they  are  equidistant  from  the  observation  point.  Second,  even  if  different  parts  of 
the  source  region  are  emitting  the  same  {."rals  at  the  same  times,  their  contributions  at  the  observation 
point  can  interfere  because  of  different  travel  times.  The  multipole  expansion  technique  permits  separate 
assessment  of  these  two  kinds  of  interference,  dv.a  to  source  non- uniformity  and  source  size,  respectively. 

Formal  expansion  of  rhe  integrand  of  the  volume  integral  of  the  Green  function  formula  (3)  in  a  tripre 
Maclaurin’s  series  in  y.  ,  but  with  only  r  *»  lxv“y}J  regarded  as  varying  (i.e.,  q(yj.»t-r/c0>  is  formally 
regarded  as  varying  with  y^  only  through  the  retarded  time,  t-r/cQ) ,  followed  by  use  of  the  fact  that 


9r/3y^  a  -Sr/Sx^  and  term  by  terr  an',egration,  lead*  to  the  recult 
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where  the  D.  are  the  multi pole  operators,  defined  by 
ton 
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and  the  M.  are  the  overall  instantaneous  multipole  moments  of  the  source  cistribution,  defined  by 
tan  . 

tan, 

y,  y,  y,  <Kyk.t) 

H,  (t)  -  /  ,  dy.dy.dy...  <?0> 
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Th»*  moment  -^qqq  is  called  the  (scalar)  monopole  moment,  with  i+n+n  ~  1  the  (vector)  dipol  moment, 

with  2  the  (tensor)  quadrupole  momont,  etc.  when  the  wonopole  moment  is  zero,  the  field 

rMatcd  by  an  equivalent  dipole  source  strength  density  m^,  such  that  q(>-^/:J  *•  -Sm^x^t) /3xir  is  the  same 
as  that  radiated  by  the  actual  sourco  distribution:  i.e., 

,  m.<yk,t  -  r/cn) 
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Slolla-ly,  if  both  raonopole  and  ci.pol>  oooentn  are  zero,  then,  with  q(3^tt)  »  -32rc  (x^.O/Sx^x,, 

being  the  equivalent  quadrupole  source  strength  density, 

•>2  r^cc? 


p(v£>  ■ 


— -  d>ldy2dy3' 


and  so  on.  Note  that  unless  the  source  distribution  is  bounded  in  space  difficulties  of  convergence  of 
the  original  Greei  function  formula  integral  and  the  subsequent  multipole  moment  integrals  may  arise. 

In  the  radiation  field,  far  from  the  source  distribution,  with  terms  of  or^er  higher  than  the  ilrst 
in  1/|xjJ  neglected  in  the  multipolc  contributions  tho  pressure  becomes 

«  (x1/|xk|)*(x2/|xk!)V3/!xk|>n  1  ,  »*« 
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Equation  (23)  is  a  fourfold  inverse  Fourier  transform. 


prad(!yt)  ’  !!!t  <J<y)c.«)«xP{i(ut-K|x:i|  +  k  y^  )du  dy3  dy2  dy3, 


where  q(y.,w)  is  the  Fourier  transform  (time  to  frequency)  of  the  source  distribution  function  q(yj,*t). 
The  distribution  of  the  far  field  pressure  in  angle  and  time,  4tf|x,!prad(x,  ,t) ,  is  thus  i*t  a  unique,  one- 
to-one  relationship  with  the  source  distribution  q<y^#co)»  by  the  uniqueness  property  of  Fourier  trai 
pairs.  The  paired  transform  variables  are  (t,w)  ana  (*.,y,),  where  k  is  the  wavenumber  vector  kx 

_ x- _  _  X-  _ J  . _  X- _ r. _ ,  _ _  X  _  .1 Z  _  ^  . 


uniqueness  property  of  Fourier  transform 


By  performance  of  the  paired  inverse  fourfold  Fourier  transform  on  4n|&.|p  g(x.,t)  the  sourco  distribution 
q(y.  ,t)  is  recovered.  In  this  sense  a  given  (complete)  far  f.4eld  has  a  caique3 source  distribution.  In 
both  space  and  time,  and  vice  versa.  Since  scattering  surfaces,  according  to  the  Green  function  formula 
(3),  are  equivalent  to  certain  surface  (conopole  end  dipo)c<  source  distributions,  it  follows  that  the  same 
one-to-one  relationship  exists  between  the  far  field  and  a  distribution  ■>{  sources  and  scatterers  (in  a 
bounded  volume) .  This  property  is  the  ab  i mtlo  basis  of  acoustic  holography,  and  of  source  identification 
and  location  procedures. 

As  a  representative  illustration  of  the  multipole  expansion  technique,  equation  (24'  can  br  used  to 
obtain,  very  easily,  the  pleasure  radiation  field  of  a  single  frequency  uniform  source  distribution,  of 
equivalent  multipole  mo^aent  frequency  spectral  density  m.  (u) ,  the  distribution  being  confined  to  a  volume 
in  the  form  of  a  rectangular  parallelepiped  of  edge  lengtRS  2&,  2b  and  2d,  respectively,  in  the  x^,  x2  and 
Xj  directions.  With  the  origin  at  the  centre  of  the  parallelepiped,  the  result  can  be  written  as 

x.  t  xn  m  x-  n 
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The  three  factors  of  (tfin£)/€  for u  are  independent  of  the  multipoJe  order  and  thus  represent  the  effect  of 
path  length  interference.  Similarly,  the  effect  of  source  non* uniformity  interference  (here  phase 
variation  across  the  source  distribution)  is  represented  solely  by  the  three  (-lkXj/| x, | )  . . .  factors. 
Radiation  fields  for  other  source  distributions  can  be  similarly  obtained  and  all  show3 compar able  separate 
factors  for  the  nterference  effects  of  source  distribution  non-uniformity  and  source  size,  respectively. 

5.  TRANSFORM  AND  INTEGRAL  EQUATION  METHODS 


Since  the  inhomogeneous  scalar  wave  equation  is.  linear,  it  is  suitable  for  analysis  by  integral  trans¬ 
form  methods.  The  fourfold  Fourier  wavenuabei-fi-quency  transform  pair, 
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,  4  *  -ilC.X.-itot 

p<KJ#w)  »  (~)  ////  p(xi,t)e  3  ^dxjdx-jdt, 

»  lie  x.+iot 

p(x1/t)  -  ////  p(<iru)e  3  3  dXjdrfjdK^du, 

is  perhaps  roost  .commonly  used,  particularly  in  situations  where  space  and/or  time  ’'correlation-type"  data 
processing  or  analysis  is  to  he  employed,  because  of  the  well  kncwn  Fourier  pair  relationships  between 
certain  correlation  functions  and  power  spectral  densities,  use  of  which  readily  provides  formulas  for 
overall  power  output. 

Mathematically,  with  iw  interpreted  as  a  complex  variable  (often  called  s  or  p) ,  Fourier  transformation 
on  w  is  equivalent  to  Laplace  transformation  on  s.  Other  transforms  are  occasionally  useful,  such  as  those 
of  Mellin  and  Hilbert. 

Tne  principal  useful  property  of  integral  transforms  is  that  real  variable  differential  equations  - 
including  both  the  wave  equation  and  boundary  conditions  -  can  be  transformed  into  complex  variable  algebraic 
equations,  from  which  eigenvalues  or  other  key  parameters  such  as  scattering  coefficients  can  more  easily  be 
deduced.  Advantage  then  can  often  be  taken  of  contour  integration  techniques  in  evaluating  the  inversion 
integrals  to  recover  the  real  solution. 

Other  complex  variable  methods,  such  as  Wiener-Hopf  and  various  integral  equation  techniques,  can  often 
be  used  to  advantage  to  obtain  solutions  of  certain  types  of  boundary  value  problems.  For  all  these  inte¬ 
gral  transform,  integral  equation,  and  other  comp' t  variable  techniques,  the  integral  equation  to  be  solved 
is  a  form  of  the  general  Green  function  result,  equation  (4),  with  G  a  G  +  G  ,  and  the  objective,  in  essence, 
is  equivalent  to  determining  the  complementary  part  of  the  Green  function  so  ?hat  the  surface  integral 
vanishes  everywhere  except  where  p  and  3p/3n  have  pre-spccif led  non-zero  values. 

As  closed  form  solutions  are  very  much  the  exception  rather  than  the  rule,  and  convergence  of  base 
function  series  as  obtained  by  separation  of  variables  methods  is  reasonably  rapid  only  for  low  frequencies 
(or,  in  their  asymptotic  forms,  for  high  frequencies  in  some  cases),  integral  forms  of  solution  equivalent 
to  the  Green  function  formulas  (3)  and  (4)  can  be  particularly  advantageous  when  numerical  computations  are 
to  be  performed.  These  integral  forms,  in  effect,  permit  selection  of  that  G  which  inspection  indicates 
may  be  most  appropriate  for  the  economical  numerical  evaluation  of  the  integral  for  each  particular  source- 
receivcr-scatterer  situation.  Integral  transform,  integral  equation  and  other  sophisticated  complex 
variable  techniques  generally,  however,  are  inevitably  the  province  of  mathematical  specialists.  If  they 
are  to  be  used,  their  details  and  intricacies  must  be  studied  and  mastered  by  reference  to  textbooks  and 
research  publications  for  specialist  expositions  of  their  principles  and  applications. 

6.  PERTURBATION  METHODS 

Perturbation  methods,  like  the  integral  transform  and  other  complex  variable  techniques,  are  primarily 
the  province  of  specialist  mathematicians ,  but  they  usually  can  be  more  closely  related  to  physical  con¬ 
siderations.  Questions  of  dynamical  stability  of  the  reference  and  perturbed  states  of  motion  naturally 
arise,  and  physical  considerations  are  primary  in  selection  of  the  perturbation  variables.  In  perturbation 
schemos,  the  convergence  of  the  iterative  procedure  is  usually  of  an  asymptotic  nature,  rather  than  absolute, 
and  this  can  be  an  advantage  when  it  comes  to  numerical  evaluation.  The  most  ,/idoly  applicable,  and  cotooniy 
used,  perturbation  techniques  for  acoustic  propagation  problems  belong  to  the  class  of  matched  asymptotic 
expansion  methods,  which  might  also  be  called  the  WKBJL  methods  (Wentzel-Kramers-Brillouin-Jeffreys-Langer) , 
originated  by  Jeffreys  and  first  given  a  sound  mathematical  basis  and  generalized  by  Langer.  The  idea  of 
such  techniques  Is  simple.  Given  that  valid  solutions  can  be  found  in  regions  of  the  field  to  be  determined 
that  are  close  to  opposite  boundaries,  as  it  wore,  one  devises,  for  the  governing  equation  concerned,  an 
asymptotically  valid  solution  in  the  Intermediate  region  which  at  least  correctly  matches,  in  an  asymptotic 
sense,  the  extreme  "inner"  and  "outer"  solutions  at  appropriate  'boundaries"  of  their  respective  regions  of 
validity.  Thus  the  solution  as  a  whole  may  satisfy  both  the  governing  differential  equation  and  the 
boundary  conditions  in  only  an  asymptotic  sense.  The  procedure  can  be  very  effective  in  produclrg  good 
first  order  (and  sometimes  second  order  as  well)  analytic  approximations  to  the  exact  solution,  but  it  is  a 
general  rule  that  the  labour  involved  in  obtaining  higher  order  approximations  by  perturbation  methods  is 
usually  prohibitive.  The  advantage,  from  the  numerical  point  of  view,  of  asymptotic  expansions  is  of 
course  that  the  errors  can  be  easily  estimated.  (The  error  in  the  representation  of  a  function  by  n  terms 
of  an  asymptotic  series  is  less  than  one-half  the  (n+l)-th  term.) 

Perturbation  methods  can  be  used  for  variations  in  boundary  conditions,  as  well  as  in  the  governing 
differential  equations,  from  those  for  which  solutions  are  known. 

7.  GEOMETRIC  ACOUSTICS 


For  low  frequencies,  separation  of  variables  techniques  involving  base  function  series,  together  with 
perturbation  methods  as  necessary,  often  constitute  chs  most  satisfactory  approach,  as  convergence  is 
relatively  rapid.  At  high  frequencies,  however,  this  is  not  the  case,  and  it  is  then  often  more  effective, 
and  even  necessary,  to  proceed  on  the  basis  of  the  geometric,  "ray-tube" ,  propagation  of  the  waves  that 
would  occur  in  thw  infinite  frequency  limit.  The  propagation  of  the  wavefronts  can  be  c«lculated  on  the 
basis  of  Fermat's  principle  of  Least  time  (or,  what  is  in  effect  the  same  thing,  Huyghens'  principle). 

With  the  wavefronts  known,  and  hence  their  trajectories,  the  "rays",  the  problem  is  reduced  to  determining 
the  pressure  amplitudes  along  each  selected  bundle  of  rays  -  the  ray-tube.  At  thir  stage  the  geometric 
acoustic  assumption  is  made,  that  of  conservatio-  ,r  t,ave  -snergy  along  each  ray-tube,  and  the  corresponding 
pressure  amplitudes  obtained  accordance  vitn  the  appropriate  formulas  derived  on  the  basis  of  this 
assumption. 


,  v  .1  »  .V  ,  J  t  ■ 

'  *  -S  J  ; 


_•  .  ‘  '  JL*.  v  . 


tl 


The  most  powerful  energy  conservation  principle  of  this  kind  developed  to  date  appears  to  be  the  "wave 
action  principle”  of  Bretherton  and  Garrett.  Cooputation  methods  based  on  this  principle  have  recently 
been  developed  and  used  successfully  for  prediction  of  propagation  of  relatively  small  amplitude  pressure 
disturbances  in  fluids  of  inhomogeneous  mean  velocity  and/or  temperature  -  e.g.,  in  the  atmosphere,  the  sea 
and  jet  flows.  More  detailed  information  is  provided  elsewhere  in  these  Lecture  Course  Notes. 

8.  VARIATIONAL  AND  NUMERICAL  METHODS 

The  most  direct  approach  to  numerical  calculation  in  acoustic  propagation  problems,  applicable  to  fluids 
in  arbitrary  motion  and  thus  of  inhomogeneous  thermodynamic  state,  is  to  reduce  the  partial  differential 
equations  of  transport  of  mass,  momentum  and  energy  to  finite  difference  equations,  as  appropriate  for  the 
problem  of  interest,  and  to  integrate  these  numerically  by  standard  methods,  with  the  aid,  of  course,  of  a 
large  digital  computer  programmed  for  the  purpose.  In  physical  terms,  this  is  a  lumped  parameter  approach. 
Since  for  accuracy  space  step  differences  must  be  small  compared  with  the  acoustic  wavelength  and  time  step 
differences  small  compared  with  the  period,  this  approach,  although  it  can  and  has  been  used  to  good  effect, 
is  usually  prohibitively  or  impossibly  expensive  in  terms  of  machine  time  and  capacity. 

Considerable  machine  time  and  capacity  economies  arc  possible  if  instead  one  of  the  general  weighted 
residual  methods  is  used.  These  can  be  regarded  as  including  methods  based  traditionally,  for  vibration 
problems,  on  variational  principles,  such  as  the  Raylcigh-Ritz,  Galerkin  and  finite  element  methods. 

Adaptation  of  weighted  residual  methods  to  acoustic  propagation  problems,  for  purposes  of  practical 
calculation,  is  relatively  very  new,  still  being  in  the  research  and  development  stage,  and  for  details  of 
the  particular  and  effective  methods  (i.e.,  computer  programs)  available  to  date  reference  must  be  made  to 
current  research  publications. 

9.  BIBLIOGRAPHY 

As  the  research  and  pedagogical  literature  on  mathematical  techniques  for  acoustic  propagation  problems, 
even  in  only  fluids,  is  so  large,  and  most  of  the  techniques  are  so  sophisticated  mathematically,  it  has  not 
been  possible  to  do  more  in  the  preceding  sections  than  to  provide  specific  information  for  only  a  ver>  few 
of  the  most  well-^stanlishcd  methods,  those  which,  for  the  roost  part,  provide  relative  maxima  of  physical 
insight.  Similarly,  it  is  appropriate  to  list  only  a  v^ry  few  selected  references  as  suggested  further 
reading,  these  being  the  monographs  which,  in  the  author* s  opinion,  provide  the  most  effective,  fundamental 
and  comprehensive  introductions  to  the  methods  available.  No  suitably  up  to  date  monographs  are  yet 
available  on  the  subjects  of  weighted  residual  methods  and  geometric  acoustic  methods  for  acoustic  propagation 
problems.  For  these,  and  indeed  for  information  on  recent  developments  in  all  the  various  techniques, 
especially  insofar  as  efficient  proccuores  for  numerical  computations  are  required,  regular  reference  to 
contemporary  research  publications  is  necessary. 
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SUMMARY 

This  paper  will  describe  the  radiation  properties  of  acoustic  monopoles  and  dipoles.  The  directivity 
of  radiation  from  these  sources  In  a  free  field  and  In  the  presence  of  an  absorptive  surface  is  described. 
The  kinematic  effects  on  source  radiation  due  to  translation  and  rotation  are  discussed.  Experimental 
measurements  of  sound  from  an  acoustic  monopole  In  motion  and  the  characteristics  of  helicopter  rotor  and 
propeller  noise  are  reviewed.  The  paper  provides  an  Introduction  to  several  essential  concepts  required 
by  noise  control  engineers  making  measurements  of  noise  from  moving  sources  In  the  proximity  of  the  ground. 

INTRODUCTION 

When  a  noise  source  is  brought  near  a  surface  or  put  Into  motion,  a  complex  radiation  pattern  results 
which  may  be  wholly  unlike  that  of  the  source  at  rest  in  a  free  field,  Acoustic  measurements  made  of 
moving  sources  near  surfaces  for  the  purpose  of  characterizing  the  source  behavior  or  understanding  noise 
generating  mechanisms  must  accordingly  be  corrected  for  motion  and  surface  effects.  A  comnon  example  of 
this  situation  occuis  when  making  measurements  of  noise  from  moving  ground  vehicles  or  aircraft  during 
takeoff  and  landing.  The  effects  of  reflection  and  absorption  of  sound  by  the  ground  and  the  kinematic 
and  dynamic  effects  of  forward  motion  must  be  considered  In  the  data  analysis  and  subsequent  Interpretation. 

This  paper  will  survey  the  effects  of  the  proximity  of  surfaces  and  the  kinematic  effects  of  motion, 
both  translatory  and  rotational,  on  the  directivity  of. radiation  from  acoustic  monopoles  and  dipoles.  The 
Interference  patterns  and  attenuation  of  sound  from  a  source  near  an  absorbing  ground  surface  are  explained. 
Three  kinematic  effects  associated  with  uniform  rectilinear  motion,  namely:  retarded  time,  convective 
amplification,  and  Doppler  shift,  are  described.  An  experimental  study  of  the  measurement  of  sound  from 
an  acoustic  monopole  in  motion  is  discussed  to  Illustrate  the  concurrence  of  surface  and  motion  effects 
under  controlled  conditions.  The  paper  surveys  rotating  blade  noise  radiation.  The  characteristic  direc¬ 
tivity  patterns  produced  by  blade  thickness  and  aerodynamic  forces,  statically  and  In  flight,  are  discussed 
to  illustrate  the  features  of  propeller  and  rotor  noise.  General  Introductions  to  the  kinematics  of  moving 
sources  and  helicopter  noise  are  contained  in  references  1  and  2  respectively.  The  paper  concludes  with  a 
brief  review  of  several  recent  significant  contributions  to  the  theory  of  source  radiation  and  Its  various 
applications.  This  paper  provides  useful  background  to  the  paper  In  this  lecture  series  by  Maestrello  and 
Norum  entitled,  "Experimental  Measurements  of  Moving  Sources,"  and  provides  an  Introduction  to  several 
essential  concepts  required  by  engineers  making  and  interpreting  field  measurements  of  noise  from  moving 
sources. 


SOURCES  OF  SOUND 

The  sources  of  sound  in  a  fluid  can  be  introduced  by  considering  the  field  equations  of  linearized 
acoustic  theory.  These  equations,  shown  in  Figure  1,  are  the  continuity  equation  which  expresses  the 
conservation  of  mass,  the  momentum  equation  which  describes  the  balance  forces  in  the  fluid,  and  the 
pressure-density  relation  which  expresses  the  proportionality  between  the  acoustic  pressure  and  density 
perturbations.  The  term  Q  In  the  continuity  equation  accounts  for  the  time  rate  of  production  of  mass 
within  the  fluid.  The  vector  whose  components  F^  appear  in  the  momentum  equation  Is  any  externally  applied 
body  force.  These  three  equations  can  be  combined  Into  a  single  well  known  Inhomogeneous  wave  equation. 

In  addition  to  the  field  quantities  p,  p,  and  uj  several  quantities  relating  to  energy  and  energy  flux 
In  the  acoustic  field  need  to  be  mentioned.  These  quantities  are  the  acoustic  intensity  and  acoustic  power 
defined  in  Figure  2.  The  acoustic  intensity  is  the  time  rate  of  sound  energy  flow  across  a  unit  area  and 
is  calculated  by  taking  the  time  average  of  the  product  of  the  pressure  and  velocity  component  normal  to 
the  area.  The  acoustic  power  Is  the  time  rate  of  total  energy  flow  through  a  closed  surface  completely 
surrounding  the  noise  source  and  Is  a  measure  of  the  overall  energy  In  the  propagating  sound  field. 

The  nomenclature  and  definition  of  symbols  given  In  Figures  1  and  2  will  be  used  throughout  the  rest 
of  this  paper. 

Figure  3  summarizes  the  principle  sources  of  sound  which  occur  within  a  completely  linearized  acoustic 
theory  and  present  some  practical  examples  of  these  sources.  The  differential  operator  on  the  left-hand 
side  of  the  inhomogeneous  wave  equation  describes  the  propagation  of  sound  through  a  quiescent  medium  whose 
ambient  speed  of  sound  Is  c.  The  right-hand  side  of  the  equation  consists  of  two  terms  which  act  as  forcing 
functions  to  the  wave  equation  and  can  be  Interpreted  as  producers  of  sound.  These  two  terms  represent  the 
unsteady  Injection  of  mass  into  the  medium  and  spatially  varying  applied  body  forces.  Examples  of  the 
former  type  of  sound  source  are  unsteady  or  transient  air  jets  and  vibrating  surfaces.  Every  element  of  a 
vibrating  surface  car,  be  modelled  as  a  piston  which  appears  to  Insert  and  withdraw  mass  from  the  surrounding 
medium  during  its  vibration.  An  Important  general  class  of  examples  of  the  second  source  Is  aerodynamic 
forces  which  develop  upon  bodies  moving  through  a  fluid.  If  nonlinear  terms  are  included  in  the  field 
equations,  a  third  type  of  noise  source  arising  from  velocity  fluctuations  within  the  fluid  Itself  can  be 
derived.  Examples  of  this  noise  source  are  turbulent  fluid  motions  such  as  occur  in  jets,  wakes  and 
boundary  layers.  Thus,  this  type  of  source  is  central  to  flow  noise  generation.  The  production  of  noise 
by  shear  stresses  will  not  be  discussed  in  any  great  detail  in  this  paper.  The  list  of  sound  sources  given 
here  is  not  exhaustive.  Other  sources  of  sound  in  a  fluid  such  as  convecting  density  homogeneities, 
viscous  shear  stresses  and  enthalpy  fluctuations  are  knov/n.  The  reader  is  referred  to  the  specialized 
literature  for  details. 


The  radiation  from  an  acoustic  monopole  serves  as  a  convenient  reference  to  use  In  Illustrating  the 
effects  of  surfaces  and  motion  on  source  directivity.  The  monopole  represents  the  acoustic  field  produced 
.3.  by  periodically  Injecting  and  withdrawing  mass  at  a  point  In  space  with  an  angular  frequency  w.  The 
strength  of  the  source,  Q0,  Is  the  time  rate  of  mass  Injection.  The  acoustic  pressure,  racial  velocity 
component,  Intensity  and  power  are  presented  In  figure  4  for  convenience  and  will  be  referred  to  fre¬ 
quently  throughout  the  paper  to  Illustrate  the  changes  surfaces  and  motion  have  upon  the  directivity  of 
sources.  A  fact  that  will  be  used  repeatedly  Is  that  the  amplitude  of  the  acoustic  pressure  for  a  monopole 
Is  constant  on  a  sphere  whose  center  Is  at  the  location  of  the  monopole.  Point  harmonic  generators  of 
sound  such  as  monopoles  and  dipoles  (to  be  discussed  subsequently)  are  central  to  the  theory  of  acoustics 
since  more  complicated  spatial  and  temporal  distributions  can  be  built  up  from  these  Idealized  sources  by 
linear  superposition.  One  expects  then  that  the  radiation  properties  of  these  point  sources  will  then  be 
carried  over  to  more  complicated  distributions. 

THE  EFFECTS  OF  SURFACES  ON  SOURCE  DIRECTIVITY 

Consider  first  of  all  the  Influence  of  a  nearby  surface  upon  the  directivity  of  sound  from  a  monopole. 

A  simple  representation  of  this  situation  Is  shown  In  Figure  5  In  which  the  surface  is  represented  by  a 
very  large  flat  and  perfectly  reflecting  plane.  The  boundary  condition  at  the  plane  surface  then  is  that 
the  normal  component  of  the  acoustic  velocity  vanish  at  the  surface.  This  situation  in  which  a  sound 
source  Is  In  the  proximity  of  a  large  flat  surface  occurs  for  example  during  the  landing  approach  or  take¬ 
off  operations  of  a  commercial  jet  transport. 

The  mathematical  solution  of  this  radiation  problem  contains  two  terms,  as  shown  In  Figure  5.  The 
first  term  represents  the  radiation  field  of  the  given  monopole.  The  second  term  represents  the  radiation 
field  of  an  Image  monopole  placed  directly  below  the  actual  source  at  an  equal  distance  on  the  opposite 
side  of  the  surface.  At  large  distances  from  the  source  the  equation  for  the  radiation  field  can  be  con¬ 
siderably  simplified  as  shown  at  the  bottom  of  Figure  5.  For  the  purposes  of  this  discussion  it  Is  con¬ 
venient  to  measure  the  distance  R  from  the  foot  of  the  perpendicular  from  the  source  to  the  reflecting 
plane.  If  one  compares  the  pressure  fields  obtained  in  this  case  with  that  of  a  free  field  monopole  shown 
in  Figure  4,  it  is  seen  that  the  amplitude  of  the  pressure  still  falls  off  inversely  with  distance  R  but 
that  the  two  equations  differ  by  the  directivity  function  d(e)  which  Is  defined  at  the  top  of  Figure  6. 

The  pressure  Is  no  longer  constant  over  a  sphere  of  constant  radius  but  is  also  a  function  of  the  observer's 
angular  position  S,  the  source  height  h  and  the  source  frequency  k.  This  nonuniform  directivity  comes 
about  as  a  result  of  the  superposition  of  the  wave  fields  from  the  direct  and  image  sources.  The  combined 
field  has  localized  reinforcements  and  cancellations  which  produce  a  complex  sound  pattern. 

The  sketches  at  the  bottom  of  Figure  6  illustrate  the  variation  of  the  directivity  function  with 
observer  angle  and  source  frequency.  The  sketch  on  the  left  Is  a  polar  plot  of  the  directivity  function 
for  a  fixed  source  height  and  frequency.  For  a  free  space  monopole  the  "directivity  function"  is  a  circle 
of  unit  radius.  As  the  sketch  shows  the  radiation  field  of  a  monopole  near  a  surface  produced  by  cancel¬ 
lations  and  reinforcements  exhibits  a  lobed  pattern  for  which  pressure  amplitudes  can  be  locally  twice  as 
much  as  In  the  absence  of  the  ground;  moreover,  there  are  angles  at  which  the  pressure  amplitude  drops 
completely  to  zero.  The  sketch  at  the  right  shows  how  the  directivity  function  varies  for  fixed  source 
and  observer  position  as  a  function  of  frequency.  It  is  seen  that  different  frequencies  undergo  varying 
amounts  of  reinforcements  and  cancellation.  Some  frequencies  experience  complete  reinforcement  with 
pressure  doubling;  other  frequencies  show  complete  cancellation. 

Ground  surfaces  such  as  grassland,  or  tilled  soil  are  not  perfectly  rigid  as  is  the  Idealized  surface 
in  the  preceeding  example.  Most  ground  surfaces  exhibit  some  degree  of  compliance  to  an  Incident  acoustic 
wave.  As  suggested  In  Figure  7,  an  acoustic  wave  reflected  from  such  a  surface  shows  a  decrease  in  ampli¬ 
tude  due  to  sound  absorption  and  a  phase  change  produced  by  time  lags  in  the  sound-surface  Interaction 
process.  These  two  physical  phenomena  are  represented  mathematically  by  a  quantity  known  as  the  specific 
acoustic  impedance  which  Is  characteristic  of  the  particular  type  of  surface.  The  specific  acoustic 
Impedance  is  a  complex  number  which  contains  both  amplitude  and' phase  information.  The  real  and  imaginary 
parts  of  the  impedance  are  known  as  the  acoustic  resistance  and  acoustic  reactance,  respectively.  It  is 
convenient  to  define  a  quantity  called  the  specific  acoustic  admittance  as  the  inverse  of  the  specific 
acoustic  Impedance. 

An  alternate  method  of  characterizing  an  acoustically  absorbing  surface  is  presented  by  L.  Maestrello 
in  the  lecture  entitled,  "Experimental  Measurements  of  Moving  Sources."  This  method  makes  use  of  the  notion 
of  an  acoustic  transfer  function  between  Incident  and  reflected  waves  rather  than  that  of  an  acoustic 
Impedance.  The  two  approaches  are  equivalent  but  the  former  technique  appears  to  have  the  advantage  in 
that  the  transfer  function  Is  more  easily  evaluated  than  the  Impedance  over  a  broad  frequency  range. 

Some  measurements  of  the  acoustic  impedance  of  dry  sand  and  grassland,  taken  from  Reference  3,  are 
shown  1i.  Figure  8.  For  these  surfaces  the  acoustic  resistance  is  nearly  independent  of  frequency.  The 
reactance  on  the  other  hand  decreases  significantly  with  increasing  frequency  over  the  range  of  measure¬ 
ments.  The  Impedance  of  a  surface  may  also  vary  with  the  angle  of  Incidence  of  the  sound  wave.  This 
effect  is  sometimes  taken  Into  account  by  defining  an  "effective"  Impedance  as  the  product  of  the  normal 
acoustic  Impedance  and  the  cosine  of  the  angle  of  Incidence. 

The  far-field  acoustic  pressure  for  a  source  above  an  absorbing  surface  having  a  specific  admittance 

is  shown  in  Figure  9.  The  directivity  function  becomes  considerably  more  complicated  than  for  the  per¬ 

fectly  reflecting  surface.  Directivity  now  depends  on  the  surface  properties  as  well  as  the  source  height 
and  frequency  and  the  observer  location. 

Some  calculations  of  the  directivity  function  d'(8)  for  an  absorbing  surface  are  shown  in  Figure  10 

and  compared  with  the  directivity  for  a  perfectly  reflecting  surface.  On  the  left  is  a  polar  plot  of  the 

directivity  function  for  a  fixed  height  and  frequency  and  on  the  right  Is  a  plot  as  a  function  of  frequency. 
The  specific  acoustic  Impedance  used  in  the  calculations,  4  -  41,  Is  typical  of  the  measurements  shown  in 
Figure  8.  As  can  be  seen  from  the  two  sketches,  the  effect  of  an  absorbing  surface  on  the  directivity  is 


to  reduce  wave  reinforcements  so  that  pressure  doubling  does  not  occur.  The  frequencies  at  which  pressure 
maxima  and  minima  occur  are  Increased  significantly. 

In  summary  then,  there  are  several  observations  to  be  made  regarding  the  effects  of  a  surface  upon 
the  radiation  from  a  source.  The  surface  will  produce  a  nonuniform  directivity  pattern  due  to  the  Inter¬ 
ference  of  sound  waves  from  the  source  with  waves  reflected  from  the  surface.  These  two  w«ve  fields 
interact  with  each  other  producing  reinforcements  at  which  the  pressure  Is  greater  (up  to  two  times)  than 
the  pressure  in  the  free  field  and  cancellations  where  the  pressure  can  go  nearly  to  zero.  Compliant 
surfaces  such  as  sand,  soil,  and  grass  tend  to  smooth  out  these  reinforcements  and  cancellations  somewhat 
and  shift  the  frequency  of  their  occurrence  depending  upon  the  Impedance  properties  characteristic  of  that 
surface. 

KINEMATIC  EFFECTS  OF  MOTION  ON  SOURCE  DIRECTIVITY 

When  a  noise  source  Is  put  Into  motion  Its  radiation  characteristics  may  be  si jnificantly  different 
from  those  of  the  source  at  rest.  There  are  two  reasons  for  such  differences:  kinematic  effects  due 
solely  to  moving  the  source  about  In  space  and  dynamic  effects  which  may  alter  t'e  noise  generating 
process  or  radiation  efficiency  of  the  source.  This  section  of  the  paper  will  •  onsider  the  kinematic 
effect  of  uniform  rectilinear  motion  on  the  directivity  of  source  radiation.  .  second  Important  class  of 
moving  sources,  that  Is  sources  In  rotation,  will  be  considered  subsequently  n  the  paper.  Moving  sources 
occur  frequently  In  noise  measurement  and  noise  control  problems  associated  with  transportation  noise 
sources  such  as  automobiles  and  aircraft. 

Consider  then  the  situation  indicated  in  Figure  11.  An  aircraft  is  in  constant  velocity,  constant 
altitude  flight  over  an  observer  on  the  ground  (for  simplicity  the  sur'ice  effects  discussed  in  the  pre¬ 
vious  part  of  the  paper  will  not  be  Included  in  the  discussion  of  this  section).  As  the  aircraft  moves 
along  the  flight  path  beyond  point  A,  the  sound  emitted  at  point  A  t- ivels  along  the  straight  line 
joining  point  A  to  the  observer.  The  aircraft  arrives  at  point  B  wixn  the  sound  emitted  at  point  A 
arrives  at  the  observer.  That  Is,  the  observer  simultaneously  sees  the  aircraft  at  point  B  and  hears  the 
sound  emitted  at  point  A.  Thus,  for  a  moving  source  two  source  rositions  must  be  distinguished:  the 
position  at  which  the  source  is  observed  and  the  position  of  the  source  at  which  the  detected  sound  was 
emitted.  Let  R  be  the  distance  between  the  observer  and  the  emission  point.  The  time  taken  for  sound  to 

n 

travel  this  distance  is  Consequently  the  sound  heard  at  time  t  by  the  observer  was  actually  emitted 
r  if 

at  an  earlier  time  t  -  This  quantity  t  -  jr  referred  to  as  the  retarded  source  time.  The  retarded  time 

is  the  time  at  which  the  observed  sound  was  emitted  by  the  source.  In  order  to  deduce  Information  about  a 
moving  noise  source  from  far-field  sound  measurements  one  must  associate  the  measured  acoustic  signatures 
at  time  t  with  the  position  and  condition  of  the  source  at  the  corresponding  retarded  time. 

Figure  12  gives  the  mathematical  relationships  between  observation  quantities  and  emission  quantities 
and  presents  some  sample  calculations.  The  Mach  number  of  the  moving  ‘■ource  is  seen  to  be  a  fundamental 
parameter  in  the  transformations.  The  sketch  in  the  lower  left  shows  the  difference  between  the  observa¬ 
tion  and  emission  angles  as  a  function  of  the  observation  angle.  The  sketch  at  the  right  shows  the  ratio 
of  the  emission  and  observation  distances.  It  can  be  seen  that  the  difference  between  emission  and 
observation  quantities  increases  as  the  source  Mach  number  increases.  The  difference  between  the  source 
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and  observer  angles  is  the  greatest  for  overhead  positions  of  the  source.  The  ratio  ^  is  most  sensitive 
to  positions  when  the  source  Is  approaching  and  less  sensitive  when  the  source  is  departing  In  the  distance. 

Figure  13  shows  the  mathematical  expression  for  the  far-field  acoustic  pressure  of  a  monopole  in 
motion.  This  expression  should  be  compared  to  that  shown  in  Figure  4  for  a  stationary  monopole^  It  is 
convenient  in  this  situation  to  express  the  pressure  In  terms  of  the  emission  quantities  IT  and  0.  The 
pressure  still  falls  off  inversely  with  distance  from  the  point  of  emission.  However,  the  equation  contains 
an  additional  directivity  factor  which  is  referred  to  as  the  "convective  amplification  factor."  This 
factor  is  a  function  of  the  source  Mach  number  and  the  emission  angle  e.  The  equation  Implies  that  a 
monopole  of  fixed  strength  Q0  will  acquire  directional  radiation  according  to  the  convective  amplification 
factor  when  it  Is  set  Into  uniform  motion. 

Figure  14  shows  the  effect  of  source  Mach  number  upon  the  monopole  directivity.  It  is  convenient  to 
consider  the  difference  in  sound  pressure  level  between  the  moving  monopole  and  the  stationary  monopole. 

The  sketch  gives  a  polar  plot  of  this  sound  pressure  level  difference  as  a  function  of  the  emission  angle 
for  various  Mach  numbers.  It  can  be  seen  that  the  sound  pressure  level  Increases  significantly  with  Mach 
number  in  the  direction  of  motion.  There  is  a  16  dB  increase  for  example  directly  ahead  of  the  source  at 
a  Mach  number  of  .6.  There  is  also  a  decrease  in  the  sound  pressure  levels  behind  the  source.  Note  that 
convection  effects  are  absent  at  90°  to  the  emission  point.  Far-field  noise  measurements  for  moving  sources 
are  frequently  made  at  this  90°  position  In  order  to  eliminate  convection  effects  from  the  measured  data. 

The  effects  of  source  motion  on  the  radiated  acoustic  power  are  shown  In  Figure  15.  This  figure  shows 
a  plot  of  the  ratio  of  the  power  radiated  at  subsonic  Mach  number  M  to  the  value  at  zero  forward  speed  (a 
quantity  given  In  Figure  4)  as  a  function  of  the  source  Mach  number  M.  The  simple  algebraic  expression 
for  this  ratio  is  given  In  the  figure.  The  acoustic  power  associated  with  the  moving  monopole  Is  calculated 
by  determining  the  time  average  of  the  energy  flux  through  a  cylinder  completely  enclosing  the  path  of 
motion  as  suggested  by  the  sketch.  It  Is  seen  from  the  plot  that  as  the  Mach  number  increases  the  radiated 
acoustic  power  also  rapidly  increases  becoming  infinite  at  sonic  speed. 

Another  kinematic  effect  of  motion  on  the  radiation  from  a  source  is  Illustrated  in  Figure  16.  This 
is  the  shift  In  the  observed  frequency  of  the  radiation.  The  phase  of  the  far-field  acoustic  pressure  Is 
determined  by  the  expression  kR  -  wt.  Introduce  a  cylindrical  coordinate  system  (x,  r)  with  the  x  axis 
coinciding  with  the  line  of  source  motion  and  the  origin  coinciding  with  the  position  of  the  source  at 
£1me  zero.  In  terms  of  these  coordinates  and  the  source  velocity  U  and  Mach  number  M  the  emission  distance 
R  can  be  written  out  explicitly  as  shown.  The  x,  r  coordinate  system  Is  a  fixed  set  of  coordinates  In 


space  which  then  designate  the  observer  position.  In  terms  of  these  observer  coordinates  the  phase  of  the 
acoustic  pressure  along  the  line  of  motion  simplifies  as  Indicated.  Directly  ahead  of  the  source  an 
observer  will  detect  a  frequency  u/(1  -  M)  where  a  is  the  frequency  of  the  moving  source.  This  observed 
frequency  Is  larger  than  the  actual  source  frequency.  Behind  the  source  the  observed  frequency  decreases 
by  a  factor  of  1/(1  +  H).  For  a  general  observation  position  the  observed  frequency  is  the  time  rate  of 
change  of  the  phase  of  the  pressure.  When  the  algebra  is  worked  through  the  general  expression  for  the 
observer  frequency  Is  that  given  at  the  bottom  of  figure  16.  It  Is  seen  that  In  general  the  frequency  is 
Increased  ahead  of  the  emission  point  and  Is  decreased  aft  of  the  emission  point.  Convective  changes  in 
frequency  vanish  at  the  90*  to  the  emission  point. 

In  summary  there  are  three  kinematic  effects  of  motion  upon  radiation  from  a  source.  There  Is  the 
notion  of  retarded  time,  that  is,  that  the  observed  sound  was  emitted  at  a  time  before  it  is  measured  at  a 
point  which  Is  different  from  where  the  source  is  observed.  The  directivity  of  radiation  from  a  source 
changes  with  the  sound  energy  generally  beamed  In  the  direction  of  motion.  And  finally  the  observed  fre¬ 
quency  of  a  moving  sound  source  may  be  larger  than  or  less  than  the  true  source  frequency  depending  upon 
the  position  of  the  observer  with  respect  to  the  source. 

It  Is  Important  to  reemphasize  that  these  effects  are  solely  due  to  the  forward  motion  of  the  source 
and  are  independent  of  the  nature  and  strength  of  the  source.  These  effects  must  be  corrected  out  of  far- 
field  acoustic  data  when  the  latter  are  used  to  diagnose  the  nature  and  condition  of  a  complex  unknown 
moving  source.  In  particular  convection  effects  must  be  distinguished  from  fundamental  changes  In  the 
noise  generation  process  which  can  come  about  due  to  forward  motion.  Far-fleld  acoustic  measurements  are 
frequently  used  to  diagnose  the  presence  of  such  changes  In  the  source.  As  seen  from  the  equations  in 
Figures  13  and  16,  convection  effects  can  be  eliminated  from  the  far-field  directivity  and  Doppler  shifts 
In  frequency  by  making  acoustic  measurements  at  90*  to  the  emission  point. 

MEASUREMENTS  OF  SOUND  FROM  AN  ACOUSTIC  MONOPOLE  IN  MOTION 

A  moving  source  problem  of  considerable  Interest  in  connection  with  aircraft  noise  Is  the  effect  of 
forward  motion  upon  the  generation  of  jet  noise.  Changes  In  jet  noise  with  forward  motion  occur  due  to 
both  kinematic  and  dynamic  effects.  In  an  effort  to  understand  kinematic  effects  as  they  occur  in  actual 
practice  and  to  evaluate  a  theoretical  model  for  predicting  these  effects  an  experimental  study  was  carried 
out  of  the  effects  of  forward  speed  upon  radiation  from  a  monopole.  Reference  4.  Both  motion  and  surface 
effects  which  have  been  discussed  Individually  in  the  previous  sections  of  the  paper  make  their  appearance 
in  this  experimental  study. 

The  monopole  source  was  mounted  on  top  of  an  automobile  7.9  meters  above  the  ground  atop  a  mast 
supported  with  guy  wires  as  indicated  In  Figure  17.  The  source  consisted  of  a  60  watt  acoustic  driver 
necked  down  through  a  1.52  centimeter  diameter  tubular  opening.  The  source  radiated  approximately  uniformly 
In  all  directions  when  at  rest.  The  output  of  this  source  consisted  of  tones  of  discrete  frequency  f.  The 
automobile  was  driven  at  constant  speeds  U  ranging  from  13.4  to  44.4  meters  per  sec.  nd. 

Figure  18  shows  a  schematic  of  the  experimental  test  setup.  The  automobile  was  driven  along  a 
straight  track  at  constant  velocity.  The  experiment  was  performed  over  an  aircraft  runway  consisting  of 
an  asphalt  surface.  Sideline  microphones  were  positioned  at  heights,  h„,  of  3.05  meters  and  6.10  meters 
above  the  ground  surface.  Pressure  signals  were  measured  with  1.3  centimeter  diameter  condenser  micro¬ 
phones  and  recorded  on  magnetic  tape. 

A  mathematical  analysis  of  this  problem  was  carried  out  for  comparison  with  the  experiment.  The 
solution  was  obtained  by  the  use  of  Fourier  Integral  techniques  and  an  application  of  the  Lorentz  trans¬ 
formation.  The  solution  contains  both  surface  reflection  effects  and  convection  effects.  The  next  three 
figures  show  some  results  of  the  measurements  and  analysis  made  in  this  investigation. 

Figure  19  shows  a  comparison  between  the  calculated  and  measured  noise  time  histories.  The  specific 
acoustic  Impedance  of  the  runway  surface  used  in  the  calculation  Is  taken  as  4  -  4i.  The  sound  pressure 
level  in  dB  Is  plotted  on  the  vertical  scale.  The  horizontal  scale  is  time  normalized  by  means  of  the 
source  velocity  U  and  the  source  to  observer  distance  at  closest  approach  a.  The  measured  and  computed 
curves  are  not  superimposed  here  because  of  the  many  oscillations  In  the  SPL's  which  are  due  to  reinforce¬ 
ments  and  cancellations  which  come  about  due  to  ground  reflection. 

The  smooth  computed  curve  at  the  top  of  the  figure  Is  the  predicted  variation  In  the  sound  pressure 
level  In  the  absence  of  a  surface.  As  the  source  approaches  the  microphone  the  sound  pressure  level 
Increases  smoothly,  reaches  a  maximum  level  at  the  point  of  closest  approach,  and  then  decreases  gradually 
as  the  source  moves  away.  In  the  presence  of  the  ground  surface  both  the  computed  and  measured  sound 
pressure  levels  show  this  general  trend.  However,  superimposed  upon  this  mean  trend  Is  a  strong  modula¬ 
tion  due  to  the  motion  past  the  microphone  of  the  complicated  pattern  of  reinforcements  and  cancellations 
produced  by  ground  reflection. 

Figures  20  and  21  show  the  variation  of  the  computed  and  measured  noise  time  histories  with  observer 
height  h0  and  source  frequency.  It  can  be  seen  that  as  either  the  observer  height  or  the  frequency  of  the 
source  is  Increased  the  measured  and  computed  SPL's  become  more  and  more  oscillatory  as  the  distance 
between  successive  reinforcements  and  cancellations  grows  smaller. 

ROTATING  BLADE  NOISE 

Noise  from  rotating  blades  Is  a  pervasive  problem  associated  with  ground  transportation.  Blade  Induced 
noise  may  cause  vibration  to  vehicle  structures,  malfunction  of  onboard  instrumentation  and  equipment, 
annoyance  In  passengers,  vibration  In  nearby  ground  structures,  and  Interference  with  crew  performance. 
Aircraft  having  rotating  blade  components  Include  CTOL,  VTOL,  general  aviation,  and  supersonic  transport 
vehicles.  Examples  of  rotating  blade  components  which  produce  noise  are  shown  In  Figure  22.  These  com¬ 
ponents  Include  ducted  fans  and  compressors  as  well  as  free  rotors  such  as  helicopter  rotors  and  general 
aviation  propellers.  This  section  of  the  paper  will  survey  the  fundamentals  of  noise  production  and 
radiation  from  rotating  sources. 
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The  noise  sources  for  rotating  blades  are  shown  in  Figure  23.  These  sources  are  the  aerodynamic 
forces  such  as  torque,  thrust,  and  coning  which  develop  on  the  rotating  blades  and  the  thickness  distri¬ 
bution  of  the  blades.  Thus,  in  general,  rotating  blades  produce  both  monopole  and  dipole  type  noise.  Both 
steady  and  unsteady  aerodynamic  forces  may  be  generated  on  the  blades.  The  former  may  occur  for  example  on 
a  rotor  in  hover  having  a  very  smooth  and  uniform  inflow.  The  latter  are  produced  for  example  by  skewed 
inflow,  or  blade-vortex  interaction.  The  sound  field  from  a  system  of  rotating  blades  is  periodic  in  time 

with  a  period  wt  and  periodic  around  the  axis  of  rotation  with  period  1  where  B  is  the  number  of  blades  and 
SI  is  the  shaft  speed.  Therefore,  the  far-field  acoustic  pressure  can  Be  represented  as  a  Fourier  series  as 
indicated  at  the  bottom  of  Figure  23  in  which  Pn  are  the  Fourier  harmonics.  The  remainder  of  the  paper  will 
discuss  the  effects  of  blade  operating  conditions  on  the  radiation  shapes  associated  with  these  individual 
sound  harmonics. 

Since  some  of  the  noise  radiated  from  rotating  blades  is  generated  by  blade  aerodynamic  loads,  Figure  24 
which  summarizes  the  properties  of  radiation  from  a  stationary  dipole  is  included  for  referr  .ce.  An 
acoustic  dipole  represents  the  acoustic  effect  due  to  the  application  at  a  point  of  a  concer :r?ted  applied 
force  which  varies  harmonically  with  time  at  angular  frequency  «.  In  this  figure  the  Force  is  applied  at 
the  origin  in  the  direction  of  the  z  axis.  The  resulting  acoustic  pressure  is  given  by  the  z  derivative 
of  the  pressure  for  a  monopole.  The  directivity  function  in  the  far  field  is  given  by  the  cosine  of  the 
angle  ^  between  the  axis  of  the  force  and  the  position  vector  to  the  observer.  As  indicated  by  the  sketch 
at  the  bottom  of  Figure  24,  the  radiated  noise  is  a  maximum  along  the  line  of  action  of  the  force.  The 
pressure  vanishes  everywhere  in  a  plane  normal  to  the  force  axis  and  passing  through  the  point  of  appli¬ 
cation  of  the  force. 

The  basic  equation  for  the  classical  theory  of  propeller  and  rotor  noise  is  shown  in  Figure  25.  In 
this  theory  it  is  assumed  that  the  inflow  to  the  rotor  is  extremely  clean  and  smooth  so  that  the  blade 
load  distribution  does  not  vary  with  time  and  that  the  rotor  is  stationary  with  respect  to  the  surrounding 
air.  An  element  of  area  of  the  rotor  disc  receives  an  impulse  each  time  a  blade  passes.  These  impulses 
are  represented  by  a  distribution  of  monopoles  and  dipoles  over  the  disc  properly  phased  to  take  into 
account  the  time  interval  between  successive  blade  passages.  The  amplitudes  of  the  monopoles  are  determined 
by  the  blade  thickness  distribution  whereas  the  amplitudes  of  the  dipoles  are  obtained  from  the  rotor 
thrust  and  torque  distributions.  The  amplitude  of  the  nth  sound  harmonic,  Pn(R,  <>)  depends  upon  the  rotor 
operating  conditions  and  the  observer  position  as  shown  in  the  equation. 

The  characteristic  directivity  patterns  for  these  harmonics  are  shown  in  Figure  26.  This  figure  con¬ 
tains  schematic  diagrams  of  the  rotational  noise  radiation  patterns  for  the  thickness,  thrust,  and  torque 
terms  contained  in  the  equation.  These  radiation  patterns  should  be  compared  with  those  for  a  stationary 
monopole  and  dipole  shown  in  Figures  4  and  24  respectively.  For  these  sketches  the  rotor  orientation 
illustrated  at  the  top  of  the  figure  applies,  that  is,  the  axis  of  rotation  is  vertical  and  the  plane  of 
rotation  is  horizontal.  The  noise  due  to  torque  and  thickness  is  a  maximum  in  the  plane  of  rotation  and 
a  minimum  on  the  axis.  The  noise  due  to  thrust  has  a  four  leaf  clover  pattern  with  pressure  minima  in 
the  plane  of  rotation  and  on  the  axis. 

The  theory  of  propeller  and  rotor  noise  was  modified  by  Garrick  and  Watkins  to  include  the  effects  of 
propeller  forward  speed.  Reference  5.  The  expression  for  the  nth  sound  harmonic  is  given  in  Figure  27. 

The  equation  again  assumes  a  clean  inflow  to  the  rotor  which  is  in  uniform  forward  motion  at  a  Mach 
number  M.  The  equation  is  expressed  in  terms  of  the  emission  distance  R  and  angle  ip  of  the  observer.  A 
convective  amplification  factor  is  evident  for  each  harmonic  for  thickness,  thrust,  and  torque  noise. 
Additional  changes  in  the  far-field  directivity  result  from  the  presence  of  the  forward  Mach  number  in  the 
argument  of  the  Bessel  function. 

Figure  28  shows  the  changes  which  result  in  rotor  noise  radiation  patterns  due  to  forward  motion. 
Sketches  are  given  of  the  torque  and  thickness  component  and  the  thrust  component  of  noise  for  three 
different  low  subsonic  Mach  numbers.  The  rotor  orientation  is  as  indicated  at  the  top  of  the  figure.  The 
rotor  is  moving  from  left  to  right.  The  plane  of  rotation  is  vertical.  For  simplicity  only  half  of  the 
radiation  pattern  is  shown.  The  complete  pattern  is  of  cource  symmetric  about  the  axis  of  rotation.  Even 
at  relatively  modest  forward  speeds  very  significant  beaming  of  the  sound  in  the  direction  of  motion 
occurs.  Noise  produced  by  torque  and  thickness  is  also  increased  in  and  behind  the  plane  of  rotation. 

There  is  little  change  in  noise  produced  by  thrust  in  the  aft  quadrant. 

RECENT  DEVELOPMENTS  IN  SOURCE  RADIATION  THEORY 

The  ideas  described  in  the  previous  part  of  this  paper  have  been  well  known  and  accepted  for  many 
years.  Several  more  recent  developments  in  the  fundamental  theory  and  application  of  source  radiation 
deserve  mention.  The  work  of  References  6  through  12  is  recommended  to  the  reader  who  wishes  to  familiarize 
himself  with  some  of  the  current  directions,  controversies,  and  problems  relating  to  source  radiation. 

lowsoo,  Reference  6,  has  developed  an  analysis  for  the  radiation  from  monopoles,  dipoles,  and  quad- 
rupoles  in  arbitrary  motion.  His  theory  has  been  applied  to  explaining  noise  radiation  from  rotors  due  to 
unsteady  blade  loads,  Reference  7.  Unsteady  blade  loads  result  from  rotor-stator  interaction  in  turbofan 
aircraft  engines  or  from  bla;'e-vortex  interaction  in  free  rotors.  Unsteady  blade  loads  have  been  found  to 
be  a  very  significant  source  of  noise  whenever  they  occur. 

F.  Farassat  has  derived  expressions  for  the  acoustic  field  of  bodies  of  arbitrary  shape  and  motion, 
Reference  8.  Required  parameters  for  noise  prediction  are  the  body  geometry,  time  history  of  the  motion, 
and  surface  pressure  distribution.  The  compactness  of  the  sources  is  not  assumed.  The  analysis  is  carried 
out  in  the  time  domain  and  does  not  require  decomposing  the  noise  field  into  harmonics.  The  theory  is 
particularly  suitable  for  the  prediction  of  impulsive  noise  from  bodies  such  as  high  speed  blade  slap 
from  helicopter  rotors,  Reference  9.  Such  noise  is  particularly  difficult  to  handle  and  understand  using 
Fourier  analysis  because  of  the  presence  of  nan y  high  harmonics. 
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Lansing  and  Drishler,  References  10  and  11,  have  obtained  expressions  for  the  sound  field  of  a  ducted 
propeller  or  rotor.  The  acoustic  field  within  the  duct  due  to  rotating  blades  is  expressed  as  a  super¬ 
position  of  modes  appropriate  to  the  duct  geometry,  Corrections  to  account  for  the  radiation  into  the 
free  field  are  derived.  This  work  is  useful  in  analyzing  the  problem  of  aircraft  engine  noise  propagation 
and  radiation  from  internal  rotating  machinery. 

A.  Dowling,  Reference  12,  has  recently  published  a  new  analysis  of  the  radiation  from  a  convecting 
monopole.  The  monopole  is  represented  as  a  pulsating  compact  body  which  interacts  with  the  surrounding 
fluid  to  produce  both  a  mass  and  a  momentum  flux.  The  sound  field  from  such  a  body  has  both  a  monopole 
and  dipole  component.  Stronger  convective  amplification  effects  are  obtained  than  for  the  simple  monopole. 

It  is  also  found  that  amplification  in  the  direction  perpendicular  to  the  emission  point  may  occur.  The 
results  raise  some  perplexing  questions  regarding  the  proper  modeling  of  noise  sources  of  practical 
importance. 

CONCLUDING  REMARKS 

This  paper  has  discussed  the  influence  of  the  ground  surface  and  motion  -  both  rectilinear  and 
rotational  -  on  the  directivity  of  radiation  from  acoustic  sources.  It  was  shown  that  interference 
patterns  are  produced  by  reflection  and  absorption  at  a  surface  and  that  consequently  the  far-field  direc¬ 
tivity  of  an  acoustic  source  near  the  ground  can  be  substantially  altered  from  its  free  field  value.  The 
kinematic  effects  of  motion  which  have  been  described  are  the  beaming  of  sound  in  the  direction  of  source 
motion  and  the  shifting  of  the  observer  source  frequency  in  a  manner  which  is  directionally  dependent. 
Experimental  data  were  shown  to  illustrate  these  effects.  These  phenomena  explain  some  of  the  problems 
encountered  in  measuring  noise  from  moving  sources  and  the  characteristics  of  noise  from  rotating  blades. 
Reflection  phenomena  and  kinematic  effects  of  motion  must  be  removed  from  noise  data  for  moving  sources 
near  the  ground  in  order  to  determine  the  characteristics  of  an  unknown  noise  source  and  to  investigate 
the  dynamic  effects  of  motion  upon  noise  generation. 
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Figure  4.-  Radiation  from  a  ilonopole. 
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Figure  2.-  Energy  Equations  of  Linearized 
Acoustics. 
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Figure  5.-  Monopole  Near  a  Reflecting  Surface. 
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Figure  6.-  The  Directivity  Function  for  a  Monopole 
Near  a  Reflecting  Surface. 
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Figure  7.-  The  Impedance  of  an  Absorbing  Surface. 
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Figure  8.-  Measured  Acoustic  I-opedance  of  Ground 
Surfaces. 
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Figure  10.-  The  Directivity  Function  for  a 
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Figure  11.-  The  Effects  of  Motion  on  Source 
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Figure  12.-  Ooserver  and  Emission  Quantities  for 
Various  Flight  Mach  Kispbers. 


Figure  0.-  Monopole  Near  an  Absorbing  Surface. 


figure  19.-  Compa  Ison  of  Theoretical  and 

Experimental  Noise  Time  Histories. 
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Figure  20.-  Variation  of  Computed  and  Measured 
Noise  Time  Histories  with  Observer 
Height,  f  »  1230  HZ,  u  s  13.4  m/s. 
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Figure  24.-  Radiation  from  a  Dipole. 
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Figure  28.-  Rotor  Noise  Radiation  Patterns  for 
Clean  Inflow  to  a  Rotor  in  Forward 
Motion. 


Figure  25.-  Noise  Radiation  Equations  for  Clean 
Inflow  to  a  Hovering  Rotor. 


Figure  26.-  Rotor  Noise  Radiation  Patterns  for 
Clean  Inflow  to  a  Hoverir.g  Rotor. 
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RESUME 

L’dtude  de  la  propagation  d'otidea  acoustiquea  dans  les  conduits  s'effectue  & 
partir  d’une  Equation  d’ondes  danj  laquelle  intervient  : 

-  la  g4om6tris  du  conduit, 

-  les  grandeurs  moyennes  et  fluctuantes  caract4risanc  le  fluide, 

-  las  propri4t48  acoustiques  des  parois. 

G4n6ralement  cette  Equation  ne  peut  fctre  rdsolue  qu'A  1'aide  de  m6thoues  nun4- 
riques  complexes  et,  5  cp  jour,  on  ne  salt  traiter  analytiquement  que  des  cas  part?- 
cullers  qui  correspondent  2k  des  g4ojndtries  n  imp  les. 

Afin  dc  aettre  en  dvidence  un  grand  nombre  de  propridtds  physiques  on  dlscute  le 
cas  d'un  conduit  infini  de  section  quelconquu  mais  constante  dans  lequel  s'dcoule  un 
fluide  unifonndment  homogfcne,  i'impddance  acoustique  des  parois  pouvant  Gtre  ou  non 
absorbantc.  Puis  on  donne  1 ‘expression  du  cuamp  de  presoion  pour  diffdrentes  gdomdtries 
types  (conduits  roctangulaires ,  annulaires,  cylindriques). 


1  -  HYPOTHESES 

Les  Equations  de  continuity  et  de  conservation  de  la  quantity  dc  mouvement  de  la  mdcanique  des  milieux 
continue  s’dcrivent  : 


If  *?■{?<  *)-° 


dans  la  mesure  od  1‘on  ndglige  les  effets  de  viscosity,  d’inertie,  de  gravity,  d’dchanges  thermiques. 

Dans  ces  Equations  : /5  /  y  t?  reprdsentent  respectivenent  la  density,  la  pression  et  la  vitesse 
tots les.  De  plus,  en  supposant  le  milieu  lsentropique  on  a  la  relation  : 

(3)  P  _  r2,0 

ou  C  est  la  cy.Urity  du  son  dans  le  milieu. 


Posons,  of  in  de  linyariser  les  yquations  O)  ^  (3) 

-  °vec  v*  £ s  ° 


V.  I ^20  (dcoulement  homogtne) 


avec  :  /yP/  « £  /  jpj  «  po  }  <*./£/ 


et  en  supposant  de  plus  quu  : 

<ft>  *  ft  !<P.  >  =  P.  /  <  %  = 

(  <  A  >  ;  indique  que  l'on  considfcte  la  valeur  moyenne  dans  le  temps  de  la  grandeur  entre  crochets). 
Compte  tenu  de  ces  dyfinitions,  2k  ] ‘ordre  un,  les  yquations  (1)  h  (3)  s’dcrivent  : 


(A)  JZL  +  Vo.V/°  +/%  V.iT  x  c 

(5)  ft(^+  K-  Tv)*  Vf>  =  O 

(6)  p*C?/> 
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En  formant  la  combinaison  =  o 

on  obticnt,  coapte  teru  de  (6),  one  Equation  Equiva¬ 
lent®  aux  Equations  (4),  (5)  et  (6)  qui  constituent  un  systEme  comp  let. 


Tous  calculs  effectuEs,  cctte  combinaison  conduit  k  : 


oCk  />(%,&)  reprEsente  la  pression  accustiquc  perdue  par  un  observateur  fixe  par  rapport  k  I'Ecoulemeat 
de  vitesae  moyenne 

ConsidErono  (Fig.  1)  un  conduit  adoettant  l'a>:i  dont  la  direction  posit  f**e  est  colinEoire  k  . 
Nous  supposons  que  la  section  droite  de  ce  conduit  est  de  section,  de  forme  yc  de  dimension  constante,  ct, 
cnfin  qu'il  est  de  longueur  infinie.  Ces  hypotheses  non  forcEment  rEalistes  sont  parfois  vaiables  locale- 
mcnt.  En  effet,  si  les  variations  de  section  sont  pet? ten  devant  les  longueurs  d'ondes  acousiiquus  axlales, 
alors  1'hypothfcse  de  section  constante  est  localement  acceptable.  Si  les  variations  oxiales  de  l'Ecoulemeut, 
c'est-E-dire  si  ie  gradient  axial  de  l'Ecoulement  est  petit  devant  le  nombre  d'onde  axiale,  aJors  l'hypo- 
thbae  d'Ecoulement  localement  ur.iforme  est  Egaleaent  acceptable. 


Nous  aliens  chercher  4  dEgager^lei  principes  tsoentiels  attaches  k  1 'Equation  (7).  Pour  cela  dEcoro- 
posons  le  vecteur  tridimensionnel  t  en  deux  coopoaantes  : 

-  l’une  ^  Evideoment  dirigEe  le  long  de  l'axe  ^ 

-  1 'autre  situEe  dans  un  plan  perpendiculaire  k  cet  axe  , 

De  plus  posons  :  =  pf*l  )  p(z/^) 


(8) 


Avec  ces  conditions,  (7)  est  Equivalent  k  : 

'MM-  /*?£(*•** /-£,] fW  - 

soit  encore  : 

i-  fd.  (2L+  v,.2.)z.3d  1  p(z,£)  =  o 

pfrl)  r  1  p(*,t)  le*  {0£  9z)  g>zl  y 


O 


-5>  , 

Pour  que  cette  EgalitE  soit  satis/Aite,  quel  que  soit  /"  ,  Z  et  C  ,  il  faut  ct  il  suffit  que  chacun 
des  deux  meobres  soit  Egal  &  one  m§ne  quantitE  constante  quj  l'on  appellera  -  7"  ,  oO  7*4  est  rEci.  Ce 
choix  est  dictE  par  des  considErations  EnergEtiq»;es  qui  scront  explicitEes  «u  paragraphe 


Dane  ces  conditions,  nous  avons  k  rEsoudre  le  systEme  Equivalent  : 


(9a)  £  ^  -f  Tlj  p>(r\j  -  o 


REsoudre  l1 Equation  (9a)  Eauivaut  k  rechercher,  pour  la  forme  parttculiEre  donnEe  de  I'opErateur  A  4  , 
l1  ensemble  i'«sa  valeure  propres  (-/7"*,)  assoc/ Ees  aux  fonctions  propres  p  frx)  de  cet  opErateur-  Ce 
piohlErae  pern*  6tre  traitE  de  fn$on  g'erErale  (c'est-E-dire  pour  un  conduit  dc  section  quelconquc),  compte 
tenu  de  conditions  aux  limites  fixdes  k  la  paroi  du  conduit.  On  peut  rEsoudre  l'Equation  (9b/  auivant  deux 
mEtuodes. 


La  premlEre  consiste  k  considErer  un  paquet  d'ondes  qui  se  propage  dans  le  conduit  le  long  de  l'axe  . 
Ce  paquet  esc  dEf’.ni  par  la  double  transformEe  de  Fourier  2>  A >  ,kx)  p(T/£)  ^x  est  le  nombre 
d'onde  axial  et  u>  la  frEquen^s  argulaire  :  /  '  J 

p(i»,kz)-  fTpp.t)  expslfut-kz)  dze/i.  , 

<>t,  ^,/J  ... 

P{*'6)  =~jt  jj ’p{  **,">)  axp^A.(u>t  -  kzzj  c/u,  ^4  . 

Toute  transformation  effectuEe,  (9b)  s'Ec^it,  avec  K S  et>  /  nombre  *^e  axial  de 

1*  icoulement,  Egal  k 

(10a)  -  M0kzJ2  +  pfK.tv)  —  O 

Pour  que  la  relation  (10a)  aoaette  une  solution  non  triviale,  e'est-a-dire,  pour  qu'elle  soit  sutis- 
fd^.te  pour  une  onde  d 'amplitude  non  identiquement  nolle,  il  faut  et  11  suffit  que  : 

ai)  £ kj  -  (K- M,kzJ*+  T‘J  -  O 
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La  relation  (11)  eat  la  relation  de  dispersion  des  ondcs  d'amplitude  .  Cette  relation  \ 

pour  cheque  valeur  pronre  de  I'opSrsteur  f  et  cheque  frequence  to  impose  la  valeur  de  kz.  Elle  est 

done  de  la  forme  :  ^  fkz/u>)  =  O  .  On  dit  aussi  que  (10a;  est  l1  image  de  Fourier  dans  l'espace  et  dans 
le  t'imps  de  (9b).  'y 

La  seconde  mdthode,  cas  partlculier  de  la  premi&re,  consiste  h  rechercher  des  solutions  harmoniques  de 
(9b),  e'est-fc-dire  des  solutions  de  la  forme  :  «*/>  ,  multiplide  dventuellement  par  une 

constante  artitraire  jP  qci  reprdsente  1' amplitude  de  l'onde  (inddpendante  de  z). 

On  trouve,  tout  ealeui  effectud  : 

(tob)  [t4+  k*  ?axpJ:fU-^zJ=  O 

Cette  relation  eat  satis faite  par  toute  ondc  harmonique  de  la  forme,  proposde  dont  les  k2  et  les  to 
satisfont  la  relation  de  dispersion  (11)  : 

(u>  T'+^fKA^sO 

La  difxdrence  physique  de  ces  deux  raSthodes  tst  Evidence  : 

-  la  premiere  conduit  A  la  notion  da  paquets  d’ondes  d'amplitude  dA  u>)  satisfaisant  la 

relation  (11)  '  1  ' 

-  la  8econde,  A  des  ondes  harmoniques,  cas  partlculier  de  la  premiere  forme  et  satisfaisant  la  ra&me 
relation.  De  m&rae,  on  aurait  pu  ddflnir  ces  modes  harmoniques  (en  exp-otofc  )  en  ddcomposant  en 
slrle  de  Fourier  p(r,t)  .  Nous  trouverions  le  afetne  rdsultat,  chaque  frequence  Co  devant  veri¬ 
fier  (11). 

Dans  ces  conditions  :  pfrft^  —  f>Cty  «txp  _  kz  zj . 

ob  est  solution  de  : 

(12)  Ax  pf^)  +  [f  pA"u)  =  o. 

Dans  le  repfcre  lid  h  I’dcculement,  e’est-h-dire  pour  un  observateur  portd  par  1 ’dcoulement,  l’onde  est 
(au  facteur  C0  prfes)  de  frdquence  K  =  K-Mck2  done,  pfrx)  est  jolucion  de  : 

(13)  4X  ■+■  (k'*_  kj)  yO/’rT )  =  o. 

L’dquation  (13)  a  une  forme  qui  correspond  &  celle  qui  strait  obtenue  dans  le  cas  ou  la  vitesse  VQ  de 
l’dcoulement  serait  nul.  Avec  to*—  io-kx  Vo  /u>/£rdqnence  de  l’onde  dans  le  repure  mobile,  et,  comrae 
K's  co  ’/c9  reprdsente  lo  nombre  d’ondes  total  et  k*  le  nomfere  d’ ondes  axial ,  les  valeurs  propres  de 

l’opdrateur  reprdsentent  le  vecteur  d’ondes  transversal  tel  que  : 

(Ubi«)  K'*=  k2+|kx|2. 


De  mdme  dans  le  rcpfcre  fixe  (ou  en  prdsence  d’dcoulement  ayaot  toutes  les  propridtds  nentionndes  ci- 
Jessus)  on  a  ; 

(liter)  (K  -  kr  s  k^2  4-  J  kj  . 

La  relation  (llbls)  est  paire  en  Kf  et  en  kz  .  11  n’en  e3t  pas  de  mfane  pour  (liter). 

Qondltionc  aux  limites 

De  l’dquation  de  conservation  de  la  quantity  de  mouveaent  : 


on  ddduit  : 


(14) 


fp. 


-> 

4r  = 


fcc.0(K-M,kz) 


D’ou  le  rdsultat  fondamcntal  suivant 

la  vitesse  et  la  pression  acoustique  ne  sont  en  phase  que  si,  et  aeulement  si,  Vp  est  Je  la  forme 
jLkp  ou  p  est  inddpendant  des  coordonndes  d’espace. 

Les  conditions  aux  limites  imposent  que,  &  la  parol,  le  rapport  de  la  pression  acoustique  &  la  vitesse 
normale  &  Ja  paroi  soit  4gal  £  l’imp6dance  acoustique  de  la  parol  ^  •  avec  2T*  =:  ’Z.fcc* 


>« 


\ 


k. 


i>r  Appelons  'ZJ  =  'X *  A/  le  produic  de  la  vitesse  de  l'onde  acoustique  &  ,  par  le  vecteur  unlcalre 
/V  normale  h  la  parol  cor.siddrde. 

La  condition  aux  Unites  s'dcrit  : 


(p  -  z*% ) 


(IS) 

Do  (14),  on  ddduit  que  : 


A  la  parol 


(16)  vr.N  =  nr„  = 


(17) 


*  £c„(k-  m.  kz ) 

Done,  (15)  est  equivalent  h  : 

aZ 


h: 


N.  7, 


N  ■  Vp. 


A  la  paroi 


(K-M0kx) 

Rappelons  que  la  vitesse  HX  de  l'onde^pcut  Stre  ddduite  du  vecteur  ddplacement  qui,  en  presence 

d'dcouletaent,  conduit  A  la  relation  rtr  ~  ,  soit  v*  *4  en  l’absence  d’dcou- 

Icraent  :  ~  co  ** 


Au  niveau  de  la  paroi  on  a,  A  I’intdrieur  du  conduit  : 

tim  N.V=  N.  ZPp  'j  et  /in,  A'.  ^  ^  J . 

(dans  I’dpaisseur  de  la  paroi)  (pour  l’onde  elle-m6me) 


(18) 


D’oO,  en  dcrivant  la  C"ntinuit6  des  ddplacement 

a.  Kz 


(K-  M.  kz 


N.  Vp 


a  la  paroi 


Le;  relations  (17)  et  (18)  sont  diffdrentet,  quoique  voulant  reprdsenter  lo  m&ne  phdnomfcne.  En  rdalitd, 
n.-)us  avons  effectud  une  erreur  de  raisonnement  due  au  fait,  qu’A  la  paroi,  la  vitesse  est  siraultandment 
d'amplitude  I7?l  .  et  d’ainplitude  nulle.  II  faudrait  dcrire  en  tonte  rigueur  que  le  vecteur  ^placement 
116  h  l'onde  acoustique  et  arrivant  3  la  paroi  est  dgal  en  amplitude  et  en  phase  h  celui  de  la  paroi,  e'est- 
&-dire  dcrire  de  fa$on  trJ*s  ddraillde  les  conditions  aux  Unites.  Ce  point  particuiier  a  conduit  h  de 
nc-mbreuses  discussions  qui  perdent  de  leur  interSt  pour  les  application  pratiques  pour  lesquelles  seuls  des 
calculs  numdriques  A  l'aide  d'ordinateur  permettent  de  rdsoudre  convenablement  la  relation  des  conditions 
aux  Unites  en  prenant  en  compte  le  rdel  profil  de  vitesse,  ce  qui  permet  de  lever  toute  ambigultd.  Dans 
cc  travail  nous  ne  considdrerons  que  la  relation  (17)  mais  nous  avons  tenu  5  attirer  l'attention  sur  ce 
point,  A  cause  des  diffdrentes  formes  que  l’on  peut  trouver  dans  la  littdrature.  Ce  point  de  discussion  est 
sans  intdrfct  dans  le  cas  de  parols  garfaiteraent  rigides  pour  lesquelles  /iTy/ =.  /o«/s$>  'W„  or  O  ainsi  qu'en 
l'absence  d'dcoulenent,  puisque  Vo  —  r>  entralne  I'iucntitd  des  relations  (*?)  et  (18). 


Enfin,  lorsqu'il  existe  rcellencnt  une  discontinuitd  de  vitesse,  la  solution  proposde  de  l'dquation 
de  Uelmoltz  est  feusse  pui3qu'elle  ne  tient  pas  corapic  de  oette  discontinuity  Dans  ce  cas  ll  faut  rdsoudre 
cctte  Equation  au  sens  des  distributions. 


2  -  \ I fESSE  DE  PHASE  :  VITESSE  DE  GROUPS  (Fig.  2) 


jsse  de  phase  V*  =  reprdsente  la  vitesse  avec  laqueJ  le 

fust-  frzx)r  (b0  se  ddplacent  .  ( c  =£  ifi  -  J tL.  =  M<p) 
[Co  r  ^  kz  k  •/ 


les  plans  de  phase  cons  tan te  <J>0 


La  vitesse 
ddfinie  par 

V 

Dans  le  cas  d'une  onde  dispersive,  (ou  k-  est  fonction  de  ,  relation  (II)  par  excrcple;,  la 
vitesse  de  groupe  'V^  s  8u>/S  k,  reprdsente  la  vitesse  avec  laquelle  l'onde  se  ddplace.  Uous  vetrons  que 
dans  le  cas  oCi  les  parois  du  conduit  sont  prrfaitement  rigides,  cette  vitesse  s'identifie  avec  la  vitesse 
dc  transport  de  I'dnergie.  Duns  le  cas  de  paquets  d'ondes  la  vitesse  de  groupe  correspond  A  la  vitesse  avec 
laquelle  les  ondes  616mentaires  composant  le  paquet  d'ondes  n' inter fArent  pas  de  manlAre  destructive  autour 
du  point  de  phase  stationnaire  (ddfini  par  la  relation  de  dispersion)  :  s  2S-  -  —  ®  \ 

I  ^  mC„  ~Co  ^  J 


La  relation  de  dispersion  (11),  itnpUque 


(19)  Mo  E 

9K 

M  j.  k*  . 

d 

7>kr_ 

(K-M.tCx) 

Jr, dans  le 

repAie  lid 

h  l'dcoulemcnt,  de 

(20)  ^  ^  _  — 

i<r  _ 

kx 

d'oCi  : 

K' 

K.  M.kx  ’ 

(20biO 

=  M„  + 

7kx 

X 


La  vitcsse  da  groupe  se  comporte  coasne  une  vitesse  "classlque"  de  la  mdcanique  puisque  : 


M3  =  Mo  + 

(vitesse  dans  (vitesse 

repdre  absolu)  =  d'entrainement)  * 


(vitesse  dans 
repdre  relatif) 


3  -  EQUATION  DE  CONSERVATION  DE  L'ENERGtE 


Lc  systdme  d'dquation  (4),  (5)  et  (6)  dtant  complet,  l'dquat^on  de  conservation  de  l'dnergie  n’est 
qu‘une  consequence  de  ces  Equations.  Pour  1‘obtenir  calcuions  V .  (S)  =  q  ,  et  compte  tenu  de  (4)  et 
dc  (6),  on  obtient  tous  calculs  effectuds  : 

Ui^'+Sr)  * r- 


W/vT  +  P?J  =  o  , 


7.1=0 


Cette  Equation  a  la  forme  d'une  Equation  de  Poynting  oil  IV  est  la  density  d'dnergie  totale  : 


,r  A  pl 


est  la  densitd  d'dnergie  cindtique, 


et  — — -  f-'  la  densitd  d'dnergie  potentielle 

— ►  ->■  — 

X  est  la  densitd  de  flux  d'dnergie  totale  :  X  =  tV  vQ  +.  p  'ZT 

VJ  Vo  est  la  densitd  d'dnergie  totale  convectde  par  l'dcoulement  (A  la  vitesse  V*  ), 

j>ix  est  la  densitd  d'dnergie  de  I'onde. 

La  vitesse  de  transport  d'dnergie  14  qui  reprdsente  la  vitesse  avec  laquelle  lc  flux  d'dnergie 
traverse  la  section  droite  du  conduit  est,  par  definition,  dgale  A  : 

i 

ou  •<  >  reprdsente  la  valeur  moyenne  dans  le  temps  de  AB 


et  /)Q 


reprdsente  la  valeur  moyenne  de  AB  3ur  la  section  droite  du  conduit. 


Dang  notre  cas,  l1 axe  ^  reprdsente  une  direction  privildgide  puisque  ^  est  un  axe  de  symdtrie 
i/tz  est  colindaire  A  l1 axe  des  sc  ,  et  : 


4W> 

RappeJons  que  si  A  et  B  sont  derites  en  notation  complexe, 


*ne>>  =  /?«>?./?,  &  =  *e) 

Calcul  de  <P  ^4  >  :  <  p  Vz  >  =  jj(pv*  +  P* 

avoc  pf~,£)  S 

*“ ‘  v‘™ >-fr j I 


-» i  \  i £ 


|p^)| 


=  2 

■^s  Ip(vj-)\ 


et  : 

<  Pm  w>  >=t(PZ\  f’jZ).±{p^,-^]PGj  v±  f(K) 

d'od  :  Jx  s< pv"x  >=  O  et,  a  fortiori  :  =^>4>  =  O. 


On  en  conclut  que  dans  ce  genre  de  conduit  : 

-  section  de  forme  quelconque  mais  constants, 
*  Scoulement  homogfene  uni forme, 

-  milieu  non  dlsslpatlf  (w  et  k -  rdels) 


l'dnergie  de  I'onde  se  propage,  en  moyenne,  colinGairement  &  I’axe  ^  du  conduit. 
:  W  s  £  fi  v*  +£gLt  =  f  /?  *£*  +  £  fi  vfi 

4?  ^  =4sr/^7‘  -jfe.  : 


eL  ^  vl  - _ J 

W  x  4 fie?  *  (K.^kfif 


Nous  allons  dvaluer 


X/^pC^)/2^  •• 


(comptc  tenu  de  la  relation  de  dispersion  (11)  et  des  conditions  aux  limites  pour  un  conduit  parfai- 
tement  rlgide.  Dans  ce  cas  la  Vitesse  de  I'onde  noraale  &  la  parol  est  nulle). 

Sachant  que  :  p(^)  =  — TLp(fii) 

On  ddduit  :  P*(<±)  Axp(?l)  = 

♦/p  Al  rr  _  T*P, 

d'ou  en  Integrant  par  partle  &  gauche  et  en  tenant  compte  de  la  condition  aux  limites  qui  impliquent  que 
(N.%  p/rjjsoj  A  la  parol  : 

-/ M  pFqfjs  =  -TzJfi 

d'ou  :  _ _ 

^  C  P  v  1  5,  —  - , - r  P 

l  l»  “j.  >  J'P'C.'-  (K-M.ktf 

(Ce  rdsultat  juatifle  le  choix  de  la  classe  des  valeurs  propres  pour  la  forme  choisie  de  bx  puisque 
l'dnergie  clndtique  est  un  scalaire  ddfinl  positif). 

..  _ _ U>  f  nr'1.  L*-  ~\  J  — 


<  W>  = 


_  P  ( J  .  V%  kfi  )  _  J  ft> 
'fin??  r+  (K-M.ktf}- ificfi  r 


Ce  rdsultat  remarquable  mgritc  un  commentaire. 


ffet  :  +  <i  ^TT>- 

.  -Jp  _  j_  gjrgl tl+Mfigti? 


Ces  relations  oontrent  d'une  fagon  dvidente  que  : 

La  density  d'dnergie  potentielle  est  toujours  diffdrente  de  la  densitd  d'dnergie  cindtique,  en  tout 
point  r  de  l'espace  et  k  tout  Instant  t  .  Cette  propridtd  est  encore  vraie  en  moyenne  dans  le  temps. 


6*7 


Cette  remarque  est  effeotivement  valable  en  tout  point  de  l'espace,  que  I'on  tienne  ou  non  compte  des 
conditions  aux  limites. 

Pour  que  la  densitd  d'dnergie  cindtique  dgale  la  densitd  d'dnergie  potentielle,  il  faut  et  tl  suffit 

que :  i^p^r-  ikiiipi1  =  ji^i1  p7 

ou  P  est  inddpendant  de  *j.  et,  dans  ce  cas  : 

<  x  pvl->  -  j  kA+i£i*’  /p]4-  _d _ 1  pii-  c-L  y&v 

*r°  >  -ARCS-  (K.n.k^  1  ~  ARCS  tr'  ~  RcS 


Dans  ce  cas,  on  a  bien  l'dgalitd  des  densitds  d'dnergie  cindtique  et  potentielle  et  1'onde  est  de  la 
forme  gdndrale  : 

p(^,t)  =.  -(if cot-  k.'r) 

ou  l'amplitude  P  est  une  constante  et  :  |k|=  to /c0 

A*.  Ir  est  ddcomposd  en  •  rx  }  kx»  Z  ^  ( l/9  sa  V0  "jgj  J 

pour  tenir  compte  de  la  direction  pnvildgide  imposde  par  l'dcoulement  V0  . 

Cette  onde  est  une  onde  plane,  seul  cas  d'onde  pour  laquelle  lea  densitds  d'dnergie  cindtique  et 
potentielle  sont  dgales. 

On  comprend  alors  pourquoi  le  rdsultat  prdeddent  est  remarquable,  h  savoir  : 


w >  =  -4-- 1  f a  +  j iXl.  2  ip  _  p 

^  r  (K-icSop)r  ~u&r‘ 


En  effet,  ce  rdsultat  nontre  que  pour  un  guide  de  section  quelconque  :  cylindrique,  annulaire,  rectan- 
gulaire,  . mais  non  Evolutive  dans  l'espace  et  seulement  dans  le  cas  oil  les  parois  sont  parfaitement 
rigidcs,  alors  dans  toute  section  droite  du  conduit  l'dnergle  cindtique  est  dgale  &  l'dnergle  potentielle. 
C'est-fc-dire  que  les  valeurs  moyennes,  dans  le  temps  et  sur  la  section  droite  du  conduit  des  densitds 
d'dnergie  cindtique  et  potentielle  sont  dgales. 

L'hypothdse  "parois  parfaitement  ngides"  est  essentielle  car  e'est  ellc  qui  nous  a  perois  d'dvaluer 
la  grandeur  :  f 


1 1 vx  l2^ 


Pour  d( *3  parois  d'impddance  quelconque,  ce  rdsultat  est  mis  en  ddfaut,  il  reste  cependant  acceptable 
pour  des  parois  quasi-rlgides,  telles  que  pour  tout  mode,  la  longueur  d * amor t is semen t  est  supdrieure  &  la 
longueur  d'onde  axiale  (hypothdse  de  parois  "localement  quasi-rigides"  qui  implique  que  : 

dsQ.  «  -i  <$=£>  PerJP})-  d  , 

Im  CZ)  ^fk3) 

Ces  considdrations  dtant  faites,  revenons  &  l'objet  du  calcul  : 


V*  =r  V.  + 


V<z.  =  '4  +  Co 


(K-kzrto) 


Mt  =  Mo 


(K-  4  Mo) 


-  M°+M3, 


V*  =  Vo 


=  Vo  +  vj 


Nous  reconnaissons  dans  cette  dernidre  relation,  1' expression  de  la  vitesse  du  groupc  Va  ,  calculde 
dans  lc  repdre  absolu,  pulsque  / £0  -  A  est  v*ce33e  de  groupe  dans  le  repdre  lid*d  l'dcoule- 

ment.  ^  / 

D'ou  le  second  rdsultat  important  de  ce  paragraphe, 

la  vitesse  de  groupe  s'ldentifie  d  la  vitesse  de  transport  de  l'dnergte 

de  l'onde  pour  tout  conduit  de  section  quelconque,  constante,  &  parois 
parfaitement  rigldes  et  en  prdsence  d'un  dcouleaent  uniforme. 


*  ■  "  1  K  ,V/  ' 


4  -  ETUDE  DE  LA  RELATION  DE  DISPERSION  '(11).  DEFINITION  DES  MODES 


(11)  r*  +  k*  -  (K-  Mokxf=  O 

(iia)  (i.  M?)  k?  +  2.  KKK-(K*-Tiy)  =  o 

=  K1  -  (d.M?)Tz 

-  KM>  *  Vk'-V-m.*)  Tl ' 

Nous  allons  dtudier  des  formes  particuliferes  de  (23). 

4.1  -  En  l'absence  d'dcoulement  —  o)  : 


(22)  S 

(23)  k~x 


(24)  ^  as  +  VK*-  TP. 

La  forme  de  la  relation  de  dispersion  est  prdsentde  sur  la  figure  3.  Cette  courbe  est  symdtrique  par 
rapport  &  1'axe  des  K  (des  frequences).  Au  point  K  ■  T,  kz  a  O  done  f  \z  =  2.lT/kz).^,o~)zt  la 
tangente  en  ce  point  est  infinie,  done  S  O  ' 

Pour  K  t  kz  est  imaginaire  pur.  Posons  kz  s*c°C  done  <zxp  (lot  -  lttZ.)  s  ex/zjkcu/t  +c\Z  jf 
Pour  o{  >o  ;  c*  z.  est  d'amplitude  croissante  avec  Z  ,  ce  oui  n'a  aucun  sens  physique,  puisque  par 
hypothfcse,  le  milieu  ne  contient  pas  de  "rdservoir  d*€nergieH  permettant  tout  mdcanlsme  d 'amplification, 
et,  est  d'amplitude  ddcroissante  avec  z  ,  c'est-K-dire  :  onde  dvanes rente,  ou  onde  non  propaga¬ 

tive. 


K=T  ddfinit  la  frequence  de  coupure  coc  s  Tcm  .  Le  conduit  se  comporte  comme  un  filtre  passe. haut 
en  frequence  pour  la  valeur  propre  T*  considdrde. 

Pour  K  >T  t  kz  est  rdel,  l'onde  acoustique  monochromatique  de  frequence  uj  oscille  le  long  de 
l'axe  *  avec  la  longueur  dfonde  : 

A2=  2ir/*x. 

Sur  la  figure  3,  nous  remarquons  que  le  produit  MqMp  est  positif  ou  nul,  quel  que  soit  K  . 
Done  M j  et  My  sent  de  mfcne  signe. 

Pour  curca&  ,  frequence  de  coupure,  Mj  =  O  et,  My  =  o»  • 

(1* inverse  de  la  tangente  &  la  courbe  de  dispersion  reprdsente  la  vitesse  de  groupe). 


On  appellera  mode  aval  les  modes  tels  que  Mg  et  M f  soient  tous  deux  positifs.  Ces  modes  se 
ddplacent  dans  le  sens  de  l'dcoulement.  On  fppellera  mode  amont  les  modes  tels  que  M g  et  My  soient 
tous  deux  ndgatifs.  Ces  modes  remontent  I'dcoulement  (FigT  4).  ° 


4.2  -  En  presence  d'un  dcoulement  subsonique  (*><*)' 

^  _  -  km,,  i  i 

*  =  7&P) _ 


kz  est  purement  rdel  pour  K'&'T' V (4 - Mf)  done  1 'amplitude  oscille  continQment  le  long  de  Z 

relation  de  dispersion  des  ondes  subsoniques  est  traede  sur  la  figure  S. 


Pour  chaque  valeur  de  K  on  a  deux  valeurs  de 
•  Jr*  <*=£>  K&T:  MgMy  >0  y 


*«  • 

M3>Mr  >a  : 


ce  qui  ddflnit  un  mode  aval  : 

.  Soit  :  \l4  -  M,rT  K&T 


alors  :  — 


A-  M. 


r,  ^  k*  < 


U-M.') 

et,  Mg  My  ^  O  avec  Mg  et  My  <.  O 

On  appellera  un  tel  mode  :  mode  amont  inverse,  car  bien  que  I'dnergie  de  l'onde  se  ddplace  dans  le 
sens  de  l'dcoulement  ( Mq  >  oj  >  les  plans  de  phase  constante,  se  dd^lacent  &  contre-courant 
( My 

Soit  kZ  <—  ~M‘  ,  ,  Pour  K  >T  l OTF&  . 

2  (s.  nj-)  ' 

alors  : 


et  :  Mg  My  >0  avec  Mg  et  My  tous  deux  ndgatifs,  ce  qui  ddfinit  bien  un  mode 
amont  (Fig.  6), 


im»  *  >'"■**» 


y 

i 


kz  est  compiexe  pour 


K  <  T  Zj-rfS 


dans  ce  cas  I'onde  esc  d'amplitude  d^croissante  d'autant  plus  rapiderent  que  K  est  petit  devant 
T/Z/J*  touC  en  oscillant  avec  le  nombre  d'onde^l .  C'est  une  onde  oscil- 

lante  amortie.  u?c.  —  C0Tl JlZflf  ddfinit  la  frequence  de  coupure  de  I'onde  osclliante  consid6rde, 

le  conduit,  se  comporte  encore  conane  un  filtre  passe-haut  pour  la  valeur  propre  choisie  : 

T'/TJi? .  ( ^(kz)  =  -  Kn./p.ti.1)  ; 

4.3  -  En  presence  d'un  dcoulement  sonique  h-A) 

Loraque  MD  -  y 
alors  : 

Ula)  •£  Kkz  -  ( KKT*)  -  o 


6-7 


d'ofc  : 


k.  =  K  - 1! 


ZK 


Sur  la  figure  7,  on  constate  que  :  h  une  valeur  de  K  ,  correspond  une  seule  valeur  de  kz 
deux  valours  de  kz  cowne  prdcGdcrnment. 


La  frequence  de  coupure  Ct?c  tend  vers  zdro,  comme  le  montre  la  relation  eoc  —  CQ  \JCf  - 
dans  laquelle  tie — -i 

Nous  rcmarquerons  sur  cette  figure,  comne  sur  la  figure  8,  que  la  tangente  h  la  courbe  de  dispersion 
(to)  est  tou jours  positive  contraireraent  aux  deux  cas  prdcddents  ou  elle  pouvait  6trt  dgalement 
negative. 


\/kz:  rlj^o  et  ^  o 


rfcp  J>  c?  <^=£>  mode  aval 
Met 


‘ — mode  aaont  inverse  (Fig.  8) 


4.4  -  En  presence  d'un  dcoulement  supersonique  (  M0  >  ^  )  (Fig.  9) 

,t  -  K».  - 

oft  (Mo1-/)  esc  strlctement  positif.  Done  jf*.  eat  pureoent  r£el,  et,  dans  ce  cas,  I'onde  est  purement 
oscillantc  le  long  de  i'&xe  z  pour  tou'.e  valeur  de  K  , 

Dans  ce  cas,  la  notion  de  frequence  de  coupure  disparatt 

\f  kz  :  &  puisque  la  courbe  est  monotone  croxssante. 

M<jf>  ^  O  ^  ->  mode  aval 

<C  o  =z^z>  My?  <  O  <f-  -  mode  amont  inverse. 

Une  onde  acoustlque  ne  peut  remonter  un  dcoulement  sonique,  a  fortiori,  supersonique  (Fig.  10). 

5  -  CALCUL  PES  F0NCT10NS  PROPRES  DE  L'OPERATEUR 

Pour  calculer  les  fonctions  propres  de  I'cpdrateur  bidimensionnel  Aj,  ,  il  est  ndeessaire  d'en  exoli- 
citer  sa  forme.  Nous  choisirons  pour  ce  faire,  des  formes  classiquos  de  conduit  :  conduit  rentangulaire, 
annulaire  et  circulaire.  Dans  le  cas  du  conduit  circulairc  et  5  titre  d'cxcmple  nous  expliciterons  dcs 
solutions  analytiques  dans  le  cas  de  parols  quasi-rigides.  Pour  les  autres  formes  de  la  section  droite  du 
conduit  nous  nous  contenterons  de  donner  les  relations  &  rdsoudre  numSriquement. 


5.1  -  Conduit  rectangulaire  bidimensionnel  :  p^X^Z/t )~  £  pn 
Avec  des  parois  par fa it omen t  rigides 

p  C*y2,(.)  =-4==  C*  72  *9®  avec  n. 

n  ZZT  *-  ' 


(Fig.  11). 


pair 

impair 


Le  coefficient  a  dt<5  introduit  pour  que  la  norme  de  soit  <*gale  A  ^ 

.  Ccla  est  paifois  utile. 


I, 


lmlm .  / d*.  zz 
Relation  de  dispersion  : 

7rLfkzU  ~  (K^  -  *2 

Avec  des  parois  non  rigides 


.  On  a  : 


*>  ~f if  CA  (*f£  7Z )  **  +  (**-  k*z) 


/ 


/ 


S’ 


0C1  P~  est  une  des  racines  de  CoU  T — — - -  f~T  ) 

,  J  a  (^-^na)\  z ) 

-/0  avec  £  =  -i  pour  T’igt  &  !R  et,  ' 


£-„■{  pour  Tip  &■  /k~  et  °a  l'on  0  P°s£  Zs — £  X  a£ln  que  f>~  et  kc  Solent 
^  * 

rdels  pour  uj  rdel  (cf  §  5.5).  II  est  &  remarquer  quc  p*  est  de  la  forme  : 

o£>  n  =  ^ /&y  ^  jr  * 

)  , 

ou  p>~  est  l* une  des  double  racines  de  : 


f/=  »£+  %£ 

Autre  forme  de  la  solution  : 


*{-'*'*'  °ik(d-  S'-y/A )  T 

/-»-  i  «..~e  des  double  racines  de  : 

fjfTf)-^f^XP)(TT) 


avec  les  mSmes  definitions  que  prdcddemment  et, 

p£  s  h  ft  +  J*  ou  h  z  2p  J  p  a-  ,  et  / <j*  j  4  ~p 

Relation  de  dispersion  :  M0 J 

5.2  -  Conduit  rectansulaire  trldimensior.nel  (Fig.  12) 

Avec  des  parois  rigides 

*  nj^  t  "fy  **t>4U-k*2) 

ou  bicn  : 


avec  :  n  et  /n 


p  Acy p •,&)  a  ^  /t/Tr~  f***  mft  —  tt*p •**/*•>£ -ktz) 

/h'm1  7t  '  L%.lr  U*  4.  lY  /  \  pair 


avec  :  "h 


impair 


pairs 

impairs 

(  impair 
(  pair 


On  obtient  A  cas  qui  correspondent  aux  conbmaisons  des  modes  pairs  et  impairs  suivant  les  axes 
tj  ,  puisque  Cos  et  Sin  sont  tous  deux  solutions  Tl£(m.)  z:  o 

Relation  de  dispersion  :  £. *j/2- 1  ZtJL  +  —  (H - 

Avec  des  parois  non  rigides  ^ 


Appelons  2*  ~  Ro  j?  avec  Z. ’  s  ~-c  X*.  l'inpddance  des  parois  sxtudes  en  x  =  f  ^  et 

»y  avec  r  -  -c  celles  qui  sont  situdes  en  y  -=?  ~  .  En  s’ inspirant  de  5.1, 

odduit  aisdment  les  4  combinaisons  possibles  entre  des  modes  pairs  et  impairs  suivant  les  axes  oc  ct^ : 


£fot-  4z) 


Appelons  2?^^  I  * irapddance  dc  la  paroi  interne  du  rayon  cu  et  l'itepddance  de  )a  paroi 

. ...iinc  de  rayon  b  ;  Z,a  -fc c„  Za.  ,ZJb-  /? C.  Zh  en  P°sant:  : 

^  Cr”‘",’)=  8„Vi.  (T**r)) 

la  press ion  de  chaque  mode  (m,  n)  est  ddfinie  par  : 

h)  axp/£[u>t-('Ynb  +  k3~Z.) 

ou  les  Ttt,n  sont  dd finis  par  les  solutions  simultandes  des  deux  relations  : 


6n,frn.t>)  _  ^  T«.L2b_ 

g(Tm.h)  '  (Kb-  k^btioj 


Come  /Z/Z-I&J  ec  J  .  il  £*“'  ^tabllr  une  relation  encre  X  ec  R  afin 

quo  ces  deux  relations  soleuc  homoger.es  : 

l/~^ — ’  _  le  neobro  de  gauche  de  (29b)  est  d'ordre  un,  car  horeogbne  "  { ,<'x) 

,  le  membre  de  droite  doit  l'Stre,  done  nbcessairement  I R/X  /  ^  -4 • 

Dans  ces  conditions, 

■X.  fT.o-)  ru - K  ~Z.2. -  (29a1) 

(29)  Ji.  (T,*) 

To.  f  j  yjT.o) }  *%«  -  )£H±_  (29b 1  > 

/  ~  J»fTr»)  '  JUTr«)j  (K*.-fi*n») 

Supposons  la  relation  (29a')  rdsolue,  alors  /S  et  *  sont  calculds  par  les  relations  (29b1)  et 
(28)  pour  les  valeurs  choisies  de  X,  R  ,  K,  M.  ■  En  particulier,  remarquons  que  si  IXl —w o  alors 
o  et  fTr**)  est  ^8al  aux  valeurs  des  zdros  de  3*,  £*.)  notds  ■  ^our  chaquc 

valeur  de  m  ,  il  exlsce  une  suite  xnfinle  dc  zdro  de  3  m 

5.5  -  Resolution  graphigue  de  (29a*)  _ _ 

Mr,  ll/KV-V 

De(28bls)  on  dfiduit  :  [6  cl  - ~~ft — M  ~ 

En  regime  subsonlquc  Mo  -<C  -d. 

fft'cY]  est  pureaent  rdel  pour  Tra.  «  (30)  ce  qui  permet  dc  ddfinir  la  frequence  de 

coupuYe  du  conduit  qui  se  coraporte  comme  un  rilcre  passe-haut.  Compte  tenu  de  (30)  : 

(i*am  esc  strictemcnc  ndgatif 


4i  % 

-  . '  » ,  *w  »  ».  i  *  #55 


istriccemcnt  positii  pour  \  !r  <x  /Cot. 

nui  pour  :  /#fi  =  Ka, 

stnerement  nbgatii  pour  :  ^ -  ~7Ia.  >  Kcc  . 

1 

En  rdRlme  supersonlaue  >-f 

a*A  _  /To  Vo  t  l/rV^/V— /,)  VcF 

/  "  (”?-■') 

.4  ' 

v  Ka  j  X*  :  est  purement  rdel. 

a-  esc  slricCcmenc  positif 

istrictement  positif  pour  :  Aa#  ^>X°> 
nul  pour  :  Kc*.  =  7^0. 
strictenent  ndgatiC  pour  :  Ka  <C  X&*- 


amplitude  dc 
est  un  des 
la  viteasc 


Pour  rdsoudre  graphiquement  (29a1),  posonc  : 

)fTrc, )  =  J~Ur*±  a.1-  fYZ«)  =  -  AXfi - 

/  31,  fax)  **  7  fa  -fiYrto) 

D!ou,  rdsoudre  (29a1)  Squivaut  5  rdsoudre  . 

(29.V)  £ '(rr a)  =yy TraJ 

La  fonction  Y ’/Z*)  a  ‘Dene  forae  quo  Aj  sc  :  //firet) O  Pour  J  ou 

esc  un  des  dl€mencs  de  la  suite  des  zdros  dc  •  ft—  C^-a)  -  ^  f^«)  =  O  _ amplitude  dc 

la  pression  nulle  b  la  paroi  ;  JfTra)-^,  oo  oour  Ta  £fX.~n)  °“  /C  *y>  ,  .  *3t 

dl&ccnts  oc  la  suite  des  rdros  it  .  (3L  fT,a)  =  3'„^V  li  c-<£=^  amplitude  de  la  vitesse 

normalc  h  la  paroi,  ^  >  nulle  &  la  paroi.  r"n' 

Rappelons  que  m  rep^re  X'ordre  de  la  foncticn  de  Bessel  ct  »  le  rang  du  zdro.  En  particulier  : 

~)L  - O  £oi2?  2,4o  De  plus»  Pour  tout  couple  Orta.  IL »  car»  a  ^  et 

pour  chaque  >n  ,*les  suites  des  z^ros  dc  ct  dc  .1^  sont  irtibriqufies. 

5.5.1  -  En_l'absence<>d^dc2ulenent^- 

Y  (Trc)  =  _  /  ■  esc  une  droite  de  pence  negative  lorsque  la  rdactanc e(l^CZ)  )  est  posi¬ 

tive  (Prg.  15). 

Pour  cheque  valeur  dc  Ka  (pour  chaque  frequence  so  ),  (29a")  a  un  noabre  fxni  de  solutions,  notdes 
P  ,  telles  que  :  _  ^ 

T5  e£.rx_  F  3 

L.A-~n  /  .1 

Sur  noKhre  flni  de  correspond  un  noabre  liaitd  de  modes  propagatifs  b  la  frequence  choialeCK-*.; 

Pour  7Jct  =  ,  e'est-b-dire  pour  le  *  mode  considdrd,  le  conduit  se  comporte  coome 

un  filtre  pa'ase-haut  pulsque  ndeessaireaent  :  ^  ^  R.„  \jlf_rtj-'  =  gtp  (31) 


Par  analogic  on  pourrait  dire  que  pour  la  frequence  u->  considdide  (  fixd)  le  conduit  se  comporte 
cocsac.  un  filtre  3patial  pasce-bas  puisquc  le3  nodes  de  rang  supdrieur  au  dernier  node  (•**  f  tel  que 
^  sont  dvanescents.  On  die  aussi  que  seuls  lea  modes  de  rang  peu  dlevd  aont  propagatifs. 

M  Cette  propridtd  de  filtrage  du  conduit  qui  se  comporte 
11  comae  un  veritable  guide  d'ondcs,  est  gdndrale  lorsque 
"  Ho  ^  *1  et  pour  Z.  quelconque. 

Lorsque  X  — t  oo  alors  | :  on  retrouve  le  rdsultat  caractdristique  des  parols  parfai- 
tement  rigides, 

Lorsque  X  — 1>  o  (over  R  — >  0  plus  rapidement  que  X  afin  que  les  ddveloppements  limitds  adoptds 

restent  valables),  alors  j>mn  _ •>  :  on  retxouve  le  rdsultat  caractdristique  des  parols  parfaite- 

ment  molles.  ! 

"  Ces  conclusions  rescent  vraics  quelle  que  soit  la  valeur 
"  o  consac  on  pourra  aisdment  le  vdrificr  &  la  lecture 
”  dec  paragraphes  qui  suivent. 

Pour  X  bornd,  est  fonction  de  Xa  ,  done  de  la  frequence  (Fig.  16).  De  cc  fait,  la  courbe 

de  dispersion  f(Ka}reste  de  forme  hyperboiiquo  (Fig.  3)  mais  sera  d’autant  plus  distorduc  que  Ko. 

est  proche  de  ® 

5.5.2  -  En  presence  d'un  dcoulement  stibsonique 

. 7  7r'i . ^ 

*St  V  1  Ka  -  M°  .  V  o.1  (_>  -  M^) 

'r'!‘> s 

avec  :  -  -X  lorsque 

L'allure  de  la  fonction  est  prdsentde  sur  la  figure  3.  On  remarquera  en  partic«lier  que  : 

.  le  point  C  est  ddfini  par  et  JLt  z.  -  X  ,11  correspond  au  changement  de  slgnc  de 

soit  de  ^  (Fig.  5).  D 

.  le  point  A  est  ddfini  par  Tr»  <*  -  Ka  ce  q“i  ddfinit  la  frequence  de  coupure  (point  A, 

Fig.  5).  1 

Lorsque  — »0;  A — ->C  :  est  d'autant  plus  "ventrue"  cue  H0  est  plus  prochc  de  l'unitd. 

Les  f  sont  fonctions  de  f  soit  la  frequence  u>  ,  lorcque  X  est  bornd,  non  nul.  De 

cc  fait,  la  relation  de  dispersion  (ft- a.)  t  esL  8enblable  &  Celle  traede  sur  la  figure  5,  cutis 

est  ddformde  par  la  ddpendance  en  des  ,  sauf  dans  la  rdgion  des  (K<*)  trfcs  supdricu  3  aux 

valeurs  des  J>*r*  .  11  est  dvident  qu'i  chaque  mode  (m.o)  ddfini  par  4  X  et 

fixds,  correspond  une  courbe  de  dispersion.  ' 

II  est  4  remarquer  que  pour  <*»-.  O  ,  n  t  et  X  •=,•*>  :  Tc  «.  —  X&a  ~  O  .  Dans  cc  cas  : 

-  3„  tfSK  *-)  30  (*ot  -  3.lo)  ®  > 

Le  node  (0,1)  pour  X — ->oo  est  un  mode  plan  puisque  le  long  du  rayon  l'amplitude  et  la  phase  de 

la  press  ion  acoustiques  sont  constantes,. 

"  C'est  le  seui  mode  plan  possible  dans  un  conduit.  Certe 
"  propridtd  est  vraie  quelle  que  soi*-  la  valeur  de  H0 

M 

"  En  consdquence  :  lorsque  1*1  -A  *0  ii  n'existe  pas  de 
"  modes  plans  dans  un  conduit.  (Cette  propridrd  est  indd- 
"  pendante  de  la  valeur  de  H«,  ). 

5.5.3  -  EtLgrdsence^d'un^dcoulement^onicjue 

L  (Tr o, )  -  _  - 

*  KVl+T>1 

pour  *Tr  ^  €■  jj0,  ^  [o,  x]  ;  avec  : 

pour  -  Ko 

Aux  points  d’intersection  des  cou'bes  et  L  (T'”i'a)  correspond  une  suite  infinlc  de  solu¬ 
tion8  cellos  que  f —  t  ■  « 8«e  18. 

5.5.4  -  En^grdsence^d^vn^dcoulement^sugersonigue^^M®  >  (Fig.  19) 

I'M  -  •  *'W*°*-0 

u;  H.  fKVr7'TrV  (,1-v.*) 

pour  Tr«  r  [<>,  +«°  L  «  <=  [ 


/ 

A 

/.. 

/ .  :• 


/ 
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et  :  (t-  a)  t  O  ,  (<=>)  -  °  ;  It  l**)  -  -*  ; 

oc  :  ti'"'  (.T,'a-)  -  -  X  'll  ^T— 

On  trouvc  une  ooublc  suite  infinie  de  solutions,  jv7*>  »  teiles  quc  :  fm*  ^  ^  t 


avec  : 

pour  X - )  °0  ’.  |*r**»  **  X  rr\*\  'j  *  X  »v»  *\  v  l 

c'est-d-dire  qu'i  la  condition  de  modifier  la  notation  il  n'y  a  qu'une  valeur  de  i 

considdrer  pour  calculer 

pour  X — >0  :  tendcnt  vers 

6  -  BAPPEL  DES  PROPRIETES  ESSEN TIELLES 


Bn  guise  de  conclusion  rappelons  et  rdsunons  les  propridtds  essentielles  raises  cn  Evidence  et  qul  sonc 
presque  toutes  gdndrales  taalg^d  ie  caractfcre  apparcrament  restrictif  des  hypotheses. 

6,1-  Conditions  aux  limltes 

5  la  parol  s  P  -  2 

tifftfUHE  :  <1™  chol8ir  ? 

-  la  relation  17 

ou  ? 

-  la  relation  18 

Pas  d'ambigultd  apparente  pour  : 


Et  pour  }xj  fini  ?  deux  attitudes  sent  possibles  : 

.  le  problfrme  est  raal  posd  car,  A  la  paroi,  Udcoulemcnt  ne  peut  Str*  slmultandment  d'oraplitude  nulls 
et  d'amplitude  Vo  ,  d'oA  ndccssitd  d'introduire  le  vrai  profil  de  vitesse  et  de  rdsoudre  par  calcul 
numdrique  l1 Equation  des  ondes. 

,  la  vitesse  dtant  dgale  A  V0  et  0  pour  r-.ft  ,  on  ':onsidfcre  -  cc-£  .  t<*\  et  2.  reprusentc 
l'impddancc  vue  par  l'onde  au  .-ay on  . 

6.2  -  Vitesse  de  transport  de  l^nergle  d'une  onde 

.  La  vitesse  de  phase  est  portde  par  la  norma le  au  front  d' ondes. 

.  E..  gdndral  pression  et  vitesse  ne  sont  pas  des  grandeurs  en  phase,  sauf  pour  une  onde  plane. 

,  La  vitesse  de  groupo  n'est  pas  foredmenc  colindairc  A  la  vitesse  de  phase  (sauf  pour  une  onde 
plane). 

.  Dans  un  conduit  ayant  au  moint  un  axe  privildgid  et  danc  lcquel  se  ddplace  un  dcoulemcnt  done  le 
vecteur  vitesse  est  portd  par  cet  axe  : 

-  lo  vitesse  de  propagation  de  l’dnergie  est  colindaire  au  vecteur  vitesse  £+  l'dcouiement  et  : 
vitesse  de  transport  de  l'dnergie  a  vitesse  de  grnye 

d'ou  : 

-  la  vitesse  de  groupe  est  une  vitesse  au  "sens  de  la  odcanique"  et,  en  p&rtir  j.ier  : 


vitesse  de  groupe  *  vitesse  de  l'dcouiement  +  vitesse  de  groupe 
(dans  le  repfcre  ffxe)  (vitesse  d’entrainement)  (  dans  le  repfere  mobile) 

De  ce  fait,  une  onde  de  vitesse  de  groupe  nulie  dans  le  repdre  mobile  *=.  est  vue  se 

ddplasant,  portde  par  l'dcouiement  Va  ,  par  un  observateur  situd  dans  le  rep&re  fixe,  et 
l'amplitude  de  cette  onde  ddcrott  comme  exp 

.  En  gdndral  (sauf  pour  des  ondes  planes  et  dans  le  champ  lointain)  : 


(  la  dor.sitd  J 
(  d'dncrgic  / 

(  cmdtiqut  / 

: 

(  l'dnergie  cindtiqu- 
C  moyenne  sur  la 
(  surface  de  la  section 
(  droite  du  conduit 


(  la  densitd  ) 
est  diffdrente  7  d'dnergxe  ) 

(  potencielle  ; 


l'dnergie  poter.tielle 
moyenne  sur  la 
surface  de  la  section 
droite  du  conduit 


6.3  -  Courbcs  de  dispersion 


Sauf  dan*  ic  cas  de  i’dcoulcnenl  soniquc,  h  unc  frequence  donnde  (ou  5  K<x  fixd)  correspondent  deux 
nodes,  puisque  la  relation  dc  dispersion  est  un  polynOme  du  second  degrd  en  p>  (nombre  d'onde)  et 
(frequence).  Nous  noteronu  et  f>‘  (ou  K~  et  KJ  )  chacun  de  ces  deux  modes  ddfinis  par  cheque 

valeur  de  la  solution  de  (29aM). 

.  En  1 'absence  d'gcoulement  &  chaque  valeur  de  •  1  £<>•  \  -|^  <x\  :  la  courbe  de  dispersion  est 

aymdtrique  par  rapport  u  I'axe  des  (^KoJ) 

.  En  presence  d'un  dcoulement  subsonique  ou  supersonique,  pour  chaque  valeur  dc  V<o.  ; 

seulcment  pour  : 

, .  en  rdgime  subsonique,  ct 

ua  •=.  to  coupure 

-  O  en  rdgime  supersonique. 

.  IF°!  *\F  <*|  sont  des  fon^tions  croissantes  dc  Kcx  (de  la  frequence)  ; 
par  contra  : 

lorsque  la  frequence  (ou  Kcv )  croit  : 

VV**  /  a\ 

pour  to  •z  uuc  dans  t»n  dcoulcmcnt  subsonique  ;  ct, 
un  dcoulcnent  supersonique). 


K 


*Y  -  **  -  -ir 


(W 


~  \r,  o 


peur  uJ  c  0  dan3 


,  En  particulier,  le  long  d’une  mGme  tranche  de  la  courbe  de  dispersion  : 

>J 


0<a)i  >lKa)t. 


WJ  >  K'  (Md 


(*«-h 


<i  hr< 


Pour  un  observateur  placd  dans  le  repbre  fixe  et,  pour  chaque  frequence  considdrdc  (ou  h  V<*.  £ix«S), 

\  |  >  I  <f=»*  A  ^  A 

'ob  la  longueur  d'onde  A  esc  dgale  d  :  J |?>  (ou  K*.  ;). 

La  dis tors  ion  de  la  relation  de  dispersion  par  I'dcculement,  observde  dans  le  repbre  absolu,  explique 
que,  pour  unc  frequence  donnbe,  les  longueurs  d'ondes  de  chacun  des  deux  modes  different.  Tout  sc  passe 
corame  si  l'Ccoulencnt  dilatait  lu  longueur  d'onde  du  mode  p>"  et  contractait  celle  du  mode  .  En 
particulier,  pour  O  <  M0  <.1  h  la  frequence  de  coupure  :  y -  A~-co 

Cela  ambnc  5  donner  une  image  representative  de  la  definition  des  modes.  Considbrons  un  voilier,  ou 
un  ageur  : 


.  la  vitessc  de  phase  est  portde  par  le  vccteur  qui  passe  par  I'axc  du  voilier  (ou  du  nageur)  et  est 
orientbe  de  la  peupe  vers  la  proue  (des  pieds  vers  la  tfcte) 

.  la  vitcsse  do  groupe  est  portbe  et  orxentbc  suivant  la  direction  rdellc  du  dbp la cement,  du  voilier  ou 

du  nageur.  _ _ ^ 

Ainsi  ddflnies,  la  vitesse  de  phase  ot  la  vitcsse  de  groupe  ^  sont  observdes  du  rivage  par 

un  observateur  placb  dans  le  repbre  fixe  qui,  de  plus,  connait,  dans  ce  repbre,  la  direction  ct  la  force 
du  vent  ou  du  courant  notbes  V  et  dbfiniseant  lc  direction  positive. 


On  a  nlors  les  allures  ou  situations  suivanteo  : 


VENT  AI1KIERE  l 

ou 

baigneur  nageant  dans  ie 
sens  du  courant 

Mode  aval  :  existe  quelle  que  soit 
la  valeur  de 

~  7*1  (baberd  ) 

Grand  largue  (tribord) 
ou 

baigneur  nageant  de  biais  dans 
le  sens  du  courant 

,  "  (babord  ) 

au  plus  prbs  (tribjrd)  ^ures 

ou 

baigneur  nageant  de  biais  & 
contfe-couraut 

TxJy° 

1\  ."7^  >o 

Mode  amont  :  existe  seulement  pour 

Baigneur  nageant  b 
contre-courant 

0  4  vl„<.  1 

VENT  DEBOUT  ! ! 
ou 

baigneur  nageant  d  contre- 
courant  ...  tel  i'bcrevisse 
ou 

baigneur  naif  nageant  de  biais 
d  contre-courant  ! ! 

iZjz  >  ° 

— T->  —> 

.Vo  ^  o 

Mode  amont  irverse  existe  lorsque 

o  < 

jglygj,og_^mggg^3ngg  :  unc  onde  telle  que  M  ^  f70  <1  o  ne  peut  renonter  un  bcoultvsent 
soniquc  ou  supersonique. 


PROPAGATION  IN  ACOUSTICALLY  ABSORBENT  MATERIALS 


M.  Perulli,  D^partcrcent  de  G^nie  MScanique,  University  de  Technologic  de  Ccmpibgne, 

Corapi&gne,  Prance  /— 

and 

P.E.  Doak,  Institute  of  Sound  and  Vibration  Research,  Tr.e  University,  Southampton,  England 


Models  for  representing  the  dynamics  of  porous  and  other  acoustically  absorbent  materials  are 
reviewed.  A  relatively  detailed  diicussion  is  presented  of  propagation  in  significantly 
absorbent  materials  widely  used  in  practice,  or  commonly  occurring,  for  example,  as  outdoor 
ground  surfaces.  The  principles  governing  design  of  composite  materials  for  high  acoustic 
absorption  are  presented.  Non-linear  high  amplitude  etfects  and  mean  flow  effects  arc  briefly 
described. 


It  is  rare  to  find  in  nature,  and  difficult  to  design  and  synthesize  "artificially",  a  material,  com¬ 
posite  or  otherwise,  in  which  stress  waves,  including  sound,  are  rapidly  attenuated  when  they  travel  in  it. 
For  example,  a  suitable  and  suitably  loaded  rubber  material  may  be  extremely  effective  as  a  low  frequency 
vibration  isolator  b”t  yet  transmit  higher  frequency  stress  waves  with  practically  no  . -tenuation  (i.e., 
no  loss  of  energy) . 

As  Lord  Rayleigh  observed,  however,  a  few  natural  materials,  such  as  'a  well-compacted  haystack",  can 
attenuate  acoustic  waves  effectively,  providing  enough  viscous  and  thermal  dissipative  retarding  forces  to 
reduce  the  pressure  amplitude  of  an  acouscic  wave  travelling  through  the  air  in  the  haystack  "pones"  by  as 
much  as  a  factor  of  1/6  or  so  over  a  distance  of  travel  of  the  order  of  a  wavelength  in  the  material.  In 
contrast,  the  viscosity  and  thermal  conductivity  of  more  common  substances  such  as  atmospheric  air,  water, 
steel,  concrete,  etc.,  is  sufficient  to  produce  amplitude  reductions  of  comparable  order  only  over  travel 
distances  of  hundreds  of  thousands  of  wavelengths,  or  more.  Dry,  or  dryisn,  ground,  on  the  other  hand, 
is  often  porous  enough  to  act  as  a  reasonably  good  sound  absorber. 

In  a  general  formal  sense,  whatever  the  mechanism  ultimately  responsible  for  the  losses  in  an  acoustic 
continuum,  the  effects  on  the  acoustic  propagation  of  a  wave  with  simple  harmonic  time  dependence  can  be 
expressed  through  appropriate,  complex,  effective,  mass  density  and  speed  of  sound  parameters,  both  in 
general  functions  of  frequency,  and  in  turn  one  may  equivalently  use  a  complex  characteristic  impedance 
(Pc)  and  "propagation  constA^t",  or  wavenumber  (k  =  a./c)  .  With  these  equivalent  complex  parameters, 
mathematical  forms  like  c”A  x  and  p  «  peu  remain  the  same  as  for  a  lossless  medium,  but  of  course  both  real 
and  imaginary  pares  of  k  and  pc  must  be  token  into  account  when  interpreting  formal  results  in  order  to 
obtain  numbers  applicable  to  practical  problems. 

A  relatively  simple  model  for  sound  propagation  in  a  porous  material  can  be  devised  -  the  original 
development  of  this  r.odeL  was  accomplished  by  Lord  Rayleigh  (Theory  of  Sound,  Volume  2,  pp.  328-333). 

This  model  i3  sufficiently  accurate  to  indicate  the  main  features  distinguishing  such  propagation  and  to 
provide  a  guide  fer  designing  the  structure  of  "nan-made"  materials  -  such  as  fibreglass,  mineral  wool, 
expanded  plastic  foams,  sintered  metals,  etc.  -  xn  such  a  way  tnat  they  will  have  useful,  and  reasonably 
predictable,  sound  attenuating  properties. 

One  ptoceeds  as  follows  (see,  c.g.,  the  treatment  m  Morse  and  Ingard's  book  Theoretical  Acoustics, 
pp.  252-256,  269-270,  303,  428,  569-571,  but  note  the  explanations  in  what  follows  here  of  the  physical 
interpretations  of  Morse  and  Ingard's  "mean  velocity"  and  "effective  density  p  ") .  The  development  of 
the  model  is  easier  to  visualize  if  cne  considers  first  the  one-dimensional  case  Generalization  tc  three 
dimensions  is  then  straightforward,  requiring  only  conceptual  rc-interprctation  of  the  parameters. 

The  porous  material  can  be  thought  of,  one  dimensionally,  as  a  solid  rigid  material  in  which  are  bored 
a  number  of  parallel  holes,  each  of  area  of  cro~.»  section  s  ,  say.  The  porosity,  1),  of  the  material 
(percentage  volume  of  the  pores)  then  car.  be  defined  as  nS  ,  where  n  is  the  number  of  holes  per  unit  area 
of  cross-section  (in  a  plane  perpendicular  to  the  directioR  of  the  holes,  of  course) ,  or  os  S  /S,  wncre  G 
is  the  area  of  cross-section  per  hole.  * 

An  equivalent  particle  velocity,  u' ,  regarded  as  possessed  by  the  whole  region  occupied  by  the  porous 
material,  that  provides  the  same  mass  flow  locally  as  the  actual  velocity,  v*,  in  the  pores  may  then  be 
defined  by  Su'  =  S  v' ,  or  u'  °  v'ft.  Then,  in  terms  of  u',  the  equation  of  conservation  of  mass,  which  is 
in  terms  of  v'  simply,  as  usual. 


30/ 

at 


+  D 


a v* 
ax 


o, 


(primes  indicate  the  acoustic  fluctuating  parts  of  the  designated  quantities),  becomes,  upon  multiplication 
by  ft, 


ft 


3p' 

at 


4  p 


3u* 

3x 


0, 


(1) 


since  of  course  ft  is  a  constant. 


The  norma)  adiabatic  relationship  between  pressure  fluctuations  and  mass  density  fluctuations  may  not 
apply  for  the  material  in  the  pores.  First,  if  the  pores  arc  very  small  and  the  skeletal  material  is  a 
relatively  good  heat  conductor,  there  r.ay  be  time  even  within  the  relatively  small  period  of  an  acoustic 
oscillation  for  the  normally  adiabatic  temperature  fluctuations  associated  with  the  cyclic  compression  ind 


rarefaction  to  be  conducted  away  into  the  skeleton.  This  has  the  effect,  in  the  limit,  of  making  the  pro¬ 
cess  of  compression  and  rarefaction  isothermal  instoad  of  adiabatic:  in  other  words,  for  a  fluid,  the 
ratio  of  specific  heats,  y,  in  the  expression  for  the  speed  of  sound,  /yp/p .  reduces  2rom  its  adiabatic 
value  (1.4  for  ait,  e.g.)  to  unity.  In  terms  of  the  compressibility  of  the  material,  k  =  (1/p)  (3p/3p) , 
this  means  that  the  effective  compressibility  of  the  material  in  the  pores,  <  ,  may  lie  between  its  high- 
frequency,  large-pore  adiabatic  value  as  a  lower  limit  and  its  low- frequency,  small-pore  isothermal  value  k 
as  an  upper  limit.  Pore  sizes  and  frequency  ranges  for  many  porous  materials  are  such  that  the  transition  T 

may  occur  from  one  value  to  another  within  the  frequency  range  of  interest  ar.d  hince,  for  simple  harmonic 
acoustic  fluctuations,  k  strictly  should  be  regarded  as  a  function  of  frequency  (for  transients,  of  course, 
this  implies  that  should  be  replaced  by  an  appropriate  operator  involving  3/3t) . 

Thus  the  usual  adiabatic  relationship  between  mass  density  and  pressure, 
o'  «  P  <s  p'l  or  O'  «  P'/C2  .  P'/(YP/P).  (2) 

oust  be  replaced  by 


it  being  understood  that  k  may  be  a  possibly  slowly  varying  but  nonetheless  significant  function  of  frequency, 
(or  for  transients  an  operator  in  3/3t) .  Whatever  the  variation  in  k  ,  however,  it  will  not  normally  vary 
between  largo  limits:  again,  for  air,  the  limits  would  be  proportional  to  those  of  1/y  from  adiabatic  to 
isothermal  conditions  i.e.,  1/1.4  to  1. 

Insertion  of  expression  (3)  into  equation  (1)  gives  the  conservation  of  mass  relationship  between  the 
pressure  fluctuations  and  the  effective  velocity: 

ft*p  3p'/3t  +  3u‘/3x  “  0.  (4) 

Generalization  of  equation  (4)  to  three  dimensions  is  straightforward.  With  (l  interpreted  as  the  percentage 
of  total  volume  occupied  by  open,  interconnecting  pores  and  3u'/3x  becoming  the  divergence  of  the  vector 
effective  velocity,  one  has 

ftKp  ?p'/3t  +  div  hi'  »  0.  (4a) 

An  expression  for  conservation  of  linear  momentum  can  be  similarly  constructed.  First,  one  must 
consider  the  effective  inertial  mass  of  the  material  in  the  pores.  This  may  be  somewhat  greater  than  the 
actual  mass,  for  two  reasons:  (1)  in  fibrous  porous  materials,  like  fibreglass  or  minora!  wool,  some  of 
the  fibres  may  movo  with  the  material  (fluid)  in  the  pore3’»  (ii)  the  actual,  relatively  small  scale, 
motion  of  the  material  in  the  pores  may,  according  to  doted  Is  of  the  geometry,  result  in  inertial  reactions 
greater  than  those  one  might  expect  if  the  motion  were  of  a  quasi-steidy,  incompressible  flow  nature. 

Thus,  for  the  effective  mass  density  in  the  pores  one  should  replace  p,  the  actual  mass  density,  by  p  ,  an 
effective  mass  density,  which  may  be  up  to  1.5  times  as  great  as  p,  very  approximately  (normally  it  will 
not  be  that  much  greater  than  p) .  Second,  if  the  pores  arc  of  very  small  effective  diameters,  ihen  viscous 
retarding  forces  will  be  appreciable.  The  flow  in  such  small  pores  can  be  likened  to  Poiseuille  flow,  so 
that,  in  terms  of  the  actual  velocity  in  the  pores,  v'  (averaged  over  each  pore  cross-section,  of  course), 
this  retarding  force  can  be  taken  to  be  of  the  form  -Rv' ,  where  R  is  a  flow  resistance  depending  upon  the 
viscosity  of  the  material  in  the  peres,  the  area  of  crosr-section  of  the  pores,  and  again,  ultimately, 

especially  for  larger  pores,  on  the  frequency.  Ix.  most  applications,  however,  the  pore  size  is  small,  and 

since  the  motion  in  the  pores  is  then  of  Poiseuille  type,  although  quasi-steady,  the  flow  resistance  R  will 
have  its  steady  flow  value,  and  thus  can  be  determined  independently  of  any  acoustic  excitation  by  steady 
flow  tests  on  the  material. 

Thus,  the  motion  in  the  pores  is  governed  by  pressure  forces  and  the  assumed  frictional  force  -Rv',  and 
with  the  effective  mass  density  p^.,  the  equation  of  conservation  of  linear  momentum  (or  Newton’s  Law;  for 
the  motion  of  the  material  in  the'pores  can  be  written  as  pE3v’/3t  «  -3p'/3x  -  Pv* .  It  is  more  convenient, 
for  purposes  of  combining  this  expression  with  equation  (4)  (to  eliminate  p'  or  u'),  to  express  this  linear 
momentum  equation  in  terms  of  u'  =»  Rv' :  i.e.,  (p£/ft)  3u'/3t  *  -3n’/3x  -  (R/ft)u'.  The  forms  of  the  first 

and  third  coefficients  suggest,  finally,  defining  a  new  effective  mass  density,  p^,  and  flow  resistance,  ❖,  as 

Pp  =  PE/«,  «  “  R/fi.  (5) 

The  linear  momentum  equation  then  takes  the  form 

pp  3u'/3t  -f  3p'/3x  +  4u'  *  0.  (6) 

For  typical  porous  materials  for  use  in  air  -  with,  of  course,  air  the  material  in  the  pores  -  the  porosity, 
ft,  may  be,  say,  from  0.2  to  0.7,  and  the  flow  resistance  ❖  may  be  from  50  to  500  pc  ro”  .  The  find 

"effective  density"  in  the  pores,  p  ,  being  p £/ft,  thus  may  range  from,  say,  1.5  to  5p  (since,  it  will  be 
recalled,  p  may  range  from  p  to  about  1.5p).  Note  thafc  all  these  effective  parameters  usually  must  be 
determined  by  experiment  for  each  particular  porous  material,  and  that  apart  from  the  d.c.  flow 
resistance,  the  experiments  must  be  acoustic  experiments,  ;he  determinations  being  accomplished  by  fitting 
curves  derived  as  solutions  of  the  governing  equations  (4)  and  (6)  of  tho  model  to  experimental  results. 

Note  also,  that  like  equation  (4) 's  generalization  to  three  dimensions,  the  three-dimensional  generalization 
of  equation  (6)  can  be  written  down  at  once: 


Pp  3^x'/3t  grad  p'  + 


The  system  of  two  equations  (4)  and  (6)  can  roadily  be  solved  icr  simple  harmonic  motion.  Insertion 
of  the  forrjs 


p'  »  P(x)e 


u'  «  U(x)e 


into  tne  equations  gives 


iwfltfpP  +  dl’/dx  «  0,  dP/dx  +  (4  +  iwp^)U  "  0. 


(8) 


7' 


Elimination  of,  say,  U  (by  differentiating  the  second  equation  with  respect  to  x  and  subtracting  from  it 
(4  +  i<*p  )  times  the  first  equation),  gives  the  following  equation  for  the  pressure  phasor  P(x): 


d^P/dx*"  ♦  oi  ftp  k  (1  +  4/itop  )P  0. 
P  P  P 


(9) 


This  can  be  brought  into  formal  correspondence  with  the  corresponding  equation  for  acoustic  pressure 
propagation  in  a  lossless  medium,  with  (real  speed  of  sound  c) ,  namely 

d2P/ix2  +  (u2/c2)P  -  0, 

by  defining  a  complex,  effective  speed  of  sound,  ce,  as 

equation  (9)  then  becoming 

d2P/dx2  +  (u2/c2)P  o  0 


(10) 


(11) 


and  evidently  having  the  solutions 

;lkcx 

p  “  A„  e 


(12) 


where  k  Is  the  effective  complex  wavenuchor 
5  “/c„. 


(13) 


From  equations  (8)  it  can  be  seen  that  the  corresponding  solutions  for  tne  effective  particle  velocity 
phasor,  u(x) ,  are 


'  ik 
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ik  x 


A  e 


(14) 


or,  again  with  an  effective  complex  characteristic  impedance,  Pece,  and  effective  complex  mass  density,  pg, 
defined,  resoectivoly,  as  L 
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(15) 


p  =  P  c  /c 
e  C  c' 


pp  h  t  *>  t  h  t 
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(16) 


ejuation  (14)  also  can  be  put  into  formal  correspondence  with  the  corresponding  expression  for  a  lossless 
material : 


U  *  i  P/pccg.  (17) 

Thus  acoustic  propagation  through  the  porous  material  can  be  characterized  by  the  two  complex  parameters 
(functions  of  material  properties  and  frequency)  and  P  c^,  just  as  for  a  lossless  material  in  which  case 
*<c  and  Pece  are  real  -  the  lossless  material  result  now  appearing  os  a  special  case  of  the  porous,  lossy 
materia] .  Also,  just  as  in  the  lossless  case  the  mean  intensity  m  the  *  direction  can  be  written  as 

Jx  =  |  Be  (P0*) , 

the  ovcrbrtr  Indicating  time  averaging  and  the  asterisk  the  complex  conjugate,  one  has  for  the  porous 
material  an  identical  expression 

Jx  =  |  Rc  (PU*).  (18) 

As  to  the  magnitudes  of  the  real  and  imaginary  parts  of  the  complex  wavenumber  k  and  the  complex 
characteristic  impedance  Pcce  one  can  first  note,  from  equation  (10),  that  apart  from  the  explicit 
dependence  on  iw,  the  effective  speed  of  sound,  c  ,  depends  on  the  two  parameters  H/p  and  /ftp"  <  .  These 
two  parameters  similarly  determine  kc  =  w/c^.  From  equation  (15)  these  same  two  parameters,  SnB  p  , 
determine  the  characteristic  impedance  Pcce*  P 

For  greater  insight  and  ease  of  estimation  of  probable  values  for  these  parameters,  for  a  given  porous 
material,  it  is  helpful  to  re-express  them  in  somewhat  different  forms.  In  the  paragraph  preceding 
equation  (2)  it  w-\s  pointed  out  that  the  effective  compressibility,  tc  ,  could  be  expected  to  lie  between 
the  isothermal  and  adiabatic  compressibilities  of  the  actual  matcrialp<n  the  pores.  Also  (see  equations 
(2)  and  (3))  it  is  evident  that  one  tould  use,  instead  of  the  compressibility,  an  "effective  ratio  of 
specific  heats",  ,  defined  as 

Ye  ’  1/p  V  ,U) 

where  p  (as  always  hero)  is  the  static,  ambient  pressure  of  the  actual  material  in  the  pores.  For  air,  at 
the  isothermal  limit  Yc  would  be  unity,  rising  to  1.4  at  the  adiabatic  (lossless)  lmit.  Also  (see  the 


two  paragraphs  following  equation  (4a)),  the  effective  mass  density  o  car.  be  expressed  alternatively  as 
p  /ft,  where  p  is  th<*  (sore  physically  realistic)  actual  mass  densitjrof  the  material  in  the  pores,  p, 
times  a  factor  of  again  from  about  unity  to  1.4  or  1.5,  to  account  for  added  inertia  due  to  motion  of  some 
fibres  with  the  pore  material,  etc.  Thus  the  parameter  I/S^Tk^  can  be  rewritten  as 

iMfc^T  -  l//fl(pE/flt)  U/Ygp)  -  /( <'eP/pE)  *  (20) 

It  can  then  be  seen  directly  that,  since  (for  air,  e.g.)  Ye  ranges  from,  say,  1  to  1.4  and  pg  from  p  (the 
actual  density  of  the  air  in  the  pores)  to  again  about  1.4p  (or  perhaps  1.5p),  onu  has  the  range  of 
1/^jTic  going  fro u  a£out  c/vT^  to  about  1.4c,  where  c  °  /yp/p  is  the  usual  adiabatic  sound  speed  oi  the 
actual  Saterial  in  the  pores.  Thus  the  parameter  l//flp  k  is  simply  the  usual  sound  speed  of  the  material 
ir  the  pores,  minus  or  plus  about  20%. 


Similarly,  since  again  pp  -  p£/ft  ar.d  $  «  R/ft  (see  equation  (5)),  the  parameter  $/Pp  can  be  expressed  as 
*/Pp  *  (R/ft)(ft/PE>  -  R/Pfi. 

R  is  the  flow  resistance  for  the  actual  velocity  in  the  pores  and  thus  is  readily  estimable  from  Poiseuille- 
type  flow  resistance  formulas  or  data  for  capillaries,  if  one  knows  zhe  actual  mass  density,  coefficient  of 
viscosity  and  approximate,  representative  area  of  cross  section  of  the  pores.  From  the  figures  quoted 
following  equation  (6),  one  has  a  range  of  $/Pp  B  R/pe  ° ^  from  10-300c  m  1 ,  where  again  c  is  the  usual  speed 
of  sound  of  the  actual  pore  material.  Furthermore,  s>/P  a  R/pe  course  has  the  dimensions  of  (time*  A 
and  thus  may  be  expressed  as  a  characteristic  radian  frequency  (inverse  time  constant) 

$/P  p"R/P£=Wp* 

From  the  range  just  quoted,  if  again  the  pore  material  is  air,  one  obtains  a  range  of  about  300  to  9  x  10‘* 
radians/s  (i.e.,  abcut  50  to  15,000  Hz,  rougMy  the  audio  frequency  range,  not  surprisingly)  as  a  repre¬ 
sentative  "relaxation”  frequency  range  for  porous  materials  used  as  sound  absorbers  in  air.  Finally,  one 
has  the  third  parameter,  p  ,  and  as  before  this  can  be  expressed  as  PE/ft,  evidently  a  maximum  typical  range 
(for  air  in  the  pores)  froS  about  1  to  5p. 

In  terras  of  these  more  physical  quantities,  then,  one  has,  for  kg  (and  cQ)  and  Pcce, 

k  .  “  =  a  . - i - -  ,  (22) 

e  cc  c  ^77  (i  .cp/iU)-s 

pccc  =  pc  (l/fi)  /y^/y  (l  +  Up/iu)*1,  (33) 


showing  clearly  the  relationship  of  the  complex  effective  quantities  to  the  corresponding  adiabatic, 
lossless  values  of  k  «  u/c  and  pc  for  the  actual  material  in  the  pores  (y,  of  course,  is  the  "specific  heat 
ratio"  giving  the  usual  adiabatic  sound  speed,  /yp/p,  for  the  actual  material  in  the  pores).  The  factor 
I/O  appears  in  Peco  for  the  same  reason  that  it  docs  in  v'  *=  u' /ft:  i.e.,  to  express  the  fact  that  acoustic 
motion  actually  occurring  only  in  the  pores  is  visualized  in  the  model  as  occurring  over  the  whole  cro^s- 
section  of  the  porous  material.  The  factor  *'Ye/y  corrects  the  sound  speed  in  the  pores  according  to 
whether  it  is  adiabatic  (largo  pores,  high  frcqjency)  or  isothermal  (small  pores,  low  frequency).  The 
explicitly  imaginary  quantity  in  expressions  (22)  and  (23) ,  w  /iw  (it  should  be  kept  in  mir.d  that  both 
/y  /y  and  u  may,  more  generally,  both  depend  on  frequency  ana  hence  be  complex;  as  mentioned  previously, 
although  this  frequency  dependence  nay  in  fact  occur,  it  is  often  weak  by  comparison  with  the  explicitly 
shown  w  /iu  dependence,  with  u  approximately  constat) ,  expresses  the  dissipative  effect  of  the  flow 
resistance,  and  the  phase  difference  that  this  introduces  between  the  acceleration  and  the  ncg^-lvt  pressure 
gradient  (see  equations  (6)  and  the  one  preceding  it  earlier  in  the  same  paragraph) . 


The  expressions  (22)  and  (23)  for  kfi  and  Pec  can  be  written  explicitly  in  terms  of  real  and  imaginary 
parts  as  follows  (provided  frequency  depcnderce  is  only  as  shown  explicitly) : 

ke  =*  ^  -  iup/u  “  ky~  r* +  ] e  ^ 1  tan  ^  2  up^°  (o <  $ <  n/4)» 


for  wp/u  «  1,  kQ  -  k/(y/ye)  (1  -  i*jup/&))  ; 

in  general,  kfi  =  k(<  -16),  k  =  »V/ye[l  +  (o^/w)2]  cos$, 

1  -  2  $ 

pece  *  pc  n  ^/yU  +  (wp/w)  J  (cos$  -  isin$) ; 
for  «p/«  <<  1,  cos$  -  1,  sin$  a,  $  a.  Sop/«; 

for  Up/u  >>  1,  $  r/4,  cos$  *♦  sin$  *  1//2. 

The  pressure  in  a  plane  wave  in  the  porous  material,  travelling  in  the  ♦x-direction,  will  be  of  the  form 
iut-ikex  iut-ik«cx-fc6x 

p(x,t)  «  A+e  »  A+e  , 


6  =  »,y/ye[i  ♦  (cjp/w)2}  sin$; 


where  A  is  a  complex  constant,  and  the  equivalent  particle  velocity,  u(x,t),  wil1  be  u(x,t)  *  p(x,t)/pec^. 
Since  k  “  w/c  the  factor  ciut"ik*x  can  be  written  as  eiw(t“x' **/<> > ,  it  then  being  evident  that  the  phase 
speed  of  the  waves  (speed  of  propagation  of  the  wave  fronts)  in  the  porous  material  is  c/k.  Similarly, 


V 


since,  for  waves  generally,  o/c  *  k  -  ?r/X,  whore  X  is  the  wavelengtn,  it  is  cleat  that  the  wavelength  in 
the  porous  materia)  is  X  «-  2v/)«,  Thus  the  entire  exponential  function  con  he  written  as  _ 

lut-i2*x/X  -  <6  A)  2®x/X  /- 

e 

From  this  it  is  clear  that  the  wa”3  an^litudr  is  decreased  by  a  factor  e“2T!*A  in  eacj>  waVelongth  of  mvc]. 

For  frequencies  w  'ell  above  the  character istic  frequency  parameter  of  the  material,  to  ,  it  is  cviu<. 
that  Xq  X/»V/YC»  to  first  order  in  u  /«,  which  is  at  most  some  20*  less  than  X,  since  y/YP  can  be 
expected  to  lie  in  the  range  1-1.4.  Kl3c  2*6 /k  -►  net  /u,  which  is  small  compared  with  unity  so  that  the 

attenuation  per  wavelength  is  small.  For  frequencies  to  well  below  u  ,  however,  <  -»  6  »/(l/2)  (y/y  )  (w  /<*>} 

and  2*6  A  hence  tends  to  2«,  giving  a  significantly  largo  factor  for  Attenuation  per  wavelength,  e  p 
c"2n.  The  wavelength  Itself,  X^.  ..'"’n  oecomcs  X/2(y  /y)  («/«  >  which  can  be  appreciably  smaller  than  X. 

Thus  for  the  frequency  range  to  /u  >  1,  he  porous  materia)  can  act  as  an  effective  attenuator  of  sound. 
However,  for  the  sound  to  enter  the  poro  .s  material  from  the  surrounding  medium,  the  impedances  must  be 
reasonably  matched:  i.e.,  if  the  outside  reqion  has  the  same  mass  density  and  speed  of  sound  as  the 
material  ir.  the  pores  of  the  porous  mater, a l  (p  and  c)  ,  then  |pcccI  ^  Pc.  The  rntic  is 


Sin.  o  the  porosity,  ft,  is  always  less  than  (or  equal  to)  unity  it  is  evident  that  the  ratio  can  be 
appreciably  larger  than  unity  if  w  /w  is  too  large.  Thus  one  often  has  to  compromise  -  accept  a  lower 
than  maxinun  possible  attenuation  per  wavelength  (or  per  unit  length)  m  order  to  achieve  a  reasonable 
< -^«dance  match  of  Jp  c  J/pc  'v  1.  This  can  often  be  done  with  an  impedance  ratio  of  around  2.  A  normal 

impedance  ratio  of  this  order,  of  course,  gives  a  good  impedance  match  if  the  incident  waves  have  angles 
of  incidence  around  fl/4,  and  thus  absorption  for  fields  with  "random  incidence"  can  be  reasonably  effective. 

In  all  the  preceding  discussion  motion  in  the  porous  material  has  boon  assumed  to  be  confined  to  the 
fluid  in  the  pores,  ar.d  to  be  of  small  amplitude.  If  the  skeletal  material  also  moves,  then  the  situation 
becomes  more  complicated:  evidently  the  mertLa,  elasticity  and  internal  damping  parameters  of  the  skeletal 
material  will  a'so  be'  *< :  involved  and  so  at  least  six  material  parameters  (instead  of  the  three  c' 
equations  (22)  and  (23;  ill  be  needed  to  characterize  the  dynamical  behaviour.  Development  of  a 
theoretical  model  fox  this  situation  has  recently  been  accomplished  by  Zarck  (sec  the  Bibliography i  the 
on'y  factors  not  explicitly  included  m  Zarek's  model  are  the  thermal  conductivities  of  the  skeletal 

roatexial  and  the  fluid,  but  extension  of  the  model  to  include  then  is  straightforward) .  This  mode)  has 

the  advantage  of  being  based  on  a  lumped  element  representation  oi  each  "cell"  of  fluid  and  skeletal 

material  so  that  all  the  local  dynamic  mechanisms  are  directly  evident.  This  approach  has  the  further 

advantage  that  the  quantitative  form  of  each  such  local  mechanism  can  be  adjusted  appropriately  for  cacn 
particular  material  and  situation,  and  it  thus  is  I  ,ible  to  tr«iwC  the  effect  of  such  adjustmen  s  through 
to  the  acoustical  and/oi  vibration  performance  of  tN  material.  It  is  of  particular  significance  that 
this  model  perries  one  to  roau:ly  evaluate  the  difference  m  »he  characteristic  impedance  of  the  lorou- 
materia  wuen  the  excitation  forces  motion  of  tlu  skeletal  material  as  well  as  of  the  fluid  m  the  pores, 
as  occurs,  for  example,  when  a  relatively  impervious  -embrace  is  used  to  cover  the  surface  of  the  material. 
This  difference  can  be  significant,  in  some  cases. 


In  practice,  of  course,  composite  constructions  for  acoustic  and  vibration  absorption  purposes  often 
include  limp,  aasslve  membrane perforated  facings,  relatively  large  scale  cellular  components  (acting 
as  halcholtz  resonators,  for  example),  etc.,  as  well  as  porou  tenals.  Analysis  of  the  performance  of 
such  composite  acoustic  transmission  networks  can  be  acconpl  by  the  well  known  lumped  element  and 

acoustical  /mechanical  waveguide  techniques.  In  this  connec..,n,  cin*.e  the  point  is  often  overlooked  in 
standard  texts,  it  is  worth  mentioning  thaf  the  one-dimensional  specific  acoustic  impedance  ratio  of  or 
clement  of  an  acoustic  medium  of  length  f,  term  rated  m  an  impedance  rat<c  m  obtained  by  regarding 
it  is  either  a  "T-scction"  or  a  "n-scction"  element,  in  parallel  with  tfw  tomnal  lrpedance.  For  the 
T-section, 
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In  both  ca>es,  of  <  our-  ,  the  formulas  are  valid  only  when  kS  +<  1.  Thus  the  element  geera1  posse*.  *c 
both  stiff, 'Cos  and  inertia,  but  behaves  primarily  li>c  a  stiffness  wnen  rigidly  terminated  •')  and 

*  kt  a  me  when  "shor‘  circuited"  (Cj  **  0)  .  These  forma."  are  vali  *  for  lossy  acoustic  media  (like 

porous  m«.'«  lals)  ,  whe  e  k  is  complex,  as  well  as  for  lo.sleas  materials  where  k  is  real.  Wt  t  k  is 

complex,  d  .oirst,  each  mass-like  element,  iVi  ,  and  each  s  tif  f  nr  ~s-lih«  element,  1/ik?.  ha*  »  real  pur  t 
repr  s  nt  3  dissipation  as  well  a«  an  imaginary,  reactive,  part. 

When  0  porous  material,  or  perforate,  is  exposed  to  intense  «coust*c  fields,  or  to  flows  either 
parallel  or  normal  to  1*  surface,  the  particle  velocities  m  t*>c  pores,  or  apertures,  can  beet  me 

substantial  enough  to  result  in  vortex  shedding  or  ««'<'*•  urhalcnt  flow  m  the  fluid  of  the  material. 

Breakdown  oi  the  f lot  m  ♦■he  pores,  or  apcr»aref*.  into  some  kind  of  turbulence  dep<  .ac  priranly  on  tne 
Reynolds  number  b^sed  on  y  re  or  aperture  MMter  and  the  actual  fluid  veloci*/  there.  It  thus  can 
occur  evu  wt  relatively  moderate  external  sound  pressure  amplitudes  for  perforates  with  apertures  <t  the 
order  of  ni'li. litres  ’n  diameter,  but  on 1/  at  very  high  sound  inton°»tic*  for  microporous  materials. 

Hliei  ^.h  tjuctu-*  mg  acoustic  partic  -  velocity  amp  ltudes  in  the  pores  cr  apertures  are  lai  ,c  the  effect 
is  01  oi  introducing  <•  velocity  amplitude  dependence  of  the  flow  resistance  $  (or  P)  ,  which  approxi¬ 
mately  a  linear  one,  so  t.  «>«,  large  increases  m  the  resistance  occur  as  the  Reynolds  number  increases. 

The  p  bliva  ion  of  f’-llirg  \see  the  biblicgr  »phy)  summarizes  the  most  important  work  to  date  this 
acoustic  r  ,  ineanty  yual;  tatively,  the  value  of  i  be  used  rer'ktini  that  which  would  be  obtained  by 
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steady  flow  tests  on  the  material  at  comparable  flow  speeds. 

The  situation  with  respect  to  large  amplitude  and  mean  flow  effects  on  the  reactive  impedance  of  an 
aperture,  or  pore,  is  not  at  all  well  understood.  There  is  a  general  tendency  for  the  no-flow  attached 
mass  ("end-correction")  of  an  orifice  to  be  "blown  away",  as  it  were,  so  that  the  orifice's  mass  reactance 
can  be  somewhat  less  than  in  the  no-flow,  small  amplitude,  case,  but  no  satisfactory  quantitative  formulas 
are  yot  available. 

At  very  high  intensities,  in  porous  materials  of  good  acoustic  absorption,  the  rate  of  conversion  of 
acoustic  energy  into  heat  can  be  sufficient  to  produce  high  temperatures  inside  the  material,  especially 
if  its  skeleton  is  not  a  good  therroa)  conductor  and  is  not  provided  with  a  heat  sink  into  which  the  heat 
energy  can  flow.  Thus  in  foam  materials,  and  resin  bonded  glass  or  mineral  fibre  materials,  charring  or 
combustion  can  occur  inside  the  material.  In  air  this  may  happen  at  sound  pressure  levels  around  150  dB 
or  higher,  and  hence  use  of  metal  fibre  porous  materials  can  be  necessary. 
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ACOUSTIC  ENKRG* 

C.L.  .-lor fey 

Institute  of  oound  and  Vibration  Roscarct* 
University  of  Southampton,  Lngland 


Acoustic  energy  equations  arc  snown  to  be  a  consequence  of  the  linearized  equations  of  notion.  Defini¬ 
tions  of  acoustic  eneigy  density  and  flux  aic  given  for  sound  fields  in  fluids  at  rest,  and  in  various 
types  of  mean  flow.  Several  applications  to  f low-acnusj ic  problems  are  discussed,  involving  the  trans- 
t  ssion  of  sound  through  jets  and  shear  layers  and  along  lined  flow  ducts. 

1.  INTRODUCTION 

Acoustic  energy  definitions  arc  developed  m  these  notes  from  the  linearized  equations  of  fluid  motion, 
following  the  general  approach  set  out  in  reference  [l] .  The  balance  of  acoustic  energy  in  the  absence 
of  mean  f*ow  is  considered  first  (section  2);  in  particular,  nonlinear  and  dissipative  effects  arc 
demonstrated  by  writing  the  acoustic  energy  equation  in  spectral  £o-n.  Subsequent  sections  arc  concerned 
with  aco.  sue  energy  conservation  -  or  olhciwise  -  in  the  presence  of  mean  flow. 

The  discussion  in  section  3  is  based  on  the  definitions  of  acoustic  energy  density  and  energy  fLux  given 
by  Cantrell  and  Hart  [2J .  In  irrotational  flows  with  no  entropy  gradients, •  a  generalized  energy  con¬ 
servation  law  is  obtained,  which  reduce,,  to  that  of  Blokhintscv  [a]  in  the  geometric  ncousLi.cs  approxi¬ 
mation.  Alternative  energy  definitions  are  also  possible  which  lead  to  more  or  loss  general  conservation 
laws  [4,5,6];  that  of  Kdhiing  ['<]  is  particularly  useful  as  it  provides  «  simple  method  of  accounting 
for  shear  layers  when  these  axe  acoustically  thin.  This  ana  various  other  pioblems  are  discussed  in 
section  4  in  order  to  illustrate  the  application  of  acoustic  energy  principles  to  flow  acoustics. 

2.  ACOUSTIC  LNfcRGY  IN  Till.  ABSENCE  OK  FLOW 

Oscillating  notion  of  an  ideal  fluid  generally  implies  a  mean  transport  of  energy,  as  the  following  argu¬ 
ment  shows.  Considcx  a  material  surface  S  in  an  inv'seid,  nonconducting  fluid  and  let  p,  v  be  the 
pressure  and  xluid  velocity  associated  with  a  given  fluid  element  on  F.  The  local  energy  flux  crossing 
S  is  pv;  the  time  average  of  this  quantity,  following  the  same  fluid  element  at  all  times,  is 

i  =  <’pv>L  *  Vy/v  (1) 

Here  primes  denote  depax  lures  Iron  the  Lagrangian  average  *  and  we  have  assumed  that  the  motion  of 

each  particle  is  puicly  oscillatory  so  that  <y  >  ,  the  average  velocity  cl  a  particle  ol  fluid,  is 
zoio. 

In  what  follows  wt  shall  use  local  (rather  than  lagrangian)  tine  averages,  denoted  by  *  .  Perturbations 

(denoted  by  primes)  will  be  described  by  the  linearized  equations  of  motion,  since  wc  art  aiming  only  for 
sceond-orde*  accuxacy  in  equations  such  as  (1)  above.  Iquation  (1)  givts  the  mean  energy  flux  correct  to 
socord  order  (undet  the  conditions  stated  above)  whether  the  surface  ^  is  fixed  ot  neve*  with  the 
fluid,  and  whether  exat  '  <n  first-order  values  of  p’ ,  v'  arc  used. 

2 . 1  Ideal  medium  at  rest*  linearised  theory 

’•c  show  in  this  section  how  an  acoustm  energy  balance  equation  follows  fr'T  the  linearized  equations  ol 
fluid  motion.  »  an  ideal  fluid  initially  at  rest,  these  may  be  written  as 


___L_  .  -  o  V,  (2) 

rr  *  -r  (3) 

o 

'.ott  that  ,  ^  nay  vary  with  position,  the  undisturbed  density  need  not  Ik  uniform.  Multiplying  (2)  bv 
P V, t  and  adding  1 . 0)  gives 

i  *  «y* 

- 2  1,1  7t~  *  •„v'  ~  '  -div(p'v').  (/,) 


Equation  (4)  ib  an 


ot  the  general  !o»n. 


-I  /  t  +  d  iv  N 


in  which  i  repicsents  the  acoustic  enexg.  density  and  N  me  acoustu  tnexgy  Jlux.  In  the  present 
(ase  we  have 


<?*)"  ♦  I. 


\  '  pV 


which  arc  the  standard  definitions  for  an  acoustic  medium  at  rest.  Note  that  both  E  and  N  arc 
second-order  quantities;  the  energy  balance  is  iccurate  to  second  order,  although  based  on  first- 
order  equations. 

Equation  (5)  is  often  used  in  the  time- aver aged  form 

3D/3t  +  div  l  -  0,  (7) 

where  D  -  E  and  £  ■  $5  are  short-term  averages  of  the  energy  density  and  flux.  Also  useful  is  the 
spectral  energy  equation 

(3/3t)D(u)  +  div  £(w)  -  0,  (8) 

obtained  by  first  Fourier  transforming  equations  (2)  and  (3)  over  an  appropriate  time  interval.  The 


spectral  quantities  D(u)  and  jt(w) 
ponding  interval  by 

are  rcJated  to  the  power  spectra  of  p* 

and  v'  over  the 

'V 

cones- 

D(u)  *  S  (u)  +  !p „si 

2ooco 

(S.j  ■  cross  spectral  density  of 

V’  V>! 

(9) 

I;(U)  -  Cp.(u) 

(0^.  “  co-spectral  density  of  p1 

-  v>- 

(10) 

2.2  Nonlinear  effects 

Inclusion  of  nonlinear  terms  in  the  preceding  model  leads  to  a  spectral  transfer  term  in  the  acoustic 
energy  equation.  We  start  from  Westcrvelt’s  virtual  source  equation  [7]  for  acoustic  disturbances  in  an 
ideal  uniform  fluid  at  rest: 


i  aV  . 


vV 


3t 


is 

3t2 


(q 


p,2>. 


(ID 


This  allows  for  nonlinear  effects  up  to  second  order, 
the  fluid,  equal  to  j  (y  ♦  l)  for  a  perfect  gas. 


The  ronlinearity  coefficient  8  is  a  property  of 


The  Fourier  transform  of  equation  (11),  taken  over  a  suitable  time  inteival,  gives 

(u/cQ)2p  +  V2p  -  (w2B/p0Co4)q  (12) 

where  we  define 

p  «  ~  jp(t)cxp(-iut)dt  .and  similarly  for  q) .  (13) 

Wc  multiply  equation  (12)  by  the  complex  conjugate  p*  and  take  the  imaginary  part  of  the  result  to 
obtain 

d*v  Rc(p*v)  -  - Ira(p*q) ,  (14) 

P  c 

o 

where  the  velocity  has  been  introduced  through  the  momentum  equation 

Vp  “  (1?) 

Finally,  taking  averages  of  both  sides  gives  Che  following  nonlinear  spectral  equation  for  stationaiy 
sound  fields: 


div  I(u)  - - 2  '  4  Q  (w)  (Q  B  quad-spectral  density  of  p,  q).  (16) 

p  c  4  pq  pq 

0  0 

This  equation  has  been  used  by  Westervelt  [8]  and  Merklinger  [9]  to  describe  the  spectral  transfer  of 
energy  which  accompanies  high-intensity  sound  propagation. 

2.3  Dissipative  effects 

A  spectral  energy  equation  for  real  fluids  may  be  obtained  by  starting  from  the  Helmholtz  equation  for 
linear  waves  in  a  uniform  medium  at  rest.  Thus  we  write 

V2?  +  K2p  =  0  (17) 

where  K(<o)  is  a  complex  propagation  constant. 

Multiplying  by  p*  and  proceeding  as  in  section  2.2  gives  the  following  result  for  stationary  sound 
fields  ir.  weakly-dissipative  media: 


In  a  slightly  different  form,  appropriate  for  periodic  signals. 


div  £(w) 


(-Ira  K  -  a  «  co/c  ). 


\ 


t 

t 

i 

r 

. 

r 

l 

V- 

r 

k 

i 


v 


8 


T2-  SM 

0  C  p 


(18) 


The  intensity  in  equation  (18)  is  based  on  the  acoustic  velocity  perturbation  jj'  defined  by 

-  -(l/po)7p’,  (19) 

rather  than  on  the  actual  fluid  velocity  v' .  The  difference  is  generally  negligible  except  near  solid 
boundaries. 

In  the  radiation  field  at  large  distances  (r)  from  a  sound  source,  3p/3r  =  p/p  c  and  equation  (18) 
reduces  to  the  well-known  result  °  ° 


h  (r2V  5  -2ar2V  (20) 

which  shows  the  combined  effects  of  spreading  and  linear  attenuation  on  the  propagation  of  time¬ 
stationary  signals. 


3.  ACOUSTIC  ENERGY  IN  NON-UNIFORM  FLOWS 


The  conservation  property  of  acoustic  energy  is  extended  to  small-amplitude  disturbances  in  irrotational 
uniform-entropy  flow,' by  modifying  the  definitions  of  E  and  in  equation  (5).  The  presence  of 
vorticity  is  shown  to  lead  to  souiccs  (or  sinks)  of  acoustic  energy,  except  in  the  short-wavelength 
(geometric  acoustics)  limit  where  the  conservation  property  holds  for  arbitrary  flows. 

3 . 1  Irrotational  uniform-entropy  flow 

In  the  absence  of  vorticity  or  entropy  gradients,  the  linearized  equations  of  notion  may  be  written  as 


3p’/3t  »  -div  jg'  (jg  “  p^),  (21) 

3v’/8t  -  -VII’  (11  “  l>  +  i|v|2),  (22) 

where  h  is  the  specific  enthalpy  of  the  fluid.  Multiplying  (21)  by  H'  and  adding  m* . (22)  gives 

H'ap’/at  +  ig* .  3v'  /3t  +  div(H’fg')  *  0.  (23) 

But 

jg'  "  PQv'  ♦  p'V  (V  ■  undisturbed  or  mean  velocity)  (24) 

and  since  the  fluid  is  assumed  ideal, 

(25) 


2 

p  •*  p’/c  ;  h*  =  p'/p 


With  these  substitutions,  equation  (23)  takes  Che  form  (5),  the  generalized  energy  density  and  energy 
flux  arc  given  by 


and 


Generalized  versions  of  the  spectral  quantities  D(w)  and  I.(w)  may  be  written  down  immediately  by 
analogy  with  section  2.1.  Equations  (26)  and  (27)  are  the  definitions  proposed  by  Cantrell  and  Hart 
[2], 

3.2  Energy  sources  in  general  flows 


■<p’>2  +  !e0|v' 

l2 

'o 

(26) 

<r p' +  W 

(27) 

The  momentum  equation  for  arbitrary  flow  of  an  ideal  fluid  is 

3v/3t  B  -VII  +  TVs  +  v  x  (28) 

where  T  and  s  are  the  temperature  and  specific  entropy  of  the  fluid  and  ^  is  the  vorticity 
(V  x  y) .  Use  of  the  linearized  version  of  (28)  in  place  of  (22)  leads  to  the  result 

3E/3t  +  div  JJ  -  P;  (P  i  0).  (29) 

In  nkher  words,  acoustic  energy  sources  (or  sinks)  appear  in  flows  containing  vorticity  (j^»)  or  entropy 
gradients  (Vs),  when  E  and  are  defined  as  in  section  3.1;  details  of  the  analysis  ate  given  by 

Goldstein  Qo;  see  cqn.  1.87J.  Nor  is  the  conservation  property  recovered  by  redefining  E  and  ^  in 
lorms  of  the  irrotational  part  of  the  velocity  perturbation,  although  the  expression  for  P  is 
different  [l] . 


\ 

\ 

i 

« 


We  conclude  that  the  Cantrell  and  Hart  definitions  of  acoustic  energy  density  and  flux  are  useful  (i.e. 
yield  a  conservation  law)  only  for  flows  of  the  type  described  in  section  3.1.  In  the  general  case, 
Mtfhring  [A]  has  shown  that  generalized  versions  of  E  and  nay  be  defined  so  as  to  yield  acoustic 
energy  conservation  Lt  any  linearly-perturbed  flow^of  an  ideal  fluid;  but  the  generalized  E  and  N 
values  involve  auxiliary  potentials,  which  are  not'  explicitly  related  to  the  local  pressure  and 
velocity  perturbations. 

3.3  Energy  sources  in  flows  of  uniform  entropy 

In  the  special  case  where  Vs  is  zero,  the  linearized  version  of  equation  (28)  becomes 


3v  .  -  -911  ♦  J.’ 


(Jk  ■  x. x  se>- 


Using  equation  (30)  in  place  of  (22)  then  g.ves 

<31) 

for  the  rate  of  acoustic  energy  production  per  unit  volume. 

This  result  offers  the  prospect  of  identifying  sources  of  aerodynamic  sound  in  flows  with  vorticity, 
since  k*  is  zero  outside  the  region  of  rotational  flow.  A  note  of_caution  is  appropriate,  however: 
foi  the  integral  over  the  flow  region  of  P  (or  its  average  value  P)  nay  be  almost  zero  as  a  result 
of  cancellation  between  positive  and  negative  regions.  Physically,  P  represents  a  local  transfer 
of  energy  from  the  mean  flow  to  the  unsteady  disturbance;  the  flow  as  a  whole  exhibits  energy  conser¬ 
vation.* 

The  expression  P  given  above  may  be  written  in  several  different  forms,  all  of  which  arc  equivalent 
to  second  order*;  for  example, 

p  *  o0V<?’ x  *’>  ■  %  V •  <y. x  ?■>  <32> 

where  denotes  the  ratio  The  last  expression  above  is  the  one  given  by  Goldstein. 

3.4  Geometric  acoustics 

Although  tnc  definitions  of  E  and  introduced  above  imply  a  non-vanishing  production  term  (P) 
for  general  flows,  the  value  of  P  tends  to  zero  for  sound  propagation  in  an  ideal  fluid  in  the  short- 
wavelength  limit.  The  one  modification  required  to  equations  (26)  and  (27)  is  the  replacement  of  j/‘ 
by  the  acoustic  velocity  perturbation  ji' ,  defined  by  equation  (19)  in  a  frame  of  reference  moving  with 
the  local  mean  velocity.  Thus  the  components  of  u'  are 

un'  x  p,/(>oV  V  *  °>  (33) 

normal  and  tangential  to  the  local  wavefront  surfaces. 


When  t*  esc  values  arc  substituted  in  equations  (26)  and  (27),  we  obtain  the  definitions  of  E  and  N 
given  by  Blo<hintsev  [3] .  In  time-averaged  form, 


-  « *  r)<p,2> 


(V  «  component  of  V  normal  to  wavefront) 


and  V  .  7 

l  *  (1  +  7i)(<P')J,>  -  — 2  ?<P'  >)•  (35) 

0  °oCo 

Note  that  these  definitions  arc  special  to  the  geometric  acoustics  situation  (quasi-plane  wave  propaga¬ 
tion),,  and  cannot  be  applied  to  more  general  sound  fields. 

4.  APPLICATIONS  OF  ACOUSTIC  ENERGY 

In  this  section  we  demonstrate  some  appiicacions  of  acoustic  energy  principles  to  flow  acoustics. 

4. 1  High-frequency  sound  transmission  through  a  cylindrical  shear  layer 

Figure  1  shows  a  cylindrical  shear  layer  between  a  jet  and  the  surrounding  flow.  The  energy  conserva¬ 
tion  law  of  geometric  acoustics  will  be  used  to  relate  the  external  sound  field  (region  2)  to  the 
incident  sound  field  m  the  jet  flow  (region  1).  Spreading  of  the  shear  layer  is  neglected;  the 
wavcnormal  angles  (0^,  02)  arc  therefore  related  by 


.  An  exception  is  discussed  m  section  4.3. 

*  Note  that  m.L  »  0  identically. 

*  P.E.  Doak,  unpublished  research  memorandum,  Lockhecd-Georgia  Co.  (1975). 


8-5 


The  physical  origin  of  the  energy  loss  may  be  understood  by  evaluating  the  energy  flux  expicssion  (27) 
in  the  low-frequency  limit:  at  the  duct  exit,  where  p'  •*  0,  this  gives 

Nx  =  Uu’.ou*.  (51) 

Thus  the  axial  flux  of  acoustic  energy  is  dominated  by  the  convection  of  kinetic  energy  perturbations, 
which  are  swept  downstream  in  the  subsonic  exhaust  flow  without  radiating  significant  energy  to  the  far 
field. 

A  theoretical  model  of  the  transmission  process  has  been  studied  by  Munt*,  in  which  the  jet  shear  layer 
is  modelled  by  a  cylindrical  vortex  sheet  attached  to  the  lip  of  a  semi-infinite  thin-walled  pipe. 
Despite  the  idealized  representation  of  the  shear  layer,  which  in  the  experiments  was  turbulent  and  of 
finite  thickness,  the  model  predicts  values  for  the  plane-wave  reflection  coefficient  (R  )  and  the  power 
transmission  coefficient  R 

a  ■  W  ,/W.  (W  .  ■  power  radiated  in  far  field) 

rad  rad  inc  rad  r 

which  agree  well  with  the  various  available  experiments.  In  particulai  the  model  predicts 
°rad  <  *  “  1^  P  (|— ~~j) ^  (M  *  Mach  number  of  flow  m  pipe); 

i.c.  an  acoustic  energy  loss  in  the  transmission  process.  It  is  interesting  to  note,  however, 
a  ,  is  predicted  to  remain  within  1  dB  of  its  zero-flow  value  at  all  frequencies,  provided 

U^c  <0.5. 

J  o 

4.5  Sound  power  radiation  from  a  duct  inlet 

At  a  duct  inlet,  the  flow  remains  irrotational  (except  for  '  thin  boundary  layer)  provided  the  inlet  is 
suitably  shaped  so  as  to  avoid  separation.  It  follows  that  conservation  of  acoustic  energy  may  be 
expected  for  high  Reynolds  number  inlet  flows. 

A  further  consequence  of  the  irrotational  flow  is  that  at  low  frequency*  •  ^  is  predicted  to  be  un¬ 
affected  by  the  mean  flow  into  the  duct,  at  least  at  low  Mach  numbers.  follows  from  the  plane- 

wave  relation 

“rad  "  *  ”  lR$|2  (R^  3  velocity-potential  reflection  coefficient),  (54) 

together  the  prediction  from  Taylor's  acoustic  transformation  [l5j  that  R.  is  unaltered  by  the 

inlet  flow  to  first  order  in  M.  However,  these  theoretical  predictions  have  not  as  yet  been  tested 
experimentally. 


(52) 

(53) 
that 
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SUMMARY 

Absorption  processes  for  sound  waves  in  gases  are  described,  with  particular  emphasis  on 
atmospheric  propagation  over  the  frequency  range  10-105  Hz.  The  topics  covered  include 
molecular  transport  processes  (viscosity,  heat  conduction  and  diffusion  in  mixtures); 
rotational  relaxation  in  air;  vibrational  relaxation  of  H,  and  0,  molecules  in  air  and  the 
influence  of  humidity;  radiative  heat  transfer  due  to  water  vapour;  viscothermal  absorption 
due  to  suspended  particles,  and  the  additional  effects  arising  from  droplet  evaporation  in 
fogs.  In  each  case,  graphs  or  formulae  for  estimating  atmospheric  attenuation  are  provided, 
together  with  references  to  further  information.  The  survey  concludes  with  a  brief  intro¬ 
duction  to  dissipative  effects  in  nonlinear  waves;  sonic  boom  rise  times  in  the  atmosphere 
are  discussed,  together  with  the  spectral  distortion  of  high-intensity  noise. 


1.  INTRODUCTION 

The  propagation  of  small-airplitude  sound  waves  in  a  uniform  stationary  atmosphere  is  closely  des¬ 
cribed  by 

(V2  +  K2)p  =  0,  (1) 

where  K(u)  is  a  complex  propagation  constant  for  single-frequency  waves  (time  factor  e1u*).  The  approxi¬ 
mation  is  good  for  frequencies  well  below  the  relaxation  frequencies  of  the  principal  energy-containing 
molecular  degrees  of  freedom  (the  rotational  and  translational  modes).  For  air,  this  restricts  the 
frequency  to 

f  «  frot  %  0.04  c2/v  *  GHz  (15°u,  1  atm)+;  (2) 

tne  acoustic  wavelength  at  f  .  (the  rotational  relaxation  frequency)  is  only  about  10  times  the  molecular 
mean  free  path,  so  the  Navier-Stokes  equ  ions  cease  to  be  valid  when  condition  (2)  is  not  met  [1,2,3]. 

Equation  (1)  implies  that  the  pressure  in  a  plane  progressive  wave  is  proportional  to 

e"1Kx  »  exp[-  (o  +  iu/c^)x]  (x  =  coordinate  in  propagation  direction).  (3) 

Hare  a  is  the  attenuation  coefficient  and  c  is  the  phase  speed;  dispersive  propagation  occurs  when  c 
differs  from  c0,  the  equilibrium  sound  speed.  At  low  frequencies  K approaches  u/cQ;  moreover,  throughout 
the  frequency  range  for  which  (1)  is  valid  we  have  [1] 

°  "  <7  *7)<<7  (a, cr  positive).  (4) 

c0  t0  c4  c0 

In  the  notes  which  follow,  attention  is  focussed  on  the  attenuation  coefficient  a  rather  than  a. 

This  is  because  for  many  practical  purposes  it  is  the  spectral  energy  distribution  of  the  received  signal 
which  is  important,  rather  than  the  actual  waveform.  According  to  linear  theory,  o  has  no  influence  on 
the  energy  distribution,  since  it  merely  alters  the  relauvc  phasing  of  different  frequency  components. 
However,  during  high-amplitude  propagation  over  large  distances  (e^g.  aircraft  jet  noise  and  sonic  boom), 
dispersive  effects  assume  practical  significance;  this  subject  is  briefly  covered  in  section  6. 

The  attenuation  of  sound  in  uniform  atmospheric  air  is  plotted  versus  frequency  in  Figure  1,  at  20°C 
and  1  atm  pressure  [4],  It  is  immediately  apparent  that  the  relative  humidity  (RH,  %)  is  an  important 
parameter.  The  relative  humidity  and  the  water  vapour  molecule  ratio  (h,  %)  are  related  by 

h  =  (percentage  of  H^O  molecules  in  mixture)  -  (RH) . (Ps/P0) ,  (5) 

where  ps  is  the  saturated  water  vapour  pressure  and  Pq  is  the  atmospheric  pressure. 

The  various  absorption  mechanisms  contributing  to  Figure  1  are  discussed  in  sections  2  and  3.  Two 
additional  mechanisms  not  included  in  Figure  1  are  radiative  heat  transfer  and  particulate  attenuation; 
these  are  assessed  in  section  4  and  section  5  (with  particular  reference  to  fog).  Finally,  nonlinear 
effects  are  introduced  in  section  6. 


fc  A 

'Numerical  values  in  this  chapter  refer  to  a  temperature  of  15  C  and  pressure  of  1  atm  as  standard, 
unless  otherwise  specified. 


Numbers  ore  %  relative  humidity  <§>  20  C 


frequency  (Hi) 

FIGURE  1.  Absorption  of  sound  in  air  (1  atm,  20°C)  as  a  function  of 
frequency  and  relative  humidity:  values  calculated  by 
Evans,  Bass  and  Sutherland  [4].  Classical  absorption  is 
shown  by  the  broken  line. 


2.  CLASSICAL  AND  ROTATIONAL  ABSORPTION 

In  a  gas  mixture  such  as  the  atmosphere,  molecular  transport  processes  (shear  viscosity,  heat  conduction 
and  species  diffusion)  give  rise  to  the  so-called  classical  absorption  coefficient  [1 ,5,6,7], 

1  w2v  ,4  .  v  -  1  .  C(1  -  C)  <H1  "  'V2  , 

“cl  =  7  ^3  {7  +  Tr-  +  “Tc  >’  (6) 

The  first  two  terms  represent  viscous  and  heat  conduction  effects  respectively;  the  diffusion  term  is 
calculated  for  a  two-component  mixture  model,  with  molecular  weights  (11, .MO.  Other  quantities  in 
equation  (6)  are  defined  as  follows: 

C,  (1-C)  mass  fractions  of  species  1  and  2  in  gas  mixture 

Pr  Prandtl  number  v/K  (K  =  thermal  diffusivity) 

Sc  Schmidt  number  v/0^  (D^  =  species  diffusivity) 
y  specific-heat  ratio  of  mixture 

v  kinematic  viscosity  of  mixture. 

The  largest  contribution  to  a  ,  in  air  (about  70%)  comes  from  the  viscous  term.  The  heat  conduction 
term  accounts  for  most  of  the  remainder.  The  diffusion  term  contributes  only  abouu  0.5%  to  the  classical 
absorption  in  air;  the  principal  components  involved  are  oxygen,  nitrogen  and  argon. 

Measurements  of  a  at  high  frequencies  (well  above  the  vibrational  relaxation  frequencies  discussed  in 
the  next  section)  show  the  correct  f2  dependence,  but  yield  values  of /<  about  31%  greater  than  equation  (6) 

pr“dicts  (compare  Figure  1).  The  discrepancy  is  attributed  to  rotational  relaxation  of  IU  and  0 . 

_ rvr,  a  i/ir /-ao' Fu  in  flin  f  ran  i  irtr\  r\t  P.inflP  AllfTWOri  hv  (?\  rMlflVP  .  An 


rolecules, which  may  oe  modelled  as  a  bulk  viscosity  in  the  frequency  range  allowed  by  (2) 
empirical  formula  due  to  Sutherland  [8]  predicts  the  total  (classical  plus  rotational)  ab 

a(CR)  =  0.159  g(T).F2/P  dB/km  (at  frequency  F  kHz) .* 


2)  above.  An 
absorption  as 


+A  further  contribution  due  to  water  vapour  becomes  comparable  in  hot  humid  air,  but  for  air  tempera¬ 
tures  less  than  40°C  its  effect  on  the  total  classical  plus  rotational  absorption  remains  small  (see  remarks 
on  equation  (7)  below). 

‘Values  of  a  (in  dB/km)  are  related  to  a  (in  neper/m)  by  a  =  8686a. 


Equation  (7)  refers  to  dry  air,  at  a  terrperature  T(K)  and  pressure  P(atm).  The  presence  of  water 
vapour  in  significant  concentrations  alters  the  viscosity  and  lenders  the  formula  inaccurate,  but  the 
error  is  less  than  3%  for  teirperatures  below  20°C.  The  temperature  correction  factor  g(T)  equals  1  at  Q - 
15°C,  and  is  given  by  / 

g(T)  =  rrrre?  (^70  <  T  <  220  K;  see  [9]  for  higher  temperatures).  (8) 

Figure  1  shows  that  the  classical  plus  rotational  absorption  is  typically  of  secondary  importance  in 
humid  air  over  most  of  the  audio  frequency  range,  although  it  becomes  dominant  at  ultrasonic  frequencies. 

The  additional  absorption  shown  in  Figure  1  arises  from  vibrational  relaxation  processes,  as  described  in 
the  following  section. 

3.  VIBRATIONAL  RELAXATION  ABSORPTION 

In  air  at  equilibrium,  a  small  but  finite  fraction  of  the  internal  energy  resides  in  vibrational 
modes  of  the  02,  N,  and  CO?  molecules.  Rapid  changes  of  pressure  -  as  in  a  sound  wave  -  cause  departures 
from  equilibrium,  Because  of  the  relatively  slow  response  of  these  vibrational  modes  to  changes  in  trans¬ 
lational  and  rotational  energy  of  the  molecules.  The  rate  of  approach  to  the  equilibrium  energy  dis¬ 
tribution  is  characterized  by  the  vibrational  relaxation  frequency,  fr,  of  each  mode. 

The  theory  of  molecular  relaxation  absorption  is  well  set  out  in  references  [5]  and  [10]  .  It 
predicts  the  attenuation  coefficient  of  a  single  relaxation  process  as 

“vib  *  Af2/D  *  <f/lV2]  *  (?) 

-  Af2  (f  «  fr) 

-  Af-  (f  »  fr)  . 

Thus  a  ,,  increases  as  (frequency)2  initially,  in  the  same  way  as  a  , ,  but  levels  off  to  a  constant  value 
beyondvtne  relaxation  frequency.  The  u  ..  contributions  from  different  vibrational  modes  are  additive 
at  atmospheric  temperatures,  since  each  mode  contributes  only  a  small  fraction  of  the  total  internal 
energy: 

“vib  =  avib<°2)  +  avib(N2>  f  avib<C02’  transverse)  +  ...  .  (10) 

Only  the  three  contributions  above  will  be  discussed  nere,  since  they  account  >  the  whole  of  «  in  air 
to  within  the  accuracy  of  available  data.  0 

In  dry  air,  fr(02)  and  fr(N2)  are  very  low  -  of  order  10-20  Hz  -  and  f  (CO,)  is  around  10  kHz.  The 
oxygen  ancTnitrogen  absorption  rates  at  audio  frequencies  are  correspondingly  low,  levelling  off  at  between 
1  and  2  dB/km,  and  their  contribution  can  be  identified  in  Figure  1  at  the  low-frequency  end  of  the  OX 
humidity  curve.  The  contribution  from  C02  relaxation  becomes  significant  between  1  and  10  kHz  (same 
curve);,  it  is  roughly  comparable  with  the^dassical  absorption  over  this  range. 

The  addition  of  H20  as  water  vapour,  however,  greatly  increases  fr(02)  and  f_(N,).  Collisions  with 
H20  molecules  help  to  couple  the  translational  modes  with  the  vibrational  modes  of  02  and  h2,  so  that 
equilibrium  is  reached  much  more  quickly.  A  similar  but  relatively  small  effect  is  expected  with  CO,; 
this  is  because  at  the  low  C02  concentration  present  in  air,  collisions  with  any  lUO  molecules  present 
will  be  relatively  infrequent  ror  C02  as  compared  with  02  and  N2- 

The  overall  effect  is  to  increase  the  attenuation  rate  in  humid  air  relative  to  dry  air,  particularly 
in  the  frequency  range  from  1  to  50  kHz.  The  relaxation  frequencies  f r( Op )  and  f  (fJ2)  are  moved  up  into 
the  audio  frequency  range,  while  the  product  Af  remains  essentially  unchanged;  enus  a  rises  to  a  much 
higher  plateau.  This  may  be  seen  in  Figure  1,and  more  clearly  in  Figure  2  where  the  principal  contri¬ 
butions  are  plotted  separately. 

The  parameters  A  and  f  in  equation  (9)  depend  on  temperature,  water  vapour  concentration  and  pressure. 

The  product  Afr  is  predictable  theoretically  [10],  and  is  relatively  well  established  for  both  the  02  and 
N,  contributions.  However,  values  of  f  have  to  be  determined  by  experiment  and  there  is  considerable 
scatter  in  the  data  [8].  Estimated  relaxation  frequencies  for  saturated  air  (RH  =  100)  are  plotted  in 
Figure  3,  and  corresponding  A  values  in  Figure  4,  but  actual  values  may  deviate  by  up  to  15%  (0,)  or  35%  (N,) 
over  the  temperature  range  given.  ‘  c 


In  order  to  adjust  the  values  in  Figures  3  and  4  for  changes  in  relative  humidity,  the  following  fac¬ 
tors  may  be  applied: 


(«2) 

(°2) 


(RH) 

(PJ1)1  -3p_0-3 


A  «  (RH) 
A 


-1 


(RH)"1’3?0'3 


(no  P  dependence) ,  ) 
) 
) 


(11) 


Here  P  is  the  pressure  in  atm.  The  scaling  laws  above  are  expected  on  theoretical  grounds  to  hold  down 

to  absolute  huriJitijs  of  about  h  =  0.02  (per  cent.),  but  supporting  data  are  scarce  below  h  =  0.1 

[8,11,12]. 

3 . 1  Prediction  methods  for  relaxation  absorption  in  air 

Detailed  formulae  for  predicting  lb,  and  02  vibrational  absorption  in  air  are  given  by  Sutherland  [8] 
and  Bazley  [11].  The  latter  report  includes  tables  for  the  total  absorption  at  frequencies  from  500  Hz  to 
100  kHz,  teirperatures  from  0  to  30°C,  and  relative  humidities  from  10  to  95  per  cent.  Similar  tables, 


fvio.«..oo  f,«,„cn£),  Attenuation  (dBAm) 


Frequency  (Hz) 


FIGURE  2.  Absorption  of  sound  in 
air  (1  atm,  20°C)  at  40%  relative 
humidity,  showing  the  breakdown  at 
different  frequencies  [II].  The 
curves  labelled  N2  and  02  represent 
the  contributions  due  to  vibrational 
relaxation  of  nitrogen  and  oxygen. 


7cfnp.jfO»vf«  (&C) 


FIGURE  3.  Vibrational  relaxation  frequencies 
of  Hj  and  0j  in  air,  as  a  function 
of  temperature  at  100%  relative 
humidity. 


FIGURE  4.  Values  of  t‘ e  constant  A  in  the 
relaxation-attenuation  equation, 
for  vibrational  relaxation  of 
M2  and  02  in  air  at  1 OOX 
relative  humidity. 
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but  bated  on  the  formulae  given  in  reference  [12]  ,  are  available  from  the  Engineering  Sciences  Data  Unit 
[13]  ;  these  cover  frequencies  from  50  Hz  to  TOO  kHz,  temperatures  from  270  to  310  K,  and  pressures 
P  =  0.8  to  1.1  (atm).  These  predictions  may  be  taken  to  supersede  the  SAE  methods  of  1964  [14]  and  1975 

[IS)- 


The  accuracy  of  all  the  above  prediction  methods  is  limited  by  uncertainties  in  f  (02)  and  f  (N,). 

The  scatter  in  the  available  measurements  indicates  that  over  the  temperature  range  0  to  40°C,  a  L  can  be 
predicted  with  certainty  only  within  a  factor  1.2  (for  0,  relaxation)  or  1.4  (for  N,  relaxation)!110  Since 
these  two  mechanisms  between  them  dominate  the  total  attenuation  in  the  audio  frequency  range,  similar 
factors  must  be  presumed  to  apply  to  the  absorption  tables  [11,13].  This  is  borne  out  by  detailed  com¬ 
parison  of  the  NPL  and  ESDU  tables,  which  differ  by  a  factor  of  up  to  1.4;  the  largest  discrepancies  occur 
either  side  of  the  N2  relaxation  frequency  (typically  500  Hz  -  2  kHz)  where  the  absolute  attenuation  rates 
are  relatively  smallf 

3.2  Further  practical  problems 

When  sound  propagates  over  distances  of  order  1  km  or  more  in  the  atmosphere,  the  difference  in 
attenuation  between  two  frequencies  only  one-third  octave  apart  may  amount  to  several  dB  at  high  frequencies. 
Use  of  1/3-octave  band  analysis  in  such  situations  requires  special  care;  it  is  clearly  not  adequate  to 
apply  an  average  attenuation  rate,  based  on  the  band  centre  frequency,  to  the  band  as  a  whole. 

Methods  of  estimating  attenuation  for  finite  bands  of  noise  are  presented  in  references  [13]  and  [16]. 
They  should  be  used  with  caution,  however,  as  the  need  for  a  significant  bandwidth  correction  indicates  a 
rapidly-sloping  spectrum  which  should  preferably  be  resolved  by  analysis  at  a  narrower  bandwidth.  Further¬ 
more,  the  possibility  of  nonlinear  spectral  transfer  should  be  borne  in  mind  under  these  conditions  (see 
section  6  below). 

An  additional  problem  encountered  in  atmospheric  propagation  is  that  a  may  vary  significantly  along 
the  propagation  path.  This  is  allc  for  in  principle  by  integrating  the  attenuation  along  each  ray 
path  of  interest;  bect.se  o  depends  nsitively  on  temperature  and  humidity,  meteorological  data  are 
required  at  points  along  the  ray.  Practical  guidance  in  allowing  for  atmospheric  non-uniformity  is  given 
in  reference  [13]. 

3.3  Dispersion  of  sound  due  to  molecular  relaxation 


Although  a  knowledge  of  the  attenuation  coefficient  a  is  often  all  that  is  required,  there  are 
situations  where  the  dispersion  of  sound  waves  is  important.  This  is  evidently  the  case  if  we  need  a 
description  of  the  acoustic  -eform  p(t).  Even  if  we  are  concerned  only  with  the  power  spectrum  of  the 
signal,  however,  dispersion  w.jmes  relevant  when  the  propagation  is  nonlinear.  Two  examples  of  nonlinear 
propagation  are  discussed  in  section  6. 

According  to  relaxation  theory  [5,10],  dispersion  and  attenuation  are  related  for  nearly  unexcited 
modes  by 


o(f) 


n  STFT 

n  n 


“n(f>- 


(12) 


The  summation  in  equation  (12)  is  over  the  various  relaxing  modes  with  relaxation  frequencies  f  .  Thus 
o(f)  may  be  calculated  for  air  from  the  data  on  nylb(02,N2)  referred  to  earlier. 


4.  ELECTROMAGNETIC  RADIATION  ABSORPTION 

Although  air  is  virtually  transparent  to  radiation  in  the  optical  waveband,  it  is  strongly  absorbent 
at  certain  infra-red  frequencies.  One  of  the  principal  absorption  processes  involves  the  rotational 
excitation  of  water  vapour  molecules;  the  absorption  of  sound  which  results  from  this  radiative  transfer 
mechanism  has  been  estimated  by  Calvert,  Coffman  and  Querfeld  [17].  The  basic  theory  of  radiative 
absorption  wnich  they  use  is  set  out  by  Smith  [10], 

At  high  frequencies  ;  typically  above  1  kHz  in  air)  the  electromagnetic  absorption  over  one  acoustic 
wavelength  becomes  small.  This  is  the  almost-transparent  limit,  for  which  the  theory  predicts  an 
absorption  coefficient  o(EM)  independent  of  frequency  and  proportional  to  h/cn  (h  is  the  percentage  of 
absorbing  molecules,  H20  in  this  case).  Using  the  values  in  [17]  to  find  the  constant  of  proportionality 
gi  ves 


a(EM)  a  32  R/Cq  d8/km  (high-frequency  limit).  (13) 

At  lewer  frequencies  the  dependence  of  o(EM)  on  humidity  and  temperature  is  complicated,  but  the 
numerical  values  in  [17]  indicate  that  down  to  0.01  Hz  the  attenuation  rate  is  roughly 

a(EM)  =  0.011  F0-8  dB/km  (H) 

at  F  kHz,  under  typical  atmospheric  conditions. 


fThe  differences 
they  are  fairly  small 


concern  the  temperature  dependence  of  f  for  02  and  N,.  Over  the  range  0  to  40°C, 
compared  with  other  uncertainties  in  the  prediction  method. 


f 


Although  the  estimates  above  are  for  one  infra-red  absorption  process  only,  they  are  believed  to  give 
the  correct  order  of  magnitude  for  radiative  absorption  in  the  atmosphere.  It  is  interesting  to  compare 
these  values  with  those  for  N,  relaxation,  which  is  the  principal  absorption  mechanism  in  humid  air  below 
about  1  kHz.  Taking  a  relative  humidity  of  100*  (which  gives  the  lowest  value  of  A  in  equation  (9))  we 
find 


a(EM)  <  0.03  av1b(N2)  for  f  >  50  Hz.  (15) 

Thus  radiative  transfer  is  insignificant  above  50  Hz,  but  may  become  significant  at  infrasonic  frequencies 
because  of  its  f0-**  dependence  (as  compared  with  f2  for  vibrational  relaxation). 


5.  ABSORPTION  DUE  TO  SUSPENDED  PARTICLES  AND  FOG 


Significant  Increases  in  atmospheric  absorption  below  10  kHz  can  be  caused  by  fog.  Other  suspended 
particles  may  also  cause  sound  attenuation,  although  the  behaviour  of  volatile  particles  such  as  water 
droplets  is  somewhat  different  from  that  of  non-volatile  particles  such  as  smoke  or  dust.  In  all  cases  the 
additional  attenuation  is  approximately  proportional  to  the  particle  mass  loading  m,  defined  as  the  mass  of 
suspended  particles  per  unit  mass  of  the  surrounding  gas. 

5.1  Non-volatile  particle  suspensions 


The  theory  of  sound  attenuation  by  non-volatile  particles  is  summar.-eu  in  references  [l9j  and  [20], 
Dissipation  is  caused  by  heat  conduction  and  viscous  drag  between  the  gas  and  suspended  particles.  For 
each  mechanism,  the  attenuation  coefficient  varies  with  frequency  according  to  the  relaxation  equation  (9); 
the  contributions  from  the  different  mechanisms  are  additive.  The  relaxation  frequencies  and  high-frequency 
absorption  limits  for  nor.-volati le  aerosols  are  as  follows. 

(Heat  conduction) 

For  particles  ot  diameter  d  in  a  pas  of  thermal  conductivity  k  the  thermal  relaxation  frequency  is 

fc  =  kd/(particle  heat  capacity)  =  ^  »  (16) 

0|d 

where  subscript  1  refers  to  the  particle  material,  x  is  the  specific-heat  ratio  C  ,/C  ,  and  u,  Pr  are  the 
viscosity  and  Prandtl  nunber  of  the  surrounding  gas.  The  hi^i-frequency  absorption  coefficient  depends 
additionally  on  y  (the  ratio  Cp/Cy  for  the  gas  phase)  and  Cq  (the  equilibrium  speed  of  sound): 

(°JC  =  m  f*  ^Fr^"  ‘  ^7  n<<Tc<<lr)-  <17) 

(Viscous  d>-ag) 

fd  =  |  ud/(particle  mass)  =  ~  .  —Ip  ;  (18) 


(1  «  l 


4  P1  4U1, 


The  physical  significance  of  the  upper  frequency  limits  is  that  the  temperature  within  each  particle 
is  assumed  uniform  (for  the  conduction  mechanism),  and  the  unsteady  viscous  length  scales*  are  assumed 
large  compared  with  the  particle  diameter  (for  the  drag  mechanism). 

5.2  Evaporating  particles  (fog) 

The  possibility  of  phase  changes  (evaporation  and  recondensation)  introduces  complications  into  the 
simple  non-volatile  analysis.  The  basic  equations  have  been  formulated  and  simplified  predictions 
obtained  by  Wooten  and  Marble  [21,22,23j.  A  more  detailed  analysis  was  given  by  Cole  and  Dobbins  [24] 
and  subsequently  shown  to  agree  quite  well  with  measurements  in  air/water  fogs  [25] .  Refinements  to  Cole 

and  Dobbins's  theory  by  Davidson  [26]  reduced  the  predicted  attenuation  for  air/water  fog  by  about  10* , 
improving  the  agreement  with  experiment.  The  following  approximations  are  based  on  the  simplified 
analytical  results  of  Cole  and  Dobbins  [24]. 

(Heat  conduction  -  volatile  particles) 

Coupling  between  phase  changes  and  heat  transfer  modifies  the  relaxation  frequency  for  the  conduction 
mechanism  to 

fce  »  VEv  (2°) 

The  factor  E  is  typically  of  order  2-4  for  atmospheric  fog;  it  is  related  to  the  vapour  mass  fraction  C 
in  the  surrounding  gas  by  v 

M1  Ps 

Ey  =  1  +  (---[— y)  yp  n2Cy  (note  that  Cy  =  yp  ,  since  the  vapour  is  assumed  saturated).  (21) 
*1.0.  the  viscous  boundary  layer  thicknesses  in  the  surrounding  gas  and  in  the  fluid  particles. 


Here  n  (=  h.  /C  T)  is  a  latent  heat  parameter  based  on  the  specific  enthalpy  of  vaporization  hf  for  the 
evaporat1ngfSubftance,  and  M,M,  are  the  molecular  weights  of  the  surrounding  gas  mixture  and  vapour 
respectively. 

The  high-frequency  attenuation  [a^)c  is  not  affected  by  evaporation,  however,  so  equation  (17)  still 
applies. 

(Viscous  drag  -  volatile  particles) 

The  presence  of  evaporation  leaves  equations  (18)  and  (19)  unchanged. 

(Evaporati on/recondensation) 

An  additional  relaxation  process,  associated  with  the  time  taken  to  reach  equilibrium  between  the 
vapour  phase  and  the  suspended  particles,  produces  a  low- frequency  attenuation  band  with  the  following 
properties. 


,  .  „  ,  „  6u  1 

fe  *  n>  x  f  =  m  ■  iP7  ■  — J 

PjQ 


(“Je  -  m  ’  I^Pr  (n‘1Hirn  '  T  ‘  ~ T  (f«m*.fe  =  3Pr‘fd>- 


v  p,d 


(22) 

(23) 


The  upper  frequency  limit  in  equation  (23)  prevents  the  conduction  and  evaporation  ranges  from  overlapping. 
It  may  be  relaxed  if  the  expression  for  a  (f)  is  further  divided  by  the  factor  1  +■  (f/fce)2 ;  then  the 
attenuation  a  reaches  a  plateau  between  tno  frequencies  f£  a, id  fce,  and  falls  off  on  efther  side. 


Frequency  (Hz) 


FIGURE  5.  Absorption  of  sound  in  saturated  air  (1  atm)  containing 
suspended  water  droplets,  for  droplet  diameters  of  1  urn 
and  5um.  The  droplet  mass  loading  (m)  in  each  case  is 
10'3.  Separate  curves  show  the  droplet  and  gas-phase 
contributions  to  the  total  attenuation. 

Figure  5  shows  the  predicted  attenuation  (o  =  a  +  ud  +  a  )  for  air/water  fogs  with  droplet  diameters 
of  1  and  5  pm.  This  corresponds  to  the  lower  end  of  the°size  range  encountered  in  the  atmosphere; 
equations  (17),  (19)  and  (23)  show  that  above  each  relaxation  frequency,  the  attenuation  is .proportional  to 
1/d  .  The  mass  loading  m  has  been  taken  as  10"3;  atmospheric  fogs  range  between  about  10  3  and  10  \  and 
the  theoretical  equations  above  show  that  the  attenuation  is  proportional  to  m  (except  at  very  low  fre¬ 
quencies  where  f  <  f_).  Thus  the  values  used  in  Figure  5  correspond  to  the  high  end  of  tne  attenuation 
range  expected  un^er  normal  atmospheric  conditions. 

Comparison  with  the  air  attenuation  predicted  for  corresponding  conditions  (RH  =  100)  shews  that  belcw 
10  kHz,  fog  can  produce  very  large  increases  in  attenuation.  The  attenuation  is  relatively  insensitive  to 
air  temperature,  but  depends  strongly  on  the  droplet  diameter. 


5 . 3  Summary  of  approximations  involved  in  theory 

(a)  Non-continuum  and  surface  tension  effects  are  neglected.  For  air/water  fogs,  this  requires 
d  >  )  nm. 

(b)  Suspended  particles  are  assured  identical  and  spherical. 

(c)  The  density  and  bulk  modulus  of  the  ^articles  are  both  large  corrpared  with  the  values  for  the 
surrounding  gas. 

(d)  Tha  particle  mass  loading  (n)  is  small. 

(e)  In  the  estimation  of  a  (evaporation  mechanism),  C  is  assured  small  and  the  latent  heat  parameter 
(n)  is  assured  lt.rqr.  (Typically,  n  =  8-10  for  air/water  fogs.) 

(f)  The  Lewis  r.urrbe>  for  the  vapour/noncondensing  gas  mixture  (Le  =  Sc/Pr  =  K/D)  is  close  to  unity. 

(Fcr  water  vapour/air  mixtures,  Le  a  0.84.) 

(g)  The  particles  a re  small  enough  that  departures  from  internal  equiliorium  are  negligible,  and 
are  small  compared  with  the  unsteady  diffusion  length  scales  (velocity,  temperature  and 
concentration)  in  the  surrounding  gas.  These  requi rerents  arc  reflected  in  the  upper  frequency 
limits  oi.  equations  (17)  and  (19). 

5.4  numerical  values  for  air/water  fog 

The  following  relaxation  frequencies  and  high-frequency  attenuation  rates  are  estimated  for  d  =  1  um, 
m  =  10"3,  at  15°C  ar.u  1  atm. 

f.  11.5  Wit 

fce  42  kHz  (a Jc  1500  dB/km 

fd  51.5  kHz  (ajd  4100  dB/km 

fe  48  Hz  (a ij  650  dB/km 

The  valid  frequency  range  (see  (g)  above)  extends  as  far  as  the  beginning  of  the  high-frequenqy  attenuation 
plateau  shown  in  Figure  5.  Above  this  >-ange,  the  attenuation  may  be  overestimated  by  a  factor  of  about  1.5. 

6.  NONLINEAP  PROPAGATION  OF  SOUND  III  THE  ATMOSPHERE 


In  ar  ideal  (nondissipative)  fluid,  non¬ 
linear  propagation  effects  would  cause  sound 
waves  to  distort  and  eventually  form  shocks, 
as  illustrated  for  an  initially  sinusoidal 
signs'  in  Figure  6.  The  principal  effect  of 
dissipative  processes  -  including  the  various 
relaxation  phenomena  described  in  sections  3 
and  5  -  is  to  counteract  the  waveform 
steepening.  If  the  nonlinear  effects  are 
strong  enough,  recognizable  shocks  will 
still  develop  but  will  have  a  finite  rise 
tire.  The  relation  between  the  rise  tire 
(t_)  and  the  pressure  jump  (Ap)  is  dis¬ 
cussed  below. 

The  competing  effects  of  waveform 
steepening  and  dissipative  smoothing  may 
alternatively  be  viewed  in  the  frequency 
domain.  Nonlinear  distortion  of  the  wave 
form  transfers  part  of  the  wave  energy  to 
higher  frequencies;  but  the  build-up  of 
high-frequency  energy  is  opposed  by 
dissipation,  which  attenuates  the  higher 
freauencies  more  rapidly.  A  frequency 
domain  description  is  convenient  for 
studying  nonlinear  propagation  ot  con¬ 
tinuous  signals;  the  governing  equations 
are  outlined  in  the  second  part  of  this 
section. 

6. 1  The  rise  time  of  fully-dispersed 

shock  waves 

The  structure  of  weak  shock  waves 
in  relaxing  gases  (including  atmos¬ 
pheric  air)  is  described  in  detail  by 
Johannesen  and  Hodgson  [27].  He  shall  limit  our  attention  to  fully-dispersed  shocks,  which  are  surficiently 
weak  that  their  speed  (relative  to  the  undisturbed  gas)  lies  between  the  equilibrium  sound  speed  (cfl)  and 
the  frozen  sound  speed  (cf).  The  upper  limit  on  ap  is  accordingly 

y  +  1  (Ap>max  ..  „  .  , 


FIGURE  6.  Progressive  distortion  of  an  initially- 
sinusoidal  plane  waveform  in  the  limit 
of  small  dissipation  (a»0).  The  initial 
waveform  is  labelled  0;  successive  wave¬ 
forms  (1  to  4)  are  shown  for  increasing 
propagation  distances  (doubling  each  tire). 


In  atmospheric  air  free  from  suspended  particles,  the  structure  of  weak  shocks  is  determined  princi¬ 
pally  by  the  N2  and  0-  vibrational  relaxation  processes  described  in  section  3.  We  therefore  interpret 
cf  as  the  sound  speedSvell  above  the  N2  and  02  vibrational  relaxation  frequencies.  The  difference  between 
the  two  sound  speeds  is  given  by 

cf  -  c0  -  co  c‘  <c'  <<  V>  :  (25) 

here  o'  is  tue  vibrational  contribution  (both  N,  and  CL)  tothe  specific  heat  of  air,  divided  by  the  gas 
constant.  Typical  values  are  5-0. 10"3  at  5°C,  and  7- 75. 10  3  at  25°C  [12]. 


Combining  equations  (24)  and  (25)  gives  the  maximum  shock  strength  for  fully-dispersed  shocks  as 


(26) 


Thus  for  air  at  (5-25°C,  1  atm), 


(4PW  ^  07-105  Pa. 


(27) 


Typical  pressure  profiles,  for  (a)  a  fully-dispersed  shock  ard  (b)  a  shock  whose  strength  exceeds  the  above 
limit,  are  shown  in  Figure  7.  The  stronger  shock  exhibits  a  rapid  initial  rise  in  pressure  -  with  a  rise 


FIGURE  7.  Sketch  of  shock  profiles  in  a  relaxing  gas,  showing  definition  of  rise  tine. 

(a)  Fully-dispersed  weak  shock;  (b)  partly-dispersed  stronger  shock  (shock 
speed  greater  than  frozen  sound  speed). 

time  dictated  in  practice  by  faster  relaxation  processes  Such  as  C02  vibration  and  molecular  rotation  - 
followed  by  a  region  at  the  rear  of  the  shock  in  which  tl2  and  Op  vibrational  relaxation  control  the 
approach  to  equilibrium. 


Estimation  of  the  shock  rise  time  in  air  is  complicated  by  the  presence  of  two  simultaneous  (N2  and 
02)  relaxation  processes,  but  some  general  statements  are  possible.  Thus  for  very  weak  shocks,  up  to  a 
limiting  strength  of 

O  ^rr1- c'<"2>*  (Z8) 

p0  max,N2  Y  f  1  c 

the  shock  structure  is  controlled  by  Nz  relaxation;^  here  c‘(IL)  is  the  nitrogen  contribution  to  c'  in  air, 
with  typical  values  of  0-66. 10’3  at  5cc  and  1-29.10*3  at  25°C/  The  corresponding  pressure  rise,  for  air 
at  (5-25°C,  1  atm),  is 


<*P>max,N2  *  9-,7?a'  <29> 

In  the  nitrogen-controlled  region,  the  shock  rise  time  may  be  estimated  from  equation  (30)  below  as 
though  only  N 2  relaxation  were  present.  On  the  other  hand,  shocks  of  more  than  3  times  the  strength  given 
by  (28)  are  controlled  by  02  relaxation  and  their  rise  time  may  be  estimated  from  equation  (30)  as  though 
only  02  relaxation  were  present,  provided  the  fully-dispersed  limit  (26)  is  not  exceeded. 

A  convenient,  if  somewhat  arbitrary,  measure  of  the  shock  rise  time  is  one  based  on  the  slope  at  tne 
mid-pressure  point  (Figure  7).  With  tills  definition,  Hodgson  and  Johannesen  [28]  have  shewn  that  in  gases 
with  a  single  relaxing  mode 

V  *  T  '7+t)  co  A  '  (p^'  '  (30) 

Here  A  is  th-  quantity  plotted  (for  IL  and  02)  in  Figure  4.  Thus  in  atmospheric  air  at  (5°C,  1  atm),  the 
following  rise  times  are  estimated  for  fully-developed  shock  waves. 

I.p  =  5  Pc,  N,  controlled:  tr  =  4  ms  x  (RH/IOO)-' 

op  =  35  Pa,  G,  controlled:  tr  =  0.04  ms  x  (RH/100)'3’3.  (31) 

The  bow  shock  observed  on  tne  ground  from  hich-altitude  supersonic  aircraft  (e.g.  Concorde  in  cruising 
flight)  is  commonly  within  this  ap  range,  and  rise  times  of  2-3  ms  appear  to  Fe  typical  under  these  con¬ 
ditions  [29].  However,  the  rise  time  is  sensitive  to  changes  in  atmospheric  conditions  (temperature  and 
relative  humidity)  as  well  as  shock  strength,  and  it  remains  a  matter  of  some  controversy  as  to  whether 
observed  sonic-boom  rise  times  can  be  fully  accounted  for  by  relaxation  effects  -  as  proposed  in  references 
[27]  and  [22]  -  or  whether  some  other  mechanism  such  as  turbulent  scattering  is  involved. 


/D 


It  Is  instructive  to  compare  the  estimates  in  (31)  above,  in  which  real-gas  effects  are  accounted  for 
with  the  values  obtained  by  considering  classical  and  rotational  absorption  alone.  The  rise  time  in  the  ’ 
latter  case  would  be 

tr  *  (modified  Taylor  rise  time),  (32) 


where  u’  is  the  equivalent  longitudinal  viscosity  f*(4/3  +  (Y-1)/Pr)+K,  .and  v  is  the  bulk  viscosity 
representing  rotational  relaxation  in  air  [5J.  Equation  (32)  gives  (5'C,  1  atfh) 

ap  =  5  Pa,  vibrational  relaxation  neglected:  tr  »  0.03  ms 

ap  =  25  Pa,  ”  "  “  :  tr  »  0.004  ms.  (33) 

Comparison  of  estimates  (31)  and  (33)  illustrates  the  importance  of  accounting  for  vibrational  relaxation- 
the  classical/rotational  rise  times  are  too  small  by  a  factor  of  order  10  to  100  for  such  weak  shocks. 


A  final  comment  on  equation  (30)  is  required  concerning  the  shock  development  distance.  The  rise  time 
given  by  (30)  refers  to  the  asymptotic  steady-state  shock  waveform;  but  development  of  such  a  waveform 
from  an  initially  discontinuous  pressure  jump,  for  example,  involves  spatial  diffusion  over  a  region  of 
thickness  4  'v  cdt  .  Taking  as  a  measure  of  the  diffusion  velocity  the  difference  in  sound  speeds,  (c*  -  c„) 
gives  the  diffuJiin  time  scale  as  td  n.  a/(cf  -  cn).  Thus  the  shock  development  distance  (xA  =  c„t,)  is  of0 
order  1  u  a  u  a7 


co>  = 


(34) 


where  xr  =  Cn/f  the  wavelength  at  the  relaxation  frequency  of  the  dominant  vibrational  mode.  Equation 
(34)  predicts  vbry  large  development  distances  for  very  weak  (((..-dominated)  shocks;  thus  for  the  5  Pa  shock 
considered  above,  xd  is  around  30  km.  Such  large  development  distances  clearly  cannot  be  calculated 
properly  without  taking  account  of  the  way  the  atmosphere  varies  with  altitude;  nevertheless  equation  (34) 

-  which  is  supported  by  numerical  calculations  in  [27]  -  is  useful  for  indicating  orders  of  magnitude. 

6.2  Continuous  wave  propagation  and  spectral  energy  transfer 


We  conclude  this  section  by  examining  the  confined  effects  of  dissipation  and  weak  nonlinearity  on 
continuous  waves  (i .e.  waves  which  are  statistically  stationary  in  time,  or  approximately  so).  Of  par¬ 
ticular  interest  is  the  influence  of  nonlinearity  on  the  power  spectrum  of  the  signal;  as  the  waveform 
distorts,  we  expect  sum  and  difference  frequencies  to  appear,  and  in  the  case  of  a  peaked  spectrum  (such  as 
jet  noise)  nonlinearity  will  cause  a  transfer  of  energy  from  the  peak  frequency  region  to  lower  and  hiqher 
frequencies. 


The  governing  equation  in  the  frequency  domain  is  a  modified  Burgers  equation,  which  for  plane  (one¬ 
dimensional)  waves  takes  the  form  1 

+  o'p  =  y  ■  u  c  3  (x  is  the  coordinate  in  the  propagation  direction).  (3C) 

The  Fourier-transformed  variables  (p,  q)  are  related  to  the  time-domain  variables  (p,  q)  by 
^  1  T 

f(x.o)  =  /  f(x.t')  exp(-iut').dt'  (f  =  t  -  x/c0), 

hi-  ^  x/c0+T 

f(x,u)  =  exp(iux/c0)  .  /  f(x,t)exp(-iot).dt.  (36) 

x/c0 

The  sample  length  T  is  chosen  large  enough  to  give  adequate  frequency  resolution  of  the  signal.  Other 
symbols  are  defined  as  follows: 

2 

q  =  P  (x.t)  square  of  the  pressure  signal 

a'  =  (a  -  iuo)  conplex  coefficient  representing  frequency-dependent  attenuation  and 

dispersion 

3 

c  =  i(v  +  1 ) /o qCq  nonlinearity  coefficient. 

An  equation  for  the  power^spectral  density  of  the  pressure  signal  is  obtained  by  multiplying  equation 
(35)  by  the  complex  conjugate  p*  and  taking  the  real  part  of  the  result.  Ensemble  averaging  and  dividinq 
by  T  gives  [30]  3 


d  ,  2ox  - 
cTx  <e  St 


)  = 


-c  u  e2oX  Q 


pq’ 


(37) 


where  $  is  the  power  spectral  density  of  p  at  any  point,  and  Q  is  the  imaginary  part  of  the  cross-spectral 
density  of  p  and  p2.  Note  that  dispersion,  although  allowed  for,  does  not  appear  explicitly  in  this  result. 

,  Equation  (37)  describes  the  spectral  transfer  process  in  statistical  terms,  for  plane  propagating  waves. 
The  corresponding  equation  for  spherically  spreading  waves  is 


•jj:  (r2e2orSp)  =  -cur2  e2or  Q  (r  =  distance  from  origin).  (38) 

Note  that  in  the  small-anplitude  limit,  the  Q  terms  on  the  right  of  equations  (37)  and  (38)  become 
negligible;  the  equations  then  reduce  to  the^well-kncwn  linear  forms.  Direct  measurement  of  the  right- 
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SUMMARY 

This  report  presents  results  of  the  far-field  pressures  measured  from  three 
different  types  of  moving  sources.  These  acoustic  sources  consist  of  a 
point  monopole,  a  small  isodel  jet,  and  an  aircraft.  Results  for  the  pressure 
time  history  produced  by  the  point  source  show  good  agreement  with  those 
predicted  analytically.  Both  actual  and  simulated  forward  motion  of  the 
model  jet  show  reductions  in  noise  levels  with  forward  speed  at  all  angles 
between  the  source  and  observer.  Measurement  with  the  aircraft  over  both 
an  anechoic  floor  and  over  the  ground  yields  a  method  for  evaluating  the 
transfer  function  for  ground  reflections  at  various  angles  between  the 
moving  aircraft  and  measurement  position. 


INTRODUCTION 

Thu  report  discusses  three  types  of  experiments  on  moving  noice  sources  and  the  interpretation  of  the 
measured  far-field  pressures.  The  experiments  consist  of  i )  a  print  source  moving  above  a  finite 
impedance  reflecting  plane,  ii)  a  model  jet  in  actual  and  simulator  forward  motion,  and  i i i )  an 
airplane  flyover  with  and  without  ground  reflection  effects.  This  work  is  an  intenral  part  of  a 

prediction  scheme  for  the  effects  of  forward  motion  on  noise  radiation.  From  the  practical  point  of  view, 

one  mus*-  account  for  the  effects  of  motion  of  the  sources  and  their  location  relative  to  nearby  scattering 
surfaces. 

In  section  I,  preliminary  information  on  the  motion  of  noise  sources  is  obtained  by  looking  at  the  simplest 

source,  the  point  monopie  (Ref.  1).  The  experiment  is  carried  out  using  a  small  monochromatic  source 

which  behaves  '-ike  an  acoustic  mor.opoie  when  stationary.  The  purpose  of  this  experiment  is  to  determine 
the  behavior  of  the  source  when  in  motion  at  constant  speed. 

There  are  different  types  of  sources  that  radiate  in  the  same  manner  in  a  stationary  medium  but  radiate 
differently  when  in  motion.  The  present  experimental  source  consists  of  a  time  rate  of  introduction  of 
mass,  so  it  should  behave  like  an  acoustic  nonopole  in  the  wave  equation  for  the  velocity  potential.  The 
experiment  was  designed  to  determine  if  motion  yields  the  expected  changes  in  source  directivity. 

The  source  was  positioned  above  an  automobile  via  a  guy  w*re  supported  mast.  The  automobile  was  driven 
at  constant  speeds  over  an  asphalt  surface  past  a  stationary  microphone.  The  resulting  measured  time 
histories  were  then  compared  to  analytical  computations  of  a  monopole  moving  above  a  finite  impedance 
reflecting  piane. 

Section  II  reports  experiments  of  a  model  jet  in  both  actual  and  simulated  motion  (Ref.  2).  The  model 
nozzle  was  first  mounted  above  the  same  automobile  used  in  the  experiments  reported  above.  The  vehicle 
was  again  driven  past  stationary  microphones  in  order  to  quantify  the  effects  of  motion  on  jet  mixing 
noise.  The  nozzle  was  then  t'-sted  in  an  ane.hoic  environment  with  a  free  jet  simulating  the  forward 
motion  The  results  of  these  two  methods  of  obtaining  forward  speed  effects  on  jet  noise  are  compared. 

In  section  III,  tests  conducted  using  a.i  airplane  (a  T-38  NASA  trainer  vehicle)  are  reported.  Measurements 
were  taken  over  an  anechoic  flocr  as  well  as  over  the  ground,  and  auto-correlations  of  these  measurements 
were  ootained  for  short  time  intervals  corresponding  to  a  particular  position  of  the  aircraft.  These 
show  the  dirxt  siqnal  for  tne  microphone  over  the  anechoic  floor  as  well  as  a  combination  of  the  direct 
and  reflecteu  signals  for  the  microphone  above  the  ground. 

The  simultaneous  processing  of  the  signal;  r^eived  by  the  two  nrcrophones  permits  one  to  determine  the 
transfer  function  of  the  Surface  for  a  large  range  of  frequencies  and  source  positions.  This  approach 
will  permit  correction  of  flyover  spectra  for  contamination  by  ground  reflections. 

The  results  of  these  three  tests  are  presented  and  discussed  together  with  recommendations  for  future  work. 


I.  POINT  50URCE  III  MOTION 

The  experiment  was  conducted  by  placing  a  point  source  above  an  automobile,  and  dri"ing  it  over  an 
asphalt  surface  past  sideline  ...icrophones .  An  analysis  for  an  acoustic  monopole  moving  above  a  reflecting 
plane  was  made  and  results  from  the  experiment  and  analysis  are  compared  .’or  oifferent  forward  speeds. 

A.  Description  of  Experiment 

The  experimental  source  consisted  of  a  GO  watt  acoustic  driver  necked  down  to  a  1.52  cm  diameter 
tubular  opening.  When  driven  by  an  oscillator  at  a  discrete  frequency,  the  output  of  this  source  consists 
of  tones  at  the  oscillator  frequency  and  its  harmonics.  By  appropriate  filtering,  the  measured  signal 
consists  essentially  of  a  discrete  frequency. 
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The  source  was  positioned  7.9  m  from  the  ground  above  an  automobile  via  a  guy  wire  supported  mast  (Fig.  1). 
An  oscillator  located  in  the  trunk  of  the  vehicle  excited  the  source  at  a  frequency  of  either  1230  Hz  or 
2310  Hz.  The  automobile  was  driven  at  constant  speeds  ranging  from  13.4  to  44.7  m/z  which  were  recorded  on 
a  strip  chart  within  the  vehicle.  Sideline  microphones  were  located  at  a  closer  approach  distance  of 
11.0  m  and  positioned  3.05  m  and  6.10  meters  from  the  ground  surface.  The  experiment  was  performed  on  an 
aircraft  runway  consisting  of  a  16.5  cm  asphalt  surface  on  top  of  a  concrete  foundation. 

-  POINT  SOURCE 


Figure  1.-  Moving  point  source  experiment. 


Tha  pressure  signals  were  measured  with  1.3  cm  diameter  condenser  microphones  and  recorded  on  magnetic 
tape.  In  both  the  recording  and  reproduction  stages  the  data  were  pa'sed  through  a  band  pass  filter  set 
to  lass  all  the  frequency  components  possible  due  to  the  Dospler  effect  on  the  oscillator  frequency.  The 
analog  tapes  were  digitized  at  the  rate  of  10,000  points  per  second. 

The  oscillator  frequency  was  set  to  an  accuracy  of  _+  t  Hz.  Vehicle  speed  varied  by  no  more  thin  +  0.6  m/s 
over  the  test  aone.  The  frequency  response  of  the  "recording  ar,d  analysis  system  was  estimated  to  be  flat 
within  +  0.5  dB  over  ail  frequencies  of  interest. 

C.  Analysis 

for  the  monopoie  of  angular  frequency  v  and  strength  q0  moving  with  constant  velocity  U  in  the  x 
direction  at  a  distance  h  above  the  x-z  plane  (rig.  2).  the  propagation  is  governed  by: 

□2  <•  (x,  y,  z,  t)  =  -  n0e'k,t  <5(x-Ut)  S(y-h)  4(z)  (1) 

2  2  \  ^ 

where  □  is  the  wave  operator,  V -  -?  — and  i j  is  thr  acoustic  velocity  potential .  Specifying 

the  x-z  plane  to  be  a  locally  reacting  surface  of  normal  impedance  q,  the  velocity  potential  must  sat’sfy 
the  condition: 


1  3_  _  ,3  . 

c  n  “5y 


i>(x,  v,  z,  t)  =  0  at  y  =  0 


where  Z  -  q/pc  ar.d  nc  is  the  acoustic  imredance  of  air. 

Through  the  use  of  a  Lo’-entz  transformation  and  a  subsequent  Fourier  transformation  on  the  spatial 
variables,  the  solution  valid  at  a  sufficient  distance  above  the  plane  is 

*(/,  y,  7,  t)=  (q0/4n)  eiklfZ(ct'H,l)  (e’^VR,  +  CR  eUYS/R2),  (3) 

where 

R,  =  C(x  -  Hct)2  +  «y  -  h)/y)2  a  (z/y)2]1'2,  (4a 

R2  =  [{x  -  Hct)2  <  ( (y  ^  h)/y)2  +  (z/y)2)  l/2,  (4b 

c  =  Z(y  ♦  h)  -  y2(R2  ♦  H(x  -  Hct))  {<c 

Z(y  ih)t  vZ(R2  +  H(x  -  Hot)) 

Mote  that  if  the  Mach  number  M  is  set  equal  to  zero  the  solution  reduces  to  that  for  the  stationary 
source  (Ref.  3)  with  the  reflection  coefficient  given  by 

CR  -  (Z  coso  -  1)/{Z  cosa  >  1),  (5) 

where  a  -  cos"'((y  h)/(x2  +  (y  +  h)Z  +  z2),,,23  is  the  angle  of  incidence.  This  stationary  source 
solution  is  stated  in  reference  3  to  be  a  very  good  approximation  as  long  as  the  observer  is  not  closer 
than  a  half-wavelength  to  the  boundary  surface. 


.  i 
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Hence,  in  addition  to  the  Ken-known  convection  effects  on  the  form  of  the  direct  end  reflected  waves, 
source  ration  introduces  a  convection  tent  into  the  reflection  coefficient.  This  convection  tera  in 
Eq.  (4c)  is  seen  to  De  more  important  for  smell  values  oe  impedance  and  large  incidence  angles  (small 
grains  angles),  and  increases  in  significance  as  the  source  velocity  increases. 


Figure  l.~  Source  moving  at  constant 
velocity  above  a  ground  Diane. 


The  acoustic  pressure  is  obtained  in  the  usual  manner  from  the  velocity  octential  by 

p(x,  y,  z,  t)  <=  -  r'>  e(x,  y,  7 ,  t)/3t.  (6) 


C.  Results  and  Comparisons 

To  investigate  the  effects  of  motion  on  the  experimental  point  source  ar.d  the  extent  to  mich  the  observed 
signal  can  be  predicted  analytically,  various  comparisons  of  the  time  histories-  were  made.  These 
comparisons  are  shown  in  figures  3-5,  in  which  the  mean  square  pressure  in  dii  is  plotted  against  tne 
normalized  time  Ut/o,  where  'J  is  the  source  velocity  ons  o  it  the  closest  approach  distance.  The 
analytical  tear-  square  pressure  was  computed  at  discrete  points  in  time  from  Eq.  (6),  whereas  the 
experimental  values  were  obtained  by  averaging  the  digitized  data  over  a  time  interval  corresponding  to 
a  giver,  increment  in  the  source  travel  distance.  The  comparisons  below  include  the  effect  of  analysis 
time  on  tne  perceived  results  and  the  effects  of  varying  source  velocity  and  observer  height. 


Figure  3.-  Effect  of  analysis  time  on  experimental 
noise-tine  history.  Source  frequency  F  *  1230  Hz; 
source  velocity  U  v  13.4  m/z;  observer  height 
h  -  2.05  m;  analysis  time:  (a)  1.52  cm/point, 

;b)  10.7  cm/pomt,  (cy  152  cm/ppint 


-6~*”-4  -2  0  2  4  '  6 

KORKAUZsO  TIKE  Ut/o 


lo  sec  the  effect  of  analysis  time  on  the  observed  signal,  one  o?  the  experimental  time  histories  was 
analyzed  using  three  different  analysis  tiros.  In  figure  3a,  each  plotted  point  corresponds  to  1.52  cm 
of  source  travel  distance  (1.52  cm/polnt),  whereas  10.7  cs/point  and  152  cm/point  were  used  in  figure  3b 
end  3c,  respectively.  Each  of  the  first  two  curves  show  the  pattern  of  alternate  reinforcements  and 
cancel lat ions  caused  by  the  reflected  wave,  although  the  magnitudes  of  the  cancellations  are  seen  to 
difter  by  as  much  as  10  dS  between  the  two  curves.  (The  same  phenomena  was  obtainable  with  the  theoretical 
results  when  different  time  intervals  Between  computed  points  were  used.)  This  not  unexpected  fact 
illustrates  that  little  information  about  the  reflected  wave  from  an  acoustically  hard  surface  can  be 
obtained  from  a  consideration  of  the  magnitude  of  the  cancellations.  Figure  3c  shows  that  the  details  of 
the  reflection  process  are  irst  if  the  analysis  time  is  net  chosen  small  enough. 


A  comparison  of  the  theoretical  and  experimental  results  is  given  in  figure  4  for  the  two  different  observer 
neights.  The  time  interval  between  computed  points  for  all  the  theoretical  curves  presented  was  chosen  to 
correspond  to  10.7  cn/oo!nt.  Superimposed  on  each  of  these  curves  is  the  signal  that  would  be  received  in 
the  absence  ofthe  ground  surface,  obtained  by  using  a  value  of  zero  for  the  reflection  coefficient.  The 
value  choscr.  for  the  normalized  ground  impedance  in  the  theoretical  curves  was  l  »  4  -  i4,  a  value 
indicative  of  a  fairly  hard  ground  surface.  One  can  see  a  good  agreement  between  the  curves  both  in  shape 
and  in  the  tine  intervals  between  the  alternate  reinforcements  and  cinccllations.  Decreases  in  the  time 
interval  between  successive  reinforcements  and  cancellations  are  seen  to  occur  in  both  the  theoretical  and 
experimental  results  with  increasing  ground  to  observer  distance. 


\ 
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The  effect  of  source  velocity  can  be  seen  in  figure  5.  Since  the  time  axis  has  been  normalized  by  using 
,  ft  the  velocity,  the  shapes  of  the  observed  signal  are  the  same.  (The  erratic  nature  of  the  experimental 
/u  curves  with  increasing  velocity  is  due  to  a  smaller  analysis  time  being  used  as  the  velocity  increases.) 


Wfr- 


Figure  4.-  Variation  of  theoretical  and  experi¬ 
mental  noise-time  histories  with  observer  height. 
Source  frequency  F  =  1230  Hz;  source  velocity 
U  -  13.4  m/s;  impedance  Z  for  computed  curves 
=  4  -  i4;  observer  height  h:  (a)  3.05  m  (computed); 
(b)  6.10  m  (computed);  (c)  3.05  m  (measured); 

(d)  6.10  m  (measured). 
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Many  of  the  above  results  are  qualitatively  predictable  fret  a  simple  consideration  of  the  time  and 
length  scales  involved.  The  purpose  of  the  comparisons  presented  is  to  show  the  gooa  agreement  in  the 
shapes  of  the  experimental  and  theoretical  results.  This  agreement  gives  credance  to  the  assumption  that 
the  experimental  source  indeed  radiates  in  the  same  manner  as  a  theoretical  nor.opole  in  motion. 


Figure  5.-  Variation  of  theoretical  and 
experimental  noise-time  histories  with 
source  velocity.  Source  frequency 
F  =  1230  Hz;  observer  height  h  =  3.05  m: 
impedance  Z  for  computed  curves  =  4  -  14; 
source  velocity  U:  (a)  13.4  m/s  (computed), 
(b)  35.7  n/s  (computed);  (c)  13.4  n/s 
(measured);  (d)  22.3  m/s  (measured); 

(•;)  35.7  n/s  (measured). 


II.  MODEL  JET  III  ACTUAL  Ai(0  SIMULATED  HOTIOII 


The  model  nozzle  was  counted  above  the  automobile  in  the  same  manner  as  the  point  source  and  driven  past 
fixed  microphones.  The  "ozzle  was  then  mounted  in  a  onecho'c  facility  inside  a  large  free  jet  simulating 
the  forward  motion.  These  two  methods  of  obtaining  forward  speed  effects  on  jet  mixing  noise  are  compared 


A.  Tests  with  the  Vehicle 


The  noise  generated  by  the  automobile  in  motion  was  estimated  from  the  test  discussed  in  section  I.  Since 
the  vehicle  noise  is  predominantly  low  frequency,  a  high  pass  filter  can  be  used  to  suppress  much  of 
this  background  noise.  This  necessitates  the  use  of  a  high  speed,  small  diamet-.r  jet  to  maintain  the 
spectral  peak  cf  the  jet  noise  above  the  low  frc-aercy  cutoff.  Hence  a  2.54  cm  exit  diameter  nozzle  run 
at  a  nominal  Mach  number  of  0.85  was  chosen  along  with  a  500  Hz  high  pass  filter.  Since  the  spectral 
peak  of  jet  noise  corresponds  co  a  Strouhd'  mmfcer  near  0.25,  this  peak  should  then  occur  around  3  kHz. 

A  more  obvious  reason  for  the  high  jet  exit  velocity  was  to  obtain  jet  noise  levels  above  that  of  the 
vehicle  noise  throughout  most  of  the  spectra.  Also,  the  high  jet  ’evels  assured  minimum  contamination 
from  upstream  valve  noise. 

Toe  nuzzle  flow  was  provided  by  a  high  flaw  accumulator  filled  with  nitrogen  and  mounted  in  the  trunk  of 
the  vehicle  The  gas  passed  through  a  long  supply  tube  to  the  nozzle  exit.  For  the  chosen  exit  Mach 
nun*'?'  of  0.85,  between  2  and  3  seconds  of  constant  mass  flow  could  be  obtained  fron  thir  system. 

Doth  the  nozzle  and  microphones  were  positioned  approximately  7.6  a  (25  ft.)  aoovc  the  ground  and  the 
closest  approach  distance  between  vehicle  and  microphones  was  about  11  n. 


The  test  vehicle  was  driven  over  an  aspralt  surface  past  six  sideline  microphones  at  a  constant  speed 
within  the  test  section.  The  nicrophcnes  were  positioned  at  *  a  intervals  parallel  to  the  path  of  the 
vehicle.  Since  the  nozzle  supply  system  was  limited  to  about  2.5  seconds,  measurements  at  all  angles 
of  interest  could  not  be  obtained  during  a  single  run.  Hence  each  run  was  set  up  to  obtain  data  for  a 
single  nozzle  to  microphone  emission  angle.  The  vehicle  position  with  respect  to  the  microphones  was 
determined  by  long  metal  strips  that  functioned  as  electrical  switches.  These  were  placed  perpendicular 
to  the  path  of  the  vehicle  and  activated  by  its  tires.  The  signals  produced  bv  these  switches  were 
recorded  along  with  the  nic-oohone  signals.  Each  microphone  signal  was  analyzed  oniy  _ver  3  m  of  vehicle 
ration  such  that  the  midpoint  of  the  signal  corresponded  to  the  desired  r.ozzle-microphone  annle  at  the 
emission  time.  Vehicle  background  noise  was  measured  using  tne  same  procedure  without  the  jet  activated. 

Static  jet  noise  data  at  each  emission  angle  were  obtained  from  two  of  the  six  microphones,  with  the 
stationary  vehicle  positioned  such  that  the  two  microphones  were  located  at  the  ext-ere  angles  of  *ke 
corresponding  motion  run. 


Five  discrete  nozzle-microphone  emission  angles  were  tested,  equallj  spaced  from  30°  to  150°.  Vehicle 
Kach  nimihers  of  0, ,0.04,  0.C8,  and  0.12  were  rur.  at  all  Five  angles,  with  the  exception  that  data  were 
not  obtained  at  the  two  upstream  angles  at  the  highest  ,pecd  due  to  a  significant  masking  0.'  the  *et  signal 
by  the  vehicle  noise.  Each  test  condition  (corresponding  to  a  giver,  vehicle  speed  and  angle)  was” repea  ted 
a  number  of  times,  resulting  ir.  at  least  2  secc  ■<!$  of  data  per  condition. 


Fewer  spectra]  densities(PSO's)  were  obtained  fro*  the  measurements  using  a  constant  bandwidth  filter 
of  ,8  Hz  over  the  range  sOO  Hz  to  20  kHz.  Each  acceptable  data  segment  was  analyzed  and  those  correspond¬ 
ing  tc  a  given  test  condition  averaged. 


The  P5D‘s  for  all  test  conditions  at  a  nozzle-microphone  angle  of  30°  ore  shewn  in  figure  6.  The 
Background  vehicle  noise  (jet-off  condition)  is  shown  as  the  continuous  traces  in  the  lower  part  of  the 
.•gure.  Oata  at  the  highest  speed  in  the  frequency  region  near  4.5  kHz  are  not  shown  since  this  region 
was  contaminated  by  background  noise  Joe  to  acolian  tones  caused  by  the  guy  wires  supoort'ng  the  nozzle 
supply  tube. 
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C.  Comparisons  Between  Vehicle  and  Free  Jet  Results 


The  difference  In  sound  pressure  level  between  static  and  motion  conditions  Is  generally  correlated  anainst 
the  ratio  of  jet  velocity  to  relative  velocity  (the  difference  between  jet  and  forward  velocities).  This 
type  of  comparison  should  yield  consistent  results  for  flight  simulation  studies  (free  jet  or  wind  tunnel) 
since  there  Is  no  relative  motion  between  the  jet  and  the  observer.  However,  in  actual  flight  the  Doppler 
effect  results  In  a  frequency  shift  of  the  entire  spectrum,  so  this  type  of  comparison  (particularly  when 
done  on  a  frequency-by- frequency  basis)  can  be  misleading.  Nevertheless,  in  order  to  reassert  the  main 
findings  of  this  report  in  a  fashion  that  is  commonly  presented,  the  static-to-motlon  OASPL  differences 


are  given  In  figure  10  as  a  function  of  10  log  Mj/Mrgi  for  both  series  of  tests.  The  effects  due  to 
convection  that  are  sometimes  subtracted  from  the  OASpL  differences  before  this  type  of  correlation  Is 
made  (ref.  4)  were  computed  to  be  less  than  0.4  dB  for  all  test  conditions  and  hence  were  neglected. 


The  uncertainty  due  to  the  procedure  used  In  estimating  the  OASPL  for  the  vehicle  tests  leads  to  the 
considerable  scatter  shown  in  figure  10.  The  relative  velocity  exponent  m  lies  somewhere  between 
3  and  6.  The  data  uncertainty  as  well  as  the  test  limitations  of  high  jet  velocity/low  forward  speed 
prevent  a  reasonable  estimate  of  this  exponent  or  its  variation  with  emission  angle.  Nevertheless,  an 
increase  in  noise  reduction  with  Increasing  forward  speed  Is  again  clearly  indicated  at  all  angles  at 
these  low  velocities  for  both  testing  methods. 


Figure  10.-  Change  In  overall  sound 
pressure  level  betwepn  static  and 
motion  conditions. 
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III.  AIRCRAFT  FLYOVER  MEASUREMENTS 


iw/  To  better  estimate  the  effect  of  forward  motion  on  real  engine  noise,  flight  experiments  were  conducted 
°  using  an  actual  aircraft.  There  are  considerable  difficulties  to  overcome  before  Interpreting  the  far 
field  data  from  a  full  scale  aircraft  in  flight.  Existing  studies  on  forward  flight  have  yet  to  address 
these  difficulties  but  have  concerned  themselves  with  more  obvious  practical  prerequisites.  Since  the 
results  of  aircraft  flyovers  are  still  dubious,  it  becomes  important  to  establish  exact  techniques  to 
quantize  the  sound  field  from  a  moving  aircraft.  This  section  focuses  on  one  of  the  fundamental  measure¬ 
ment  problems,  ground  reflections.  Measurements  of  the  far  field  pressure  from  an  airplane  flyover  were 
taken  over  both  an  anechoic  floor  and  over  the  ground.  A  method  is  presented  for  evaluating  the  transfer 
function  of  the  ground  surface,  which  can  be  used  for  correcting  data  contaminated  by  ground  reflections. 
These  corrections  are  independent  of  the  source,  but  depend  on  the  geometrical  orientation  between  the 
sources  and  observer  as  well  as  on  the  distance  from  the  microohone  to  the  ground  surface. 


A.  Method  of  Measurements 

Since  the  objectives  of  this  test  were  to  separate  the  effects  of  reflection  and  to  establish  the  properties 
of  the  reflecting  surface,  microphones  were  located  over  both  an  anechoic  floor  and  a  reflecting  ground. 

The  anechoic  floor  is  shown  in  Figure  11.  It  consists  of  a  semicircular  surface  with  a  radius  of  12.2  m 
composed  of  anechoic  wedges  of  size  0.3  x  0.3  x  0.9  meters.  The  wedges  are  placed  one  meter  above  the 
ground  and  supported  by  wire  mesh. 

Four  equally  spaced  microphones  were  placed  over  the  anechoic  floor,  and  an  additional  four  over  the 
ground  (Fig.  12).  The  microphones  were  oriented  along  the  direction  of  the  flight  path  at  a  height  of 
3.3b  m  above  the  ground.  The  ground  surface  consists  of  packed  turf,  typical  of  surfaces  used  in  aircraft 
flyover  noise  test.  All  the  microphones  are  recorded  simultaneously  on  magnetic  tape  recorder  so  that  the 
measurements  over  the  anechoic  floor  and  over  \.ne  ground  surface  were  taken  at  the  same  time.  The  aircraft 
used  was  a  NASA  T-38  airplane  (Fig.  13).  One  of  the  interesting  features  of  this  aircraft  is  that  the 
two  jets  exhaust  at  the  rear  end  of  the  fuselage,  thus  concentrating  the  emission  over  a  small  area.  The 
test  was  conducted  at  an  altitude  of  h  =  305  meter  at  velocity  of  =  105  m/sec. 


AIRPLANE  FLIGHT  PATH 


Figure  12. -Microphones  positions  a^ove 
the  anechoic  floor  and  above  the  ground 
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Figure  13.-  Geometry  of  T-38  airplane 


B.  Results  and  Discussion 

The  data  collected  in  one  flyover  was  recorded  over  the  time  period  of  14  seconds.  During  this  time  the 
aircraft  moved  over  a  140°  arc  with  respect  to  the  reference  microphone.  Seven  auto-correlations  were 
obtained,  each  over  one  record  time  interval,  centered  at  the  angles  8  =  36°,  55°,  90°,  124°,  144°,  156°, 
and  160°  (Fig.  14).  The  overhead  position  cf  the  airciaft  (90°)  is  chosen  as  reference,  such  that  at 
0  *  36°  the  airplane  is  four  seconds  ahead  of  the  reference,  and  at  9-  160°  is  is  eight  seconds  past 
the  reference. 


yt  -  -  8  sec 


rt  =  -  6  sec  yt  s-4sec  X  ~  -  1  sec  J—  i.Osec-*l 


-t  =  2  sec  yt  =  4sec 


mr  Vf=105m/sec 


PLANE  OF  THE  MICROPHONES 


Figure  14.-  Positions  of  the  aircraft  for  data  analysis 


The  auto-correlations  taken  over  the  anechoic  floor  are  smooth  while  those  taken  over  the  ground  contain 
a  second  peak  (Figs.  15  and  16).  The  time  delay  of  this  peak  depends  on  the  position  of  the  aircraft 
with  respect  to  the  microphone  and  is  associated  with  the  retarded  time  between  the  incident  and 
reflected  signals.  At  t  =  o,  the  auto-correlation  measured  over  the  ground  consists  of  the  direct 
signal  and  the  reflected  signal  that  was  emitted  at  an  earlier  time,  whereas  the  second  peak  at  the 
time  delay  t  »  +  2h  sin  9/c  consists  of  the  correlation  of  the  direct  signal  with  itself  after 
reflection. 

In  order  to  separately  resolve  the  two  peaks,  the  time  delay  of  the  secondary  peak  must  be  large  in 
comparison  with  the  correlation  time  scale  of  the  direct  signal.  The  measured  signal  can  also  be  deconvoluted 

o?  can  be  interpreted  35  the  convolution  of  the  transforms 

The  position  of  the  aircraft  was  determined  from  the  auto-correlations  over  the  ground.  Notice  that  the 
time  delays  of  the  secondary  peaks  in  Figure  16  Increase  from  9  =  36°  to  90°  and  then  decrease  again 
as  the  angle  becomes  larger  than  90°,  as  expected  from  the  expression  relating  To  to  6.  Use  of  this 
expression  along  with  the  measured  value  of  t0  then  yielded  the  aircraft  portion  (i.e.,  0)  at  the 
emission  time  of  the  direct  signal.  In  addition  to  using  the  auto-correlation  to  determine  the  position 
of  the  aircraft,  the  cross  correlation  between  two  adjacent  microphonescan  also  be  used  to  estimate  the 
speed  of  the  aircraft. 

The  main  objective  of  this  experiment,  however,  is  the  evaluation  of  the  transfer  function  (T)  of  the 
reflected  signal  from  the  surface.  This  function  is  defined  as  the  ratio  between  the  spectrum  measured 
over  the  ground  (Sg)  to  that  measured  over  the  anechoic  floor  (Sa)  over  the  same  time  interval,  and  depends 
on  the  angle  9,  the  distance  of  the  microphone  from  the  ground  (h),  and  frequency. 
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Figure  15.-  Unnormalized  auto-correlations  over  the  anechoic  floor. 

Computed  results  of  this  transfer  function  are  shown  in  Figure  17  for  three  different  values  of  0.  The 
oscillatory  behavior  is  due  to  the  fact  that  the  spectra  from  which  the  transfer  function  was  derived  are 
themselves  not  smooth  because  of  the  short  averaging  time  necessitated  by  the  motion  of  the  source.  Also, 
the  nature  of  reflections  leads  to  non-smooth  srectra  measured  ever  the  ground.  However,  fer  the  practical 
purpose  of  correcting  the  ground  spectrum  for  reflections,  the  transfer  function  can  be  averaoed  as  shown 
by  the  smooth  lines  in  Figure  17.  These  curves  show  that  the  corrections  needed  for  ground  reflections 
spread  out  ir.  frequency  as  the  source  approaches  the  overhead  position. 

Using  the  average  spectrum  of  the  transfer  function,  the  ground  spectrum  for  6  3  36°  was  corrected  and 
shownin  Figure  18  along  with  the  two  corresponding  measured  spectra.  As  can  be  seen  from  this  figure, 
the  spectrum  corrected  for  ground  reflections  by  the  transfer  function  agrees  well  with  the  spectrum 
measured  over  the  anechoic  floor. 

Pursuing  ground  reflection  corrections  utilizing  the  transfer  function  approach  rather  than  the  more 
common  ground  impedance  measurements  is  certainly  easier  and  more  practical  for  any  engineering  approach. 
Measurements  of  surface  impedance  are  known  to  be  difficult  and  even  at  the  present  time  these  data  are 
ambiguous  and  1nc'..„plete.  In  addition,  discrete  frequency  measurements  of  surface  impedance  yields  laroe 
scatter  in  resulci.  The  transfer  function  approach  instead  uses  frequency  bands  so  that  oscillations  are 
not  as  pronounced.  Also,  from  the  engineering  approach  it  is  easy  to  understand  and  simple  to  apply. 


Flguis  16.-  Unnormalized  auto-correlation:  over  the  ground 
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Experiments  were  conducted  with  three  different  types  of  noise  sources  in  motion.  A  discrete  frequency 
point  source  moving  over  a  reflecting  surface  yields  results  that  agree  with  those  predicted  analytically. 
Measurements  of  a  model  jet  in  actual  and  simulated  forward  motion  both  show  that  the  noise  decreases  with 
increasing  speed  at  all  observation  angles.  The  fact  that  observed  effects  in  flight  testing  of 
actual  jet  engines  do  not  appear  in  these  model  jet  tests  suggest  that  the  flight  data  includes  installation 
effects  and,  or  sources  other  than  pure  jet  mixing  noise.  Auto-correlations  from  noise  measurements  of  an 
actual  aircraft  in  flight  over  a  ground  surface  gives  an  indication  of  reflections  from  the  existence  of 
a  secondary  peak  in  the  correlation.  This  secondary  peak  also  allows  determination  of  the  position  of 
the  aircraft.  Simultaneous  measurements  over  an  anechoic  floor  and  the  ground  permit  the  evaluation  of  the 
transfer  function  of  the  reflected  signal  from  the  surface  and  hence  allow  the  spectrum  to  be  corrected 
for  ground  reflections. 

There  is  much  work  to  be  done  to  establish  the  effects  of  motion  on  aircraft  noise.  One  step  is  the 
establishment  of  the  temporal  and  spatial  distribution  of  the  sources  in  a  jet  in  a  fashion  amenable  to 
experimentation  for  both  stationary  and  moving  aircraft.  This  technique  has  been  tested  for  a  model 
stationary  jet  in  reference  5.  Furthermore,  it  is  necessary  to  reduce  the  nonstationary  signal  (resulting 
from  the  motion  of  the  aircraft)  into  an  equivalent  stationary  one,  such  that  comparison  can  be  made 
between  static  and  moving  aircraft.  A  preliminary  investigation  of  this  effect  is  reported  in  reference  6. 
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The  single-zero  assumption  is  appropriate  if 
U  <  c  at  all  points  of  Che  source  distribution; 
otherwise  equation  (6)  is  replaced  by  a  summation 
over  the  zeros  of  f(r).  Differentiating  equation 

(5)  with  (y'»  Cq)  constant  gives 

f  *  (t )  ■  -1  +  U  /c  (U  «  component  of  towards 
r  0  r  the  observation  point); 

(7) 

thus  the  pressure  follows  from  equations  (4)  and 

(6)  as 


P(S-  co> 


i_  f  q<*'’  V 

4"  J  |D(t0)|  ' 


(8) 


where  the  Doppler  factor  D  is  defined  by 


FIGURE  1.  Sketch  of  the  function  f(x) 
in  the  vicinity  of  t  ■  tq. 


D  -  1  -  Ur/co,  (D  j*  0) .  (9) 

Equation  (8)  states  that  when  a  moving  coordinate 
source  description  is  used,  the  contribution  from 
each  volume  element  dy'  to  the  pressure 

p(x,  tQ)  contains  a  weighting  factor  | D(tq)|  .  The  quantity  tc  is  the  emission  time  corresponding 
to  the  reception  time  t  ,  and  must  be  determined  for  all  points  of  the  source  distribution  before  the 
volume  integral  (8)  can  8c  evaluated. 


For  supersonically  moving  sources,  D(tq)  may  zero  at  some  point  in  the  source  distribution;  the 
integral  in  (8)  then  contains  a  singularity  which  is  usually  integrable,  but  makes  the  equation  unsuitable 
for  numerical  evaluation.  In  such  cases  it  is  more  convenient  to  use  a  fixed-coordinate  source  descrip¬ 
tion,  as  discussed  by  Hanson  (Yj. 

1.1  Far-field  solution 


Although  equation  (8)  is  valid  for  any  observation  point  jjc,  we  shall  limit  ourselves  in  what  follows  to 
the  acoustic  far  field.  This  allows  some  simplification,  in  that  a  single  representative  value  of  the 
factor  l/r(T  )  may  be  applied  to  the  whole  source  distribution  when  calculating  the  pressure  received 
at  time  t  ;  the  same  also  applies  to  the  Doppler  factor,  when  the  source  frame  of  reference  has  zero 
acceleration.  We  therefore  choose  the  origin  of  to  lie  within  the  source  distribution,  and  define 


R(t)  -  r(jr'  -  0);  (10) 

Too  ■  \(l'  "  0)-  <U> 

Physically,  R  is  the  distance  from  the  origin  (y'  -  0)  to  the  observation  point,  and  tqq  is  the 
emission  time  at  the  origin  corresponding  to  the  reception  tine  tQ.  The  fat -field  solution  may  then 
be  written  as 


p($’  Co)  =  4bR(t  )  j 
oo  J 


-  V 


(12) 


Thr  implications  of  this  result  arc  discussed  in  sections  2  and  3  below. 


2.  FAR-FIELD  RADIATION  FROM  ACCELERATED  SOURCE  DISTRIBUTIONS 


In  this  section,  we  illustrate  with  some  relatively  simple  examples  the  effects  of  accelerated  source 
motion.  The  results  to  be  discussed  arc  all  based  on  the  far-field  equation  (12),  and  for  maximum  simpli¬ 
city  we  ;onsider  the  source  distributions  in  each  case  to  be  acoustically  compact. 


2.1  Tide-varying  volume  displacement  V(t) 


A  distributed  volume  displacement 
a  source  distribution 


z(£,  t)  per  unit  volume  is  equivalent,  according  to  linear  theory,  to 


3t 


(13) 


Thus  the  far-field  pressure  is  given  by  an  expression  similar  to  (12)  above,  but  with  two  extra  time 
derivatives  (with  respect  to  observation  time  tQ): 


p(j<.  to)  = 

The  definition  of  r  ,  namely 


4tjr(t  ) 
00 


(  <3T>: 

1  o 


*<*'•  V 

"TOT 


(14) 


t 


T  ♦  r(x  )/c 


(15) 


gives  (for  constant  jc,  ^‘) 


and  hence 


dt  *  fl  “  U  (t  )/c  Idx  ■  D(t  )dx 
ou  rooJo  oo 


^  ■  D(T) 


(16) 


(17) 


Thus  the  general  far-£ield  result,  for  the  pressure  radiated  by  a  volume  displacement  distribution,  is 


P<S-  V  ”  4sR(t00)  I  3t  /  |D(t0)|  dl'- 


(18) 


At  this  stage  we  introduce  two  simplifying  assumptions: 

(a)  The  variation  of  D(x  )  over  the  source  region,  for  given  observer  coordinates  (x,  t  ),  nay  be 

neglected.  0  %  0 

(b)  Variations  in  emission  tine  x  over  the  source  region,  for  given  (^,  t  ),  are  snail  on  the  time 
scale  of  the  source. 


Assumption  (b)  -  referred  to  as  the  compactness  assumption  -  requires  the  typical  source  frequency  (in 
the  moving  frame)  to  be  small  compared  with  c  D/L  ,  where  L  is  the  spatial  extent  of  the  source 
region  in  the  radiation  direction.  Taken  together ^  (a)  and  (bj  allow  x  to  be  replaced  by  x  in 
the  source  integral,  (18).  ° 


The  final  result  for  a  compact  volume-displacement  source  is  therefore 

p<*>  to)  ■  r«R  4  It5 2  <T&r  V(T))’  (19) 

where  V(x)  ■  jz( y,  t)d^  is  the  total  displaced  volune  and  evaluation  at  x  «  x  is  implied. 

Evaluating  the  derivatives  explicitly  gives  00 

p()J,  t0)  >  g  10  ■  Mr)-3  V  +  (1  -  Hr)"4(3Vllr  +  VMr>  +  (1  -  Mr)'5.3V(Kr)2),  (20) 


as  in  reference  [2]  ;  here  Mr  *  Ur/cQ,  and  time  derivatives  are  indicated  by  dots  ('). 

Equations  (19)  and  (20)  refer  to  the  idealized  ca3e  of  a  compact  source  for  which  the  disturbance  con¬ 
sists  only  of  a  volume  displacement.  We  consider  next  a  complementary  source  model,  in  which  the  only 
disturbance  is  a  force  field  applied  to  the  fluid.  A  compact  moving  body,  which  introduces  both  momentum 
and  volume,  may  be  represented  by  a  superposition  of  the  two  source  types. 

2.2  Time-varying  force  £(t) 


A  distributed  force  with  components  f.(x,  t) 

in  the  linear  wave  equation  for  p.  But  in  a 


q  a  (: 


3x.3x. 

*  J 

radiates  the  same  pressure  to  the  far  field  as 


per  unit  volune  is  equivalent  to  a  source  distribution 
(summation  over  i  *  1,2,3) 
free  field,  a  source  distribution  of  the  form 


(summation  over  repealed  subscripts) 


(21) 


q  ■  (~  “■  |^)n  frr  (subscript  r  denotes  radiation  direction) ; 

o 

thus  the  far-field  pressure  corresponding  to  (21)  may  be  written  down  immediately,  by  analogy  with  the 
previous  example,  as 
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(22) 


With  the  sinplifying  assumptions  (a)  and  (b)  used  previously,  we  obtain  the  compact-force  result 

*<*•  V  lr><wFr(T»-  (23) 

where  Fr(x)  ■  Jf  x)dy  is  the  total  applied  force  in  the  radiation  direction,  and  evaluation  at 
x  *  xqo  is  implied.  Evaluating  the  derivatives  explicitly  gives 


in  agreement  with  Lows  on  [3] . 


p<«’  *„>  *  zhi  «»  -  V~%  * (1  -  V'\‘\ 
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(2A) 
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2.3  Accelerating  body  of  fixed  velum*- 

If  a  compact  body  of  fixed  volume  V  is  nccc.erared  through  a  unifont  fluid  at  rest,  it  will  exert  a 
time-varying  force  ®  on  the  fluid  and  the  far-field  sound  pressure  will  be  a  combination  of  the  two 
previous  results.  In  the  compact  limit,  equations  (20)  and  (24)  give 

0  V  M  3(H  )2  .  ?  F  K 

, .  ...  _  o  o  ,  r _  .  r  ,  ,  1  ,  r  .  r  c  , 

p  4l,R  a-Mr)4  (l-H^3  4«oR  (i-i:r)2  (i-h.)3’ 

.  P  PM 

■  TTT^  (-i— , 


o  v  u(i  -  !i  ) 

o  o^  r 


velocity  of  body) 


is  the  equivalent  total  force  including  the  displacement  effect  £2].  Equation  (25)  is  consistent  with 
equation  (7.4)  in  Ffowcs  Williams  and  Hawkings  [4],  although  the  present  result  was  not  given  explicitly 
by  these  authors.  The  inconprcssiolc  version  of  (25),  i.e.  without  the  (1  -  II  )"2  factor,  was  given 
earlier  by  Lighthill  [5].  r 

2.4  Acoustic  sources  in  steady  circular  motion 

The  special  case  of  steady  motion  in  a  circle  has  been  extensively  investigated  in  connection  with  models 
of  ptopellcr  and  helicopter  rotor  noise.  Analytical  predictions  of  mean  square  far-field  pressure  and 
radiated  power  are  given  for  a  variety  of  compact  idealized  source  types  in  references  £2],  [6]  and  [7]. 
In  particular,  the  effects  of  rotation  on  the  spectral  density  of  the  far-field  sound  are  studied  in 
detail  for  broad-band  sources.  The  reader  is  referred  to  these  papers,  and  references  cited  therein,  for 
further  details. 


2.5  Compact  body  of  volume 


moving  at  constant  velocity 


Wc  conclude  this  section  with  an  example  in  which  sound  is  radiated  as  a  result  of  a  force  F(t)  and 
volume  displacement  V(c),  but  the  force  itself  depends  on  the  motion.  If  a  body  of  constant  shape 
but  variable  volume  is  mo”cd  v/ith  constant  velocity  JJ,  it  will  exert  a  tine-varying  force  on  the 
surrounding  fluid.  Dowling  [s]  has  calculated  the  resulting  far-field  radiation  on  the  assumption  that 
the  flow  round  the  body  is  irrotational  (so  that  the  force  F(t)  exerted  on  the  fluid  is  given  by 
potential  flow  theory):  in  the  case  of  a  pulsating  sphere,  tor  example,  she  finds 

><s»  V 5  zk  <1  -  V-3'5  <26> 

The  Doppler  index  is  -3.5,  as  compared  with  -3  for  a  pulsating  body  which  exerts  no  force  on  the  fluid 
(section  2.1) . 

3.  FAR-FIELD  RADIATION’  FROM  UNIFORMLY  MO.’IN’G  SOURCE  DISTRIBUTION’S 

A  special  case  with  several  practical  application*  is  that  of  uniform  steady  source  notion.  In  this  situa¬ 
tion,  equation  (12)  which  gives  the  far-field  pressure  radiated  into  a  stationary  uniform  medium  can  be 
further  simplified,  by  bringing  the  Doppler  factor  outside  the  volume  integral.  When  this  is  done,  the 

moving-source  solution  resembles  the  solution  for  a  fixed  source  distribution  with  a  modified  time 
dependence.  Applications  to  propeller  and  rotor  thickness  noise  and  to  turbulent  jet  mixing  noise  are 
discussed  in  detail. 

3.1  The  Doppler  transformation 


Wc  consider  the  general  case  of  a  source  distribution  of  order  n,  specified  by 

'i "  (fr^  f<5’’  c)-  <27> 

fhc  far-field  pressure,  with  arbitrary  motion  of  the  source  reference  frame,  is 

p(*’  to) "  4*r(T  )  |  (inT)  frj  1d(t  >i°  “V  ’  (28) 

00  J  s  o  o  '  1  o' 

by  analogy  with  the  displacement-distribution  result  (18).  However,  the  fact  that  U  is  now  steady  and 
uniform  allows  D(tQ)  to  be  replaced  in  the  volume  integral  by  the  representative  value  D(t  ),  which 
does  not  depend  on  y* .  Thus  when  the  source  reference  frame  is  in  steady  translation,  the  far-field 
pressure  is 

p<s-  *„>  -  |  (!r)n  £(*’  -  To)d*/  ■  <29> 

*  0 


Note  that  R  and  D  arc  both  evaluated  at  the  emission  time  ■cqo  in  equation  (29). 

An  expression  very  similar  to  (29)  above  is  obtainca  by  considering  the  radiation  from  a  stationary  source 
distribution  with  a  modified  time  dependence.  To  simplify  the  argument  we  cncosc  a  tine  origin  such  that 
t  ■  0,  and  coordinate  origins  such  that  x  »  x*  at  t  ■  0.  Comparison  of  the  far-field  pressures  pro¬ 
duced  by  the  distributions 


*  -  4>*  £<?:>  »> 


q  -  (fj)"  f<j£.  t/D) 


then  shows  that  the  only  difference  is  the  factor  |d|  which  appears  in  the  moving- source  result  (29); 
a  detailed  derivation  may  be  found  in  reference  [9] . 

It  follows  that  the  far-field  radiation  from  any  moving  source  distribution  of  the  form  (27)  ouy  be  found 
by  transforming  to  an  appropriate  stationary  distribution  as  in  (30) ,  and  multiplying  the  far-field 
pressure  thus  obtained  by  a  factor  |d|~*. 

3.2  Application  to  Propeller  and  Rotor  Thickness  Noise 


By  thickness  noise  is  meant  the  sound  field  arising  from  the  blade  volume  displacement ,  as  discussed  in 
section  2.1.  Nonlinear  effects  are  not  considered,  and  the  rotating  blades  are  regarded  as  acoustically 
compact  in  the  direction  normal  to  the  blade  surfaces,  so  that  the  radiated  pressure  consists  of  a  super¬ 
position  of  contrii  >>rions  -  as  in  equation  (19)  -  from  each  blade  element. 

Uniform  steady  translation  of  a  rotating  propeller  through  the  surrounding  fluid  will  have  the  same  effect 
on  the  thickness  noise,  under  these  conditions,  as  running  the  static  propeller  at  a  different  rotational 
speed  and  applying  a  factor  | D | “ 1  to  the  pressure.  This  follows  from  the  Doppler  transformation  des¬ 
cribed  above,  since  translation  of  the  propeller  leaves  the  thickness  noise  source  distribution  unchanged 
apart  from  the  superimposed  convection. 

The  far-field  pressure  at  a  given  observation  point  is  therefore  obtained  as  follows. 

(a)  For  any  chosen  reception  time  t  ,  the  emission  time  (t  )  at  the  centre  of  the  propeller  disk  is 
calculated,  together  with  the  propeller  position  at  that  mutant. 

(b)  An  equivalent  static  propeller  is  defined  which  has  the  seme  dimensions  but  rotates  at  a  speed  1/D 
times  the  original  speed,  where 

D  -  1  -  Ur(roo)/co.  (31) 

(c)  lhe  position  of  the  static  propeller  is  chosen  no  coincide  exactly  '  ith  the  moving  propeller  at 

t ioe  t  . 
oo 

The  time-history  of  the  received  pressure  is  then  multiplied  by  l/|u|  to  give  the  true  time-history  in 
the  vicinity  of  t  .  For  any  finite  observation  distance  U(too)  ,  the  emission  direction  will  actuall., 
change  with  time  °(although  slowly  on  the  time-scale  of  the  pressure  signel)  and  the  time-history  thus 
calculated  should  be  interpreted  as  a  local  opproxisewtion  arounu  t^. 

3.3  Application  to  Turbulent  Jet  Mixing  Noise 

By  making  certain  assumptions  about  the  similarity  of  static  and  moving  jets,  Michalkc  and  Michel  have 
been  able  to  apply  the  Doppler  transformation  to  jet  mixing  noise.*  The  result  is  a  method  of  predicting 
jet  noise  in  flight  from  static  tests  (or  from  testa  at  a  different  flight  speed)  which  does  not  rely  on 
a  specific  model  of  the  turbulent  jet  structure. 

The  application  to  jet  noise  is  based  on  ighthill’s  acoustic  analogy  |loj,  and  therefore  takes  no 
account  of  the  refraction  processes  known  to  occur  in  high-speed  jets  |ll|  .  Also,  if  is  limited  to 
flight  velocities  parallel  to  the  *et  axis.  Nevertheless,  impressive  agreement  has  been  demonstrated 
in  comparisons  with  aircraft  flight  data.  An  outline  derivation  of  the  main  result  is  given  below. 

We  begin  by  assuming  that  the  mixing  region  between 

a  moving  jet  and  the  ambient  fluid  is  similar  to  /  J 

that  of  a  stationary  jet,  provided  the  fluid  pro-  / 

pcrtics  at  the  nozzle  exit  are  the  same.  Spccifi-  ~  - __ 

cally,  we  assume  that  at  a  fixed  position  relative  /■— " 

to  the  nozzle  (Figure  2),  the  mean  shear  and  the  (  - 

turbulent  velocity  statistics  scale  on  the  'Si - 

velocity  difference  -  Up.  ^  - — —  Up  ^ 

It  follows  from  the  above  assumption  that  the 
equivalent  source  distribution  (q)  for  the  moving 

jet,  in  the  Lighthill  analogy,  is  the  same  as  N.  /. 


that  in  a  static  jet  of  exit  velocity  Uj  -  Up. 
The  effect  of  motion  at  Up  on  the  far- 
field  pressure  is  reproduced  -  according  to  the 
Doppler  transformation  -  by  substituting  (t/Dp) 
for  t  in  the  static  source  distribution 
q(x,  t),  where  Dp  is  the  flight  Doppler  factor 
defined  by 
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Sound  radiation  from  a  moving  jet,  viewed 
in  a  frame  of  reference  moving  with  the 
nozzle. 


De  »  1  +  U-  cos  e/c 
r  r  0 


♦Personal  consunication,  March  1979;  paper  submitted  to  Journal  of  Sound  and  Vibration. 
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The  appropriate  change  of  tine  jcale  nay  be  achieved  physically  by  running  the  static  jet  at  an  equiva¬ 
lent  exit  velocity  Ug,  given  by 

(33) 


UE  -  <Uj  -  y/DF. 


However,  this  has  the  unwanted  side-effect  of  multiplying  the  f3r-field  radiated  pressure  by  an  extra 
factor  D0”2  (relative  to  the  original  static  jet  with  exit  velocity  UT  -  Up)  in  view  of  the  scaling 

r 
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assumption  introduced  earlier.*  Thus  the  raean-squarc  far-field  pressure  from  the  "equivalent  static 
jet"  (exit  velocity  Up)  requires  a  correction  factor  Dp  in  addition  to  the  usual  factor  D, 


Ug)  requires  a  correction  factor 
arising  from  the  Dopplei  transformation. 


The  final  result  may  be  stated  as 
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(34) 


it  applies  to  the  mean  square  pressure  in  the  sane  band  of  observed  frequencies  (relative  to  the  sur¬ 
rounding  medium)  in  the  two  cases.  There  is  no  need  to  Doppler-shif t  the  spectrum  of  the  equivalent 
static  jet,  since  this  is  automatically  allowed  for  in  the  Doppler  transformation  when  the  source  time 
scale  is  modified. 

It  is  possible  to  refine  the  above  analysis  to  make  allowance  for  the  stretching  of  the  jet  mixing  region 
which  occurs  in  flight.  The  simplest  assumption  is  to  regard  the  entire  jet  velocity  field  as  being 
stretched  in  the  axial  direction  by  a  factor  a,  with  local  velocities  remaining  the  sane  at  correspond¬ 
ing  points  in  the  jet. 

The  introduction  of  the  stretching  factor  a  has  two  effects.  First,  the  increase  of  axial  separation 
between  corresponding  pai.s  of  points  leads  to  increased  ttavcl-time  differences  for  acoustic  signals 
reaching  a  given  observer.  This  change  con  be  allowed  for  by  a  change  in  observation  angle,  i*  it  is 
assumed  that  axial  interference  effects  are  the  principal  cause  of  jet  noise  directionality:  it  is 
necessary  to  observe  the  "equivalent  static  jet"  at  an  angle  0_  to  the  axis  given  by 


cos  0_ 


a  cos  0. 


(35) 


The  second  effect  of  stretching  is  to  increase  the  source  volume  by  a  factor  a;  since  the  source  moment 
densities  are  unchanged  locally  ''by  assumption),  the  mean  square  pressure  radiated  in  flight  is  multi¬ 
plied  by  <x2  relative  to  equation  (34).  Thus  the  final  result  with  approximate  allowance  for  jet 
stretching  in  flight  is 
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4.  DIFFRACTION  OF  SOUND  BY  SURFACES  IN  STEADY  NOTION 


The  preceding  discussion  is  based  on  a  free-field  model  in  which  sources  are  convcctcd  through  an  infin¬ 
ite  uniform  medium  at  rest.  If  diffracting  bodies  arc  moving  along  with  the  sources  (for  example,  an 
aircraft  wing  in  the  case  of  aircraft 
noise),  it  is  necessary  to  describe  the 
diffraction  of  incident  sound  in  the 
presence  of  mean  flow  past  th*  b-^dy. 


The  typical  situation  is  sketched  in 
Figure  3,  in  a  franc  of  reference 
fixed  to  the  diffracting  body.  Steady 
translation  of  Che  body  is  assumed,  so 
that  the  relative  flow  field  is  steady. 
It  has  been  shown  by  Taylor  [l2]  that 
if  the  diffraction  process  can  be  des¬ 
cribed  (theoretically  or  experiment¬ 
ally)  in  the  absence  of  flow,  the 
effect  of  a  low  Mach  number  potential 
flow  may  be  accounted  for  by  a 
straightforward  transformation. 

Taylor’s  transformation  uses  a  modi¬ 
fied  time  variable 
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(37) 


where  ❖  is  the  velocity  potential  of 
the  steady  flow  field  relative  to  tii* 
body  (so  that  *»  grad  4-) ,  and  c 
is  the  speed  of  sound  at  infinity 
&rhere  the  flow  is  uniform).  Th«'  sr>acc 
coordinates  arc  left  unchanged.  To 
O(M)  accuracy,  the  propagation  of 
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FIGURE  3. 


Diffraction  of  sound  by  a  streamlined 
body  embedded  in  a  steady  potential 
flow  field. 


*The  equivalent  quadrupole  moment  density  o  v.v.  increases,  in  proportion  to  Che  square  of  the  static 
jet  exit  velocity;  so  also  docs  the  cquivaJcnl  ^dipole  moment  density  (1/p  -  l/p)3p/3x  .,  with  the 
present  scaling  assumption.  0  1 


/ 


snail-amplitude  irrotatior al  disturbances  is  described  in  (x,  t*)  coordinates  by 


7^  s  0  ($  *  perturbation  potential), 

co  ?t' 


as  in  the  zero-flow  ease.  Moreover,  the  rigid-body  bounr’.'ry  condition  is  unaltered  by  the  transforma¬ 
tion  (more  general  boundary  conditions  are  covered  in  rclerencc  [l2j).  Thus  as  far  as  $  is  concerned, 
the  diffracted  field  in  the  presence  of  flow  is  related  to  the  zero-flow  result  by  a  shift  in  the  tine 
variable.  The  acoustic  pressure  p  then  follows  from  the  relation 
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where  oq  is  eh*'  density  at  infinity. 


09) 


Some  insight  into  the  transformation  nay  be  obtained  by  considering  the  special  case  where  no  diffract¬ 
ing  body  is  present  and  the  mean  fio*»  field  is  uniform.  An  acoustic  signal  which  travels  from  the 
source  point  in  Figure  3  to  the  observation  joint  takes  a  tine  R/c  to  cover  the  distance  r  between 
the  two  points,  where  R  is  given  by  ° 
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*  r  -  My  +  0(H). 


(40) 


Physically,  R  is  the  distance  travelled  relative  to  the  noving  fluid.  Thus  if  we  introduce  the  mod- 
ified  tine  variable 

t'  ■  t  ♦  cQ  2$  -  t  ♦  cq  She,  (41) 

the  interval  At'  between  source  and  receiver  is 

At'  -  R/c  ♦  Kx/c  -  r/c  +  0(H2)  (42) 

o  o  o 

with  no  influence  frora  the  flow  to  0(M)  accuracy. 

The  transformation  described  above  is  useful  only  when  the  incident  field  is  given;  thus  if  a  source 
and  a  diffracting  body  arc  noving  together  through  a  uniforn  medium,  the  effect  of  the  source  notion  on 
the  incident  field  oust  be  determined  first  (for  example,  by  the  Doppler  transformation  of  section  3). 

A  further  point  is  that  the  incident  field  must  be  described  in  reception  tine  coordinates  (e.g. , 

(r,  p)  in  Figure  3).  Thus  in  the  situation  of  Figure  3,  changing  the  incident  Mach  number  has  a  some¬ 
what  complicated  effect  on  the  sound  field  at  a  fixed  angle  The  relation  between  incident  and 

diffracted  pressures  is  altered  in  a  predictable  manner,  as  described  above;  but  the  alteration  in 
the  incident  field  for  a  fixed  value  is  not  obtainable  directly  from  the  Doppler  transformation, 
for  example,  since  this  applies  only  to  the  radiation  at  a  fixed  ernosion  angle.  It  fol  _ows  that 
measurements  which  involve  moving  sources  and  moving  bodies  require  careful  interpretation;  the  recom¬ 
mended  procedure  is  first  to  deduce  the  incident  field*  (by  allowing  for  diffraction  effects),  and  then 
to  seek  a  connection  between  the  incident  field  and  the  source  motion. 


5.  SOUND  RADIATION  FROM  TURBULENT  JETS 

The  directionality  of  turbulent  jet  mixing  noise  -  at  least  outside  the  "cone  of  sil  ticc"  caused  by 
refraction  -  is  largely  due  to  the  convcctcd  nature  of  the  turbulent  velocity  field.  In  this  section 
ve  adopt  a  specific  model  of  the  equivalent  sources  in  a  jet,  and  show  how  this  leau'  to  "convective 
amplification"  for  static  jets  and  also  for  jets  in  motion.  We  then  show  how  the  .‘.sulcs  arc  altered 

by  including  the  mean  \ low  field  in  the  radiation  calculation,  with  the  aid  of  the  geometric  acoustics 
approximation. 

5.1  Static  Jets  -  Lighthill  Analogy 

Because  of  the  random  nature  of  turbulence,  we  seek  a  relation  between  the  statistics  of  the  sourez  dis¬ 
tribution  (q)  and  of  the  far-field  pressure  (p).  A  convenient  starting  point  is  the  following  general 
equation  for  the  power  spectral  density  of  p,  in  terms  of  the  cross  spectral  density  of  q  at  two 
points  ty,  l  *  jj)  : 

<4ttR) 2Sp(jc,  «)  «  |  dy  jdrj. u)exp(i^- £.jj) .  (43) 

Here  R  is  the  distance  of  the  far-field  point  £  from  the  source  region,  and  £  is  the  unit  vector 
in  the  radiation  direct*  .n. 


*It  is  assumed  that  no  feedback  occurs  between  the  diffracting  body  and  the  source,  so  that  the  incident 
field  is  unaffected  by  the  body.  Then  if  the  source  position  relative  to  the  body  is  fixed,  the  effect 
of  the  body  on  the  far-field  radiation  pattern  nay  be  deduced  from  experiments  at  a  different  (or  zero) 
translation  velocity. 


11-8 


If  the  source  distribution  is  spatially  coherent  on  a  scale  (Jt)  which  is  snail  compared  with  the  overall 
extent  (L)  of  the  source  region  -  as  is  expected  for  small-scale  turbulence  in  jets  -  the  inner  integral 
in  equation  (A3)  nay  usefully  be  interpreted  as  a  local  property  of  the  source  distribution.  The  "local" 
contribution  to  Sp(u)  per  unit  volume  of  the  source  region  is 

P(u)  «  a«R)''  djj.S  (jq,  u)cxp(i  2-  jj.ji ) 

}  H  o 

■  !»R'2[q(fc,  “)]^/co-  <44> 

where  Q(Jc,  u)  is  the  spatial  Fourier  transform  of  S  (jj,  u)  and  represents  the  source  wavenumber- 
frequency  power  spectrum  per  unit  volume.  ^ 

We  now  restrict  attention  to  jets  of  uniform  density*,  and  introduce  a  specific  model  of  the  source 
space-tire  structure.  According  to  the  Lighthill  analogy,  for  uniform-density  jets 

"  *  Po  (ViVj):  (45) 

thus  we  expect  a  wavenumber-frequency  spectrum  of  the  form 

Q  -  p  2k.k.k  k  <k,  u)  (46) 

^  Ko  i  j  i  m  ijtm^ 

(reflecting  the  double  space  derivative  in  (A5)  above).  The  function  assumed  to  have 

ellipsoidal  contours  in  (£,  o>)  space,  as  shown  n 

in  Figure  A;  the  contours  are  defined  by  the 

equation  **  ~ "  > 

(U-)2  ♦  (klUel)2  *  (k2uc2)2  ♦  (k3ue3)2 

■  constant  -  (w")2  (A7)  s'  /  J  / 


<*>*-«-  k.U  ,  (A8) 

1  c 

and  the  parameters  (U  ,  U  .,  U  .,  U  .)  are 
different  in  general  f8r  each  contour.  Physi¬ 
cally,  U  is  a  characteristic  convection  velo¬ 
city  for  the  source  pattern**,  while  the  para¬ 
meters  Ue»  determine  the  shape  of  each  ellipsoid. 

The  ellipsoidal-contour  assumption  includes  as  a 
special  case  the  Gaussian  form  assumed  for 

by  Ribner  [l3j  and  Ffovcs  Williams  [lA] 
inJtheir  early  work  on  jet  noise.  To  show  that 
it  leads  to  the  well-known  convective  amplifica¬ 
tion  factor,  we  make  use  of  equations  (AA)  and 
(A6):  thus 


FIGURE  A.  Contours  of  the  quadrupole 
source  spectrum  in 

wavenumber-frequency  space, 
shown  for  (k2,k3)  ■  0. 


R2P(oj)  -  Jirp  2.  [k.k.kk  (k,  a)1.  , 

*  0  *-  i  j  Jt  m  ljitn  A*  ,Jk-u£/c 


Here  is  the  value  of  a>"  corresponding  to  J*  ■  u5jj/ cq ,  i.c.  from  equations  (A7)  and  (A8) 

(— )2  -  D  2  -  (1  -  —  cos  6)2  +  (— )2  cos20  +  (%2  sin20. 


where  we  have  used 


2  2 
°2  +a3 


(0  *  radiation  angle  relative  to  jet  axis)  (51) 


together  with  the  assumption  -hat  U  j  ■  -  Uc.  Equation  (50)  defines  the  modified  Doppler  factor  Dq. 

The  convective  amplification  effect  follows  immediately;  equation  (A9)  is  multiplied  by  u  to  bring  it 
into  proportional  bandwiath  (rather  than  spectral  density)  form,  and  becomes 
_  _ 

R  coP(«)  ■  ("♦  (0,  «  ).w  *jl  (52) 

*  A  ^  rrrr  *  m  m  J  j 


*For  a  discussion  of  the  general  ca3e,  see  reference  [ll]. 

**The  convection  velocity  is  taken  as  parallel  to  the  jet  axis  (x^  direction). 


(the  notation  $  -  a.a.a.a  ❖  ...  has  been  introduced  for  brevity).  Equation  (52)  iwy  be  inter¬ 

preted  more  cleaFI$rif  we  coaparc^it  with  the  approximate  form  valiu  for  a  compact''  source  distribution, 
namely, 


R2wP(w)  "  |ti  **~r  *rrrr(0,  m).co5 


(acoustically  compact  coherent  regions).  (53) 


According  to  equation  (52),  the  effects  of  source  convection  and  non-compactness  ace  accounted  for  by 

(a)  Evaluating  the  compact-source  approximation  (53)  with  the  Doppler-shifted  frequency  w  in  place 
of  the  actual  frequency  «; 

(b)  Multiplying  the  re3ult  by 

The  ccnvpctive  amplification  factor  D  ^  is  therefore  superimposed  on  any  directivity  inherent  in  jet 
noise,  and  implies  (for  any  given  o  °value)  a  strong  downstream  bias  in  the  far-field  radiation  from 
high-speed  jets.  This  and  other  impTications  of  equation  (52)  have  been  systematically  applied  by 
Lush  [15]  to  the  study  of  jet  noise  measurements. 

5.2  The  effect  of  jet  notion 

The  preceding  analysis  can  be  extended  to  allow  for  motion  of  the  jet  as  a  whole  (as  for  an  aircraft  in 
flight).  We  shall  adopt  a  frame  of  reference  moving  with  the  nozale,  as  in  Figure  2,  so  that  the 
ambient  fluid  is  moving  at  speed  Up  in  the  jet  direction.  The  wavenormal  direction  is  denoted  by  the 
unit  vector  $jt,  as  previously  (with  *  cos  0). 

For  a  given  wavenormal  direction  -  i.e.  a  given  emission  angle  0  from  the  moving  jet  -  thr  effect  of 
the  uniform  flow  velocity  U_  may  be  deduced  from  the  Doppler  transformation  described  in  section  j.1. 
This  involves  the  jet-motion  Doppler  factor  D_  bated  on  the  velocity  J£  «  (-1’,  0,  0)  at  which  rhe 
jet  moves:  * 

Dp  -  (1  -  JJ.£/co)  -  1  *  (UF/co)cos  0.  (54) 

Motion  of  the  jet  -  described  in  nozzle  coordinates  by  the  wavenumber-frequency  source  spectrum 
Q(^,  co)  -  is  allowed  for  by  defining  an  equivalent  stationery  source  distribution  in  which 

uQ()£,  <«)  is  replaced  by  wDp.Qty,  cDp).  **(55) 

The  pressure  radiated  by  the  moving  source  distribution  is  |d  |  1  times  that  radiated  by  the  equivalent 
stationary  distribution;  thus  the  spectral  equation  corresponding  to  (44), in  a  fluid-fixed  reference 
frame,  is 

[up(u)]r  -  bR'V2[»FI>rQ(V  «Fy^-Vv/co  (56) 

The  notation  is  used  here  to  denote  frequencies  relative  to  the  ambient  fluid. 

Equation  (56)  may  now  be  expressed  in  the  frame  of  reference  attached  to  the  nozzle,  by  noting  that  fre¬ 
quencies  in  this  frame  are  given  by 


w  » 


Thus  relative  to  the  nozzle ,  we  have 


r2p(u)  -  >,r.-2[q<k,  .)]^  ! 


note  that  R  is  used  consistently  to  denote  the  distance  travelled  by  a  wavefront  relative  to  the 
fluid  (i.e.  the  source-observer  distance  a;  the  emission  time).  This  result  '-‘»np»*Tlizes  equation  (44) 
above,  by  allowing  for  a  uniform  flow  field  surrounding  the  source  and  extending  to  infinity. 

When  the  convected-quadrupole  source  model  described  in  section  5.1  is  substituted  in  equation  (58),  wc 
obtain  t'  e  following  result  for  the  spectral  density  of  the  iar-field  pressure: 

p  2 

R2mP(w)  «  Jit— r  ft  (0,  v  ).w  51  D  ~5  .ID,!”1.  (59) 

*  4  >-rrrrv  a  m,rel‘  K1  7 

o 

Here  the  Doppler  factor  D^  is  defined  by 

9  U“UP  9U19'  U99 

K  9  (1  -  ~ r - -  cos  er  ♦  (—)  ccs*0  -f  <-V  sin  0,  (60) 


^’Compact"  here  means  that  over  the  acoustic  wavenumber  range  |k|  <  w/c^,  $rrrr0£»  <*>)  a 

Thus  the  coherent  length  scale  Jt  is  small  compared  with  the  acoustic  wavelength. 

**This  relation  simply  expresses  the  change  in  time  acale  -  and  hence  shift  in  source  spectrum  - 

required  by  the  Doppler  transformation. 


while  the  rradified  frequency  used  to  define  the  source  strength  is 

“m  ‘  “DF_lDa,rel  '  Wei'  <61> 

These  results  agree  with  the  earlier  work  of  Ribner  [i3]  and  Ffowcs  Williams  [l4] . 

Comparison  of  equition  (59)  for  the  moving  jet  with  equation  (52)  for  the  static  jet  shows  three  dif¬ 
ferences: 

(a)  An  extra  factor  |d_|  1  now  appears. 

*  -5  -5 

(b)  The  convective  amplification  factor  becomes  rcj. 

(c)  The  source  spectrum  is  evaluated  at  a  frequency  D  times  the  frequency  relative  to  the 

surrounding  fluid.  m,rc 

Thus  if  jet  noise  measurements  from  a  moving  aircraft  were  to  be  interpreted  using  (59),  a  frequency 
factor  ^  would  be  applied  to  spectra  measured  in  proportional  bands  on  the  ground.  The  height 

of  the  spe&ifutc  would  then  be  corrected  for  source  convection  and  non-compactness  effects  by  multiply- 

in*  b*  Dm,rel!DF*- 


5.3  Geometric  acoustics  radiation  model 

Recent  advances  in  the  understanding  of  jet  noise,  summarized  in  reference  [ll] ,  have  shown  that  the 
agreement  between  theory  and  experiment  can  be  greatly  improved  by  allowing  for  the  jet  mean  flow  field 
in  the  acoustic  radiation  model.  Although  the  general  calculation  is  complicated,  reference  [llj  shows 
that  remarkably  accurate  results  are  obtained  outside  the  co-callcd  "cone  of  silence"  by  using  geometric 
acoustics  (ray  theory^. 


The  application  of  geometric  acoustics  to  sound  radiation  from  a  moving  jet  is  discussed  in  reference 
[l6j.  Figure  5  indicates  the  model  used: 
the  source  region  is  placed  in  a  parallej- 
flov  shear  layer  which  represents  the 
mixing  region  of  a  jet  in  forward  motion. 

Wuvenormal  directions  in  the  source  and 
ambient  regions  are  defined  by  unit  vectors 
and  respectively,  with  correspond¬ 
ing  polar  angles  0  and  6: 


cos  0s  -  asl. 


cos  0  * 


“1* 


(62) 


These  arc  related  by  the  condition  that  the 
axial  phase  speed  of  the  wavefronts  should 
be  the  same  in  each  layer.  Thus 

c^l  "  +  cs/cos  0^  *  Up  +  co/cos  0.  (63) 

The  radiation  calculation  proceeds  in  two 
stages.  First  the  value  of  P.2P(to)  is 
calculated  within  the  source  iwgion,* 
which  gives  a  result  closely  similar  to 
equation  (58)  except  that  Ug,  the  source- 
region  flow  velocity,  replaces  U„. 

Secondly,  the  change  in  R2P(to)  across  the 
shear  layer  is  found  by  energy  conservation, 
as  described  in  references  [16]  and  [l7Jj 
(see  rhw  notes  on  Acoustic  Energy  in  this  series), 
equation  (59),  is 


FIGURE  5. 


Geometric  acoustics  model  for 
sound  radiation  from  sources 
in  a  shear  layer. 


The  final  result,  which  may  be  compared  with 

R2u? (o>)  •  jnD2  ,  <0,  w  ).u  5]b  "5  ,  IdJ'1,  (64) 

1  s,rol  4^-rrrr  #  m  nJ  n,rcl'  Fr  ' 
c  ' 

s 

where  the  modified  frequency  has  the  same  formal  definition  as  previously  -  see  eqiation  (61)  -  but 
the  modified  Doppler  factor  is  altered. 


m,rcl 


“c-UF  „.2  'Jel-Uc,  2„  ,Vn2 
Jl - - - cos  0)  *  ( - J~ )cos  »  ♦  (— )  Ds  rcl. 


The  source-region  Poppler  factor  Dg  ^  which  appears  in  these  equations  is  defined  as 

U  -  U„ 


s.rel 


(1  + 


“F  -l  Us  *  UF 

—  cos  0  )  *  «  1  -  -2 - -  cos  0. 


<S5) 


(66) 


‘According  to  the  GA  approximation  the  source  region  is  many  wavelengths  thick,  so  that  a  far  field  can 
be  defined  locally. 


1M 


Apart  from  the  different  definition  of  D  .  above,  three  significant  features  distinguish  the  GA 
result  (64)  from  the  ,  revious  result  (59)niXewhich  no  account  was  taken  of  the  far  field  in  the 
source  region. 

(a)  The  source  term  in  brockets  is  evaluated  in  the  emission  direction  rather  than  in  the 

external  radiation  direction  This  is  important  if  the  source  is  inherently  directional; 
it  also  limits  the  application  of  equation  (64)  to  angles  outside  the  cone  of  silence. 

2 

(b)  The  mean  square  pressure  is  proportional  to  PQPS»  rather  than  pq  as  previously. 

(c)  An  additional  flow-dependent  factor  appears  in  the  GA  result. 

Finally,  equation  (64)  gives  the  azimuthal  average  of  the  mean  square  pressure  about  the  jet  axis, 
which  is  equal  to  the  local  mean  square  pressure  only  if  the  jet  noise  field  has  no  azimuthal 
directivity  (e.g. ,  a  round  jet). 


f.  RADIATION  THROUGH  A  MOVING  JET  FROM  UPSTREAM  SOURCES 


As  a  final  example  of  propagation  from  moving 
sources,  we  consider  f<ie  situation  sketched 
in  Figure  6.  A  parallel  round  jet  pipe  con¬ 
tains  upstream  sound  sources  which  are  charac¬ 
terized  by  the  wave  field  incident  at  the  open 
end  of  the  pipe.  The  fluid  outside  the  pipe 
is  in  uniform  motion  at  speed  Up,  simulating 
steady  motion  of  the  jet  pipe  through  the 
atmosphere  in  the  opposite  direction. 

Two  limiting  cases  are  discussed  in  turn  below, 
corresponding  to  high-frequency  (multimode) 
and  low-frequency  (plane  wave)  sound  fields 
arriving  at  the  open  end  of  the  pipe.  The  aim 
is  to  describe  the  effect  of  the  external 
flow  Up  on  the  external  far-ficld  radiation. 

6. 1  Geometric  acoustics  approximation 


INCIDENT 

WAVE! 


- 


TRANSMITTER 

WAVES 


In  the  high-frequency  limit,  two  approxima¬ 
tions  are  possible  which  simplify  the  r,,.roc  ,  -  .  .  ,  ,  _ 

FIGURE  6.  Geometric  acoustics  model  for  sound 
anuxysxs.  .  .  , 

transmission  through  a  jet  flow. 

(a)  Reflection  of  sound  at  the  open  end  of 
the  pipe  may  be  neglected. 

(b)  The  jet  shear  layer  may  be  regarded  as 
acoustically  passive,  so  that  the 
radiated  sound  power  equals  the  incident 
sound  power. 

In  order  to  quantify  the  external  flow  effect, 
let  S  .  (u,  0.)  be  the  power  spectral  density 

of  thcpicxfcrncl  farficld  pressure  (fer  a  given  wave  normal  angle  0^  in  the  jet)  wher. 

U  »  U.,  p  ■  pf,  c  ■  c.  (referen:c  ca^e). 

F  J  O  J  O  J 

In  the  general  case,  radiation  incident  tt  angle  C }  to  tne  jet  axis  will  ernc'ge  at  a  different 
angle,  given  by 


;jj  -  uf 


-  — 1 — A'1 

cos  0.  c 
J  o 


(obtained  by  assuming  a  stratified  mean  flow  and  equating  axial  phase  speeds);  the  power  spectral 
density  of  the  aziuuuhally-averagcd  far-field  pressure  is  then  given  by  the  energy  relation 

“%<•'  e>  - 

wl~,e  R  ur".  the  radiation  distances  (relative  to  the  fluid)  in  the  two  cases.  The  Doppler 
factor  Dj  ^  is  defined  by  an  equation  similar  to  (66)  above: 

ai"UF  -  J- 

n  m  n  +  - -  cos  9 1)  ■  *  - - cos  0. 

J,rel  Cj  J  c 

Equation  (69)  is  based  on  acoustic  energy  conservation  in  z  frame  of  reference  attached  to  the  jet 
pipe,  and  the  frequencies  are  all  expressed  relative  to  this  frame.  Conversion  to  Owhe.r  reference 
frames  (e.g.  one  moving  with  the  ambient  fluid)  is  facilitated  by  expressing  the  equation  in  pro¬ 
portional-band  form: 


R2uSp(->(  0)  -  [pAspife,  •J)].(P0/pJ)D3*rel. 


'r  y? >  * 

:  h( , v  *  *>  v  -  .  » 

•V*  «/  X', x  .  (.J  * 


’'r  .X-.  v 


(71) 
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Equation  (71)  may  be  interpreted  as  follows.  For  given  jet  pipe  conditions  (flow  plus  incident-  sound) 
and  a  given  value  of  0.,  the  quantity  in  bracket*'  remains  constant  regardless  of  external  flow  condi¬ 
tions.  Thus  if  the  far- field  radiation  i3  observed  at  an  angle  0  given  by  equation  (63)  -  which 
varies  according  to  the  external  flow  -  the  influence  of  the  external  flow  field  is  entirely  contained 
in  the  density  factor  PQ/Pj  and  the  Dcppler  factor  re^* 

The  effect  of  Up  on  the  Doppler  amplification  factor  becomes  clearer  if  we  write 

DJ,rcl  -  (1  +  ^  “s  W  (72> 

where  D_.  is  the  flight  Doppler  factor  defined  in  equation  (54).  Thus  for  fixed  jet-pipe  conditions 
and  a  given  angle  Qj»  the  relation 

R2uS  (u,  0)  «  p  D_‘4  (73) 

p  O  F 

expresses  the  dependence  of  the  far-field  pressure  spectrum  on  the  flight  speed  and  ambient  fluid  proper¬ 
ties;  note  that  the  jet  parameters  (U^,  Pj>  c^)  do  not  enter  into  thjs  result. 

Ivo  ways  in  wh'ch  equation  (73)  night  be  applied  to  aircraft  noise  are. 

(a)  As  a  method  of  no»calizing  engine  internal-noise  measurements,  for  given  engine  operating  conditions 
and  different  flight  speeds  U...  Measured  far-field  spectra,  multiplied  by  Dp  vpo>  should  collapse 
at  a  given  value  of  fij. 

(b)  as  a  method  of  predicting  engine  internal  noise  in  flight  from  static  measurements. 

For  these  purposes  it  nay  be  more  convenient  to  use  the  static  situation  (I’p  *  0)  as  a  reference  case, 
and  instead  of  introducing  0^  as  a  parameter,  to  use  the  static  radiation  angle  0p  defined  by 

cos  0£  *  Dp  *  cos  0.  (74) 

The  inverse  of  (74),  which  gives  0  (and  m  terms  of  and  therefore  corresponds  to  equation 

(68),  is  f 


cos  6  *  Dp  cos  0p; 


nF  .  1  -  _  cos  0E. 


Thus  the  effect  of  changing  Up,  all  other  conditions  remaining  constant,  way  be  obtained  from  the 
present  model  by  using  (73)  and  (73),  without  introducing  the  jet  parameters. 


Below  the  cut-off  frequency  of  the  lowest  transverse  acoustic  mode  in  the  jet  pipe,  the  only  sound  waves 
which  can  propagate  arc  plane  (axial)  waves.  The  external  sound  field  due  to  plane  waves  in  the  pipe 
has  been  calculated  by  Hunt  fl8] ,  who  accounted  for  the  interaction  between  the  end  of  the  pipe  and  the 
jet  b>  representing  the  jet  shear  layer  as  a  vortex  sheet  attached  to  the  lip  of  the  pipe. 

The  effect  of  the  external  flow  velocity  U.,  in  this  situation  is  more  complicated  than  at  high  fre¬ 
quencies,  ard  cannot  bo  expressed  as  a  simple  factor  of  the  type  Dp~n.  Nevertheless,  the  general  trends 
are  the  sam»»;  the  radiation  is  amplified  in  the  forward  direction  (wavenormal  angles  6  >  90°)  and 
reduced  in  the  real  arc,  with  a  sector  in  the  rear  arc  (similar  to  the  cone  of  silence  in  the  GA  model) 
where  the  model  breaks  down.  Over  moit  of  the  angle  range,  the  flight  effect  is  roughly  equivalent  to 
a  Doppler  index  of  -6,  as  opposed  to  -4  in  the  high-frcqucncy  limit;  there  is  no  change  in  the 
radiation  at  0  •  90°. 

Experimental  support  for  Munr's  predictions,  based  on  model  tests  with  an  unheated  subsonic  jet,  is 
described  in  reference  j_i9J« 

7.  CONCLUDING  REMARKS 

The  theory  of  sound  radiation  from  sources  moving  through  a  uniform  medium  is  well  established,  and 
detailed  accounts  may  be  found  in  the  books  by  Morse  and  Ingard  [20]  end  Goldstein  [2l] .  An  outline 
is  presented  in  sections  1  anu  2  of  these  notes,  using  a  frame  of  reference  in  which  the  medium  appears 
stationary;  conversion  to  any  other  convenient  reference  frame  is  straightforward  iince  all  results  arc 
given  in  terms  of  pressure,  which  (unlike  intensity)  is  unaffected  by  motion  of  the  coordinates.  The 
principal  difficulty  in  applying  these  results  lies  in  defining  an  appropriate  source  model  to  represent 
the  noise  source  of  interest. 

It  it  is  required  simply  to  predict  the  effect  of  steady  motion  on  the  radiated  sound  field,  the  source 
model  i*eed  not  be  prescribed  in  full  detail.  The  Doppler  transformation  described  in  section  3  allows 
the  effects  of  couice  motion  to  be  predicted  with  minimal  information  about  the  source  structure,  by 
relating  the  moving-source  field  to  the  field  of  an  equivalent  stationary  source. 

The  problem  of  sound  radiation  from  sources  In  non-uniform  steady  flows  is  less  well  understood. 
Analytical  predictions  are  available  only  in  certain  idealized  situations,  such  as  irrotational  low 
Mach  number  flow  (section  4),  slowly-varying  flows  (sections  5,  6)  and  uniform  flow  regions  separated 
by  vortex  sheers  (section  6).  Such  predictions  nevertheless  provide  useful  insight  into  practical 
problems,  for  example  the  radiation  of  exhaust  mixing  noise  and  engine  internal  noise  from  aircraft  in 
flight. 


A  final  comment  is  worth  making  about  the  interpretation  of  measurements  on  moving  noise  sources,  such 
as  aircraft:  should  the  data  be  presented  in  ter^s  of  the  source  position  at  the  time  the  sound  was 
emitted,  or  the  source  position  at  the  time  of  r  ccption?  If  the  source  is  accelerating,  the  latter 
has  no  physical  relevance;  but  for  steady  unif<  _*m  motion,  the  use  of  reception  tine  coordinates  offers 
some  advantage  in  dealing  with  diffraction  effects  (such  as  the  shielding  of  aircraft  engine  nojse  by 
the  wing).  This  point  is  discussed  further  in  section  4;  it  seems  to  be  the  main  exception  to  the 
general  rule,  that  far-field  sound  radiation  measurements  arc  more  easily  interpreted  in  emission  time 
coordinates. 
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SUMMARY 

This  paper  reviews  the  fundamentals  of  diffraction  theory  and  the  application  of  the  theory  to 
several  problems  of  aircraft  noise  generation,  propagation,  and  measurement.  The  general  acoustic  dif¬ 
fraction  problem  is  defined  and  the  governing  equations  set  down.  Diffraction  phenomena  are  illustrated 
using  the  classical  problem  of  the  diffraction  of  a  plane  wave  by  a  half-plane.  Infinite  series  and  geo¬ 
metric  acoustic  methods  for  solvinq  diffraction  problems  are  described.  Four  applications  of  diffraction 
theory  are  discussed:  the  selection  of  an  appropriate  shape  for  a  microphone,  the  use  of  aircraft  wings 
to  shield  the  community  from  engine  noise,  the  reflection  of  engine  noise  from  an  aircraft  fuselage  and 
the  radiation  of  trailing  edge  noise. 

INTRODUCTION 

There  is  a  growing  appreciation  for  the  role  of  diffraction  phenomena  in  aircraft  noise  research. 
Oiffraction  occurs  for  example  in  the  propagation  and  radiation  of  engine  noise  from  internal  ducts,  the 
scattering  of  engine  noise  from  aircraft  wing,  fuselage  and  tail  surfaces,  and  the  design  and  calibration 
of  special  sensors  for  acoustic  measurements.  While  diffraction  theory  is  a  branch  of  classical  mathe¬ 
matical  physics  with  a  voluminous  literature,  most  available  results  are  for  pure  tone  plane  wave,  line, 
or  point  sources  diffracted  by  simple  shapes.  Aeroacousticians  are  presented  with  severe  challenges  in 
extending  this  body  of  work  to  broadband,  distributed  noise  sources  and  complex  aircraft  geometry  in  the 
presence  of  a  turbulent  moving  medium. 

This  paper  is  a  blend  of  textbook  results  on  diffraction  theory  and  some  current  problems  in  noise 
generation  and  measurement.  The  literature  on  diffraction  is  vast.  Excellent  bibliographies  and  com¬ 
prehensive  introductions  to  the  theory  can  be  found  in  references  1,  2,  and  3.  To  lay  a  foundation  for 
understanding  the  later  examples  the  paper  begins  by  reviewing  the  essentials  of  diffraction  theory.  The 
governing  equations  are  set  out,  the  important  physical  phenomena  are  reviewed,  and  two  solution  methods 
used  in  the  practical  applications  are  described.  Four  applications  of  diffraction  theory  to  aircraft 
noise  related  problems  are  discussed:  selection  of  an  appropriate  shape  for  a  pressure  gradient  micro¬ 
phone,  the  reduction  of  community  noise  through  wing  shielding  effects,  the  reflection  of  engine  noise 
from  aircraft  fuselage  surfaces,  and  the  radiation  of  trailing  edge  noise.  The  paper  provides  useful 
background  information  for  the  lecture  by  L.  Maestrello  and  A.  Bayliss  in  this  series  entitled  "Acoustic 
Scattering  from  an  Elliptical  Body." 

BASIC  EQUATIONS  OF  ACOUSTIC  DIFFRACTION  THEORY 

A  sketch  of  the  general  acoustic  diffraction  problem  and  the  field  equations  and  auxiliary  conditions 
of  diffraction  theory  are  shown  in  Figures  1  and  2,  references  2  and  3.  An  incident  sound  field  from 
either  an  incoming  wave  or  a  source  distribution  Q  impinges  upon  a  body.  Due  to  the  presence  of  the  body 
a  secondary  or  scattered  field  is  produced.  The  complete  wave  field  is  a  superposition  of  the  incident 
and  scattered  fields.  The  basic  mathematical  problem  is  to  predict  the  scattered  and  total  acoustic  wave 
fields. 

The  inhomogeneous  wave  equation  is  the  partial  differential  equation  which  governs  the  incident  and 
scattered  sound  fields.  The  source  distribution  Q,  when  it  occurs,  appears  on  the  right  hand  side  of 
this  equation.  The  physically  measurable  quantities  in  the  sound  field,  that  is  the  acoustic  pressure  P 
and  the  acoustic  velocity  vector  u,  are  determined  from  the  velocity  potential  i>  by  taking  the  time 
derivative  and  gradient  respectively  as  indicated  at  the  bottom  of  Figure  1.  For  a  solution  of  the  field 
equations  to  be  acceptable  from  a  physical  viewpoint,  the  pressure  and  velocity  must  be  continuous  through' 
out  the  wave  field. 

In  addition  to  satisfying  the  inhomogeneous  wave  equation,  the  solution  must  also  satisfy  several 
auxiliary  conditions  listed  in  Figure  2.  The  first  of  these  is  the  surface  boundary  condition  which 
states  that  the  ratio  of  the  normal  acoustic  velocity  to  the  pressure  at  any  point  on  the  surface  must 
equal  the  prescribed  surface  admittance  v.  On  a  hard  surface  o  =  0.  Nonzero  and  generally  complex  values 
of  v  designate  various  deqrees  of  absorption  and  comoliance  for  nonriqid  surfaces. 

The  second  condition  called  the  radiation  condition,  assures  that,  with  the  exception  of  a  prescribed 
incident  wave,  the  solution  consists  only  of  outgoing  waves  at  large  distances  f.om  the  body.  That  is, 
in  the  acoustic  far  field  the  additional  disturbance  produced  by  the  presence  of  the  scattering  object 
must  aopear  to  originate  at  the  object  and  oroduce  waves  which  propagate  away  from  it.  Another  way  to 
state  the  radiation  condition  is  that  the  pressure  and  radial  component  of  acoustic  velocity  must  be  in 
phase  in  the  far  field.  The  third  condition,  the  edge  condition,  is  reouired  to  ensure  the  uniqueness  of 
solutions  for  oroblems  in  which  the  scattering  body  has  very  sharp  edges  as  when,  for  example,  the  body  is 
a  thin  screen  or  disc  of  zero  thickness.  From  a  physical  point  of  view  the  edge  condition  assures  that  no 
sound  energy  is  generated  at  a  sharp  edge. 
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PLANE  WAVE  DIFFRACTION  BY  A  HALF  PLANE 


Considerable  insight  into  diffraction  phenomena  can  be  had  by  considering  the  problem  of  the  dif¬ 
fraction  of  a  plane  acoustic  wave  by  a  very  large  flat  surface  idealized  as  a  semi-infinite  half  plane. 

A  two-dimensional  formulation  of  this  problem  is  shown  in  Figure  3.  The  half  plane  or  screen  is  per¬ 
fectly  rigid  so  that  the  normal  component  of  the  acoustic  velocity  on  the  screen  is  zero. 

Consider,  first  of  all,  a  description  of  the  sound  field  from  the  standpoint  of  geometric  acoustics 
in  which  it  is  assumed  that  sound  travels  along  straight  rays.  Then  the  sound  field  may  be  decomposed 
into  three  principle  regions.  Region  I,  called  the  geometric  shadow,  receives  none  of  the  incident  sound 
and  is  completely  silent.  The  sonified  region,  that  is,  the  region  in  which  sound  can  be  received  along 
straight  rays  from  the  source,  consistsof  two  subregions.  Within  region  II  sound  is  received  only  from 
the  incident  plane  wave.  Region  III,  however,  receives  not  only  direct  radiation  from  the  incident  plane 
wave  but  also  sound  which  is  reflected  from  the  lower  half  of  the  screen. 

This  description  is  mathematically  discontinuous  across  both  the  shadow  boundary  and  the  reflected 
edge  ray.  Thus,  the  geometric  acoustic  solution  exhibits  discrete  jumps  which  are  unacceptable  physically 
and  theoretically.  The  complete  solution  requires  an  additional  wave  field  called  the  "diffracted  wave" 
which  provides  a  smooth  transition  between  all  of  the  regions  and  makes  for  a  solution  which  is  continuous 
everywhere.  The  table  at  the  bottom  of  Figure  3  summarizes  the  wave  constituents  in  these  three  regions. 

The  exact  mathematical  solution  of  this  diffraction  problem  is  shown  in  Figure  4,  see  references  2 
and  4.  The  origin  of  the  polar  coordinates  (r,  0)  of  the  observer  is  at  the  edge  of  the  half  plane, 
k  =  (ji/c  is  the  wave  number  of  the  incident  wave  in  which  i.-  is  the  angular  frequency  and  c  is  the  speed  of 
sound.  The  mathematical  expression  is  a  solution  of  the  wave  equation  whose  normal  derivative  vanishes  at 
the  surface  of  the  half  plane  and  which  represents  the  prescribed  incident  plane  wave.  The  function  f(x) 
is  called  a  Fresnel  integral.  These  functions  appear  in  many  diffraction  problems  involving  sharp  edges. 
Because  of  their  frequent  occurrance  in  wave  propagation  problems  they  have  been  extensively  tabulated 
and  computational  subroutines  have  been  devised  for  evaluating  them  accurately  on  high  speed  computing 
machines.  By  replacing  the  Fresnel  integrals  by  their  approximations  for  very  large  values  of  kr  one 
recovers  precisely  the  geometric  acoustic  solution  to  this  problem. 

A  calculation  of  the  mean  square  pressure  in  the  sound  field  is  shown  in  Figure  5.  The  calculation 
is  for  a  normally  incident  sound  wave  as  indicated  in  the  sketch.  The  calculation  is  made  along  an  arc 
defined  by  kr  6n  which  corresponds  to  a  radial  distance  equal  to  three  times  the  wavelength  of  the  inci¬ 
dent  sound.  The  three  regions  described  in  Figure  3  are  indicated  at  the  top  of  the  plot.  For  reference 
it  is  useful  to  note  the  square  of  the  pressure  in  the  incident  wave  field  is  unity.  The  intensity  Js 
very  low  but  nonzero  in  the  shadow  region.  As  one  crosses  the  shadow  boundary  into  the  sonified  regK 
the  intensity  increases  smoothly,  overshoots  the  intensity  in  the  incident  wave,  and  then  settles  down 
after  several  oscillations  to  the  incident  wave  value.  Well  into  region  III  the  intensity  is  characterized 
by  a  number  of  large  oscillations  which  are  caused  by  the  constructive  and  destructive  interference  between 
the  incident  wave  and  waves  reflected  from  the  screen.  The  intensity  maxima  and  minima  occur  at  the 
same  angles  as  though  the  half  plane  was  infinitely  large  in  both  directions. 

SOLUTION  METHODS  FOR  DIFFRACTION  PROBLEMS 

Obtaining  a  solution  to  the  inhomogeneous  wave  equation  which  satisfies  the  appropriate  auxiliary 
conditions  for  complex  shapes  end  general  source  distributions  over  a  wide  range  of  frequencies  is  an 
extremely  difficult  problem  for  which  there  is  no  single  comprehensive  method.  Diffraction  theory  is  a 
highly  mathematical  theory  which  is  rich  in  subtle  detail  and  great  ingenuity.  Solution  methods  include 
for  example  the  Kirchhoff  approximation,  integral  equadon  formulations,  function  theoretic  methods, 
series  expansions,  variational  formulations,  and  ray  theories.  In  this  paper  two  solution  techniques  will 
be  briefly  described  which  are  suitable  for  fairly  broad  classes  of  diffraction  problems:  The  series 
method,  which  provides  exact  solutions  for  c»rtain  standard  geometric  shapes  in  the  form  of  infinite 
series;  and  geometric  theory,  which  gives  an  approximate  solution  for  quite  general  shapes  at  high  fre¬ 
quencies.  The  details  of  these  two  methods  will  be  illustrated  for  the  diffraction  of  a  plane  wave  by  a 
rigid  circular  cylinder. 

Series  Solution  Method  -  Consider  the  two-dimensional  problem  of  the  diffraction  of  an  incident  plane 
wave  by  a  rigid  circular  cylinder  of  radius  a  as  indicated  in  Figure  6,  reference  4.  The  velocity 
potential  4  must  be  a  solution  of  the  homogeneous  Helmholtz  equation  which  represents  an  incoming  plane 
wave  and  a  system  of  outgoing  scattered  waves  whose  combination  satisfies  the  boundary  condition  that  the 
normal  acoustic  velocity  at  the  surface  of  the  cylinder  vanishes.  A  time  factor  e"‘u*  will  be  used  in  this 
paper. 

The  velocity  potential  f  is  represented  as  the  sum  of  two  potentials:  f,  corresponding  to  the  incident 
plane  wave  and  fs,  the  scattered  potential,  corresponding  to  the  sum  of  all  reflected  and  diffracted  waves. 
Choosing  the  plane  wave  to  be  incident  on  the  cylinder  from  the  negative  x  direction  takes  the  form 
shown  in  Figure  6  in  which  eg  =  1  and  =  zj  -  ...  =  2.  An  appropriate  form  for  fs  is  given  by  the  series 
at  the  bottom  of  the  figure  in  which  the  An's  are  undetermined  coefficients.  Each  term  in  this  infinite 
series  is  a  solution  of  the  wave  equation  which  is  finite  and  continuous  everywhere  outside  of  the  cylinder 
and  which  represents  sound  waves  radiating  away  from  the  cylinder.  The  sum  ^  +  fs  satisfies  all  the  con¬ 
ditions  of  the  problem  with  the  exception  of  the  surface  boundary  condition  on  the  cylinder. 

The  complete  expression  for  f  is  shown  in  Figure  7.  The  unknown  coefficients  An  are  now  determined  by 
applying  the  boundary  condition  to  this  series  expression.  This  leads  to  the  requirement  that  the  Fourier 
series  in  0  be  equal  to  zero  which  requires  that  each  coefficient  of  the  series  be  equal  to  zero.  The 
final  equation  for  An  is  shown  in  the  middle  of  Figure  7. 

By  substituting  these  values  for  the  An's  back  into  the  series  expression  for  if,  one  has  the  complete 
solution  to  the  diffraction  problem.  The  acoustic  pressures  and  velocities  can  be  calculated  at  any  point 
within  the  wave  field  by  evaluating  the  appropriate  infinite  series  expressions.  The  infinite  series  is  a 
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useful  means  for  obtaining  the  numerical  values  of  the  solution  for  small  values  of  ka  but  converges  very 
slowly  and  requires  many  terms  when  ka  is  large,  that  is  when  the  wavelength  is  much  shorter  than  the 
cylinder  radius.  In  the  acoustic  far  field  the  series  for  the  scattered  pressure  can  be  approximated  as 
shown  at  the  bottom  of  Figure  7. 
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Some  calculations  of  the  mean  square  pressure  in  the  scattered  wave  obtained  from  this  series  are 
shown  in  Figure  8.  The  sketches  are  polar  plots  of  jP|‘  for  values  of  ka  =  1,  3,  and  5.  These  calcula¬ 
tions  were  made  using  a  maximum  of  30  terms  in  the  series  which  was  found  to  be  sufficient  for  values  of 
ka  as  high  as  10.  The  origin  of  each  polar  plot,  indicated  by  the  heavy  black  dot  in  the  center  of  each 
sketch,  corresponds  to  the  center  of  the  cylinder.  For  values  of  ka  less  than  1,  there  is  considerable 
backscatter  from  the  cylinder  in  the  direction  of  the  incoming  plane  wave  and  relatively  little  sound 
scattered  in  the  forward  direction.  As  ka  Increases,  there  is  a  tendency  for  the  scattered  wave  to  be 
beamed  in  the  forward  direction  with  a  decrease, but  a  growing  number  of  lobes,  in  the  relative  amplitude 
of  the  back  scattered  field. 


Geometric  Theory  -  A  wave  theory  solution  requires  solving  the  wave  equation.  Numerous  methods  have 
been  devised  for  finding  wave  solutions, but  thesr  methods  generally  only  apply  to  simple  geometries  and 
are  not  always  useful  for  practical  applications.  Keller,  reference  5,  introduced  the  geometric  theory 
of  diffraction  for  solving  approximately  problems  of  wave  propagation.  The  method  is  Intended  to  apply 
to  high  frequency  waves,  or,  more  precisely,  to  problems  in  which  the  wavelength  X  is  small  compared  to 
the  dimensions  of  the  scattering  body.  In  many  practical  cases  it  has  been  found  that  the  method  also 
gives  useful  results  down  to  frequencies  for  which  X  is  comparable  to  scatter  dimensions.  An  important 
advantage  of  the  geometrical  theory  is  that  it  does  not  depend  upon  the  separation  of  variables  or  any 
similar  analytical  procedure.  The  shapes  of  objects  to  which  it  can  be  applied  are  quite  general. 

The  basic  idea  of  the  theory  is  that  short  acoustic  waves  propagate  along  straight  rays  as  in  geometri¬ 
cal  optics.  However,  the  theory  introduces  new  kinds  of  rays  called  "diffracted"  rays.  In  applying  the 
geometric  theory  of  diffraction  the  field  at  a  point  is  calculated  from  the  sum  of  fields  from  all  the 
geometrical  acoustics  rays,  i.e.,  the  direct  and  reflected  rays,  and  all  the  diffracted  rays.  The  solution 
of  the  problem  of  the  diffraction  of  a  plane  wave  by  a  circular  cylinder  in  two-dimension  will  now  be 
derived  using  the  geometric  theory. 


First,  it  is  necessary  to  calculate  the  wave  field  produced  by  the  reflection  of  the  incident  plane 
wave  from  the  cylinder,  see  Figure  9.  The  notation  of  the  proceeding  section  of  the  paper  is  used.  Let 
Pr(0)  denote  the  reflected  field  at  a  point  0.  One  determines  the  amplitude  Ar  and  the  phase  o  of  this 
wave  as  follows.  The  amplitude  of  the  reflected  wave  is  determined  by  the  conservation  of  energy  along 
the  incident  and  reflected  rays  at  noint  O'.  That  is,  the  energy  flux  in  the  tube  of  rays  incident  upon 
and  reflected  from  this  point  must  the  same  at  all  points  along  the  tube.  The  energy  density  along  the 

tube  Is  inversely  proportional  to  the  cross-sectional  area  of  the  tube,  which  can  be  determined_from  the 
Jacobian  of  the  transformation  between  the  physical  variables  (x.y)and  the  ray  variables  s  and  0.  The  (x,y) 
phase  o  is  assumed  to  be  a  linear  function  of  the  distance  s  along  the  reflected  ray.  The  constant  s0  is 
determined  by  requiring  that  the  phase  of  the  reflected  pressure  at  O'  be  identical  to  the  phase  of  the 
incident  pressure  there.  The  final  expression  for  the  reflected  pressure  is  shown  at  the  bottom  of 
Fiqure  9  where  it  has  been  simplified  for  an  observer  in  the  acoustic  far  field.  In  the  geometric  shadow 
Pr (0)  =  0  since  there  are  no  reflected  rays  there. 

It  is  now  necessary  to  calculate  the  diffracted  field  induced  by  the  cylinder.  The  result  of  this 
calculation  is  shown  in  Figure  10.  Behind  this  calculation  is  significant  extension  of  classical  geometri¬ 
cal  acoustics  Introduced  by  Keller  who  postulates  that  there  exists  a  class  of  diffracted  rays  which 
account  for  the  phenomena  of  diffraction.  These  rays  are  produced  when  incident  rays  hit  edges  or  corners 
of  the  scattering  surface  or  when  the  incident  ray  impinges  tangentially  upon  a  smooth  curved  surface. 

Some  of  the  diffracted  rays  penetrate  into  the  shadow  regions  and  describe  the  diffracted  field  there. 

Other  rays  modify  the  field  in  the  sonified  regions.  The  value  of  the  field  on  a  diffracted  ray  is 

obtained  by  multiplying  the  field  on  the  incident  ray  at  the  point  of  diffraction  of  a  so  called  "diffraction 

coefficient."  Diffraction  coefficients  are  determined  entirely  by  the  local  properties  of  the  field  and 
the  boundary  in  the  immediate  neighborhood  at  the  point  of  diffraction  and  hence  may  be  determined  from 
the  solution  of  simple  boundary  value  problems  having  these  local  properties. 

For  the  cylinder,  diffracted  rays  emanate  tangentially  from  all  points  of  the  cylinder  surface.  These 
rays  are  produced  by  "creeping"  waves  or  surface  waves  which  appear  to  oriqinate  at  points  0)  and  0?  on 
the  upper  and  lower  surface  of  the  cylinder.  These  waves  encircle  the  cylinder  in  both  directions  and 
continuously  radiate  energy  so  that  they  steadily  decay  as  they  propagate.  The  series  for  the  diffracted 
pressure  may  be  interpreted  as  the  sum  of  infinitely  many  creeping  waves.  The  various  orders  of  creeping 

waves  are  determined  by  the  number  of  times  tne  wave  has  encircled  the  cylinder.  The  complete  solution  is 

therefore  given  by  Pj(0)  +  Pr(0)  +  ?<j(G)  which  enables  one  to  calculate  the  field  at  any  point  which 
does  not  lie  on  a  caustic  or  a  shadow  boundary. 

The  expression  developed  in  Figures  9  and  10  will  now  be  used  to  calculate  the  diffraction  of  a  plane 
wave  by  a  cylinder.  The  amplitude  of  the  field  divided  by  the  amplitude  of  the  Incident  field  is  plotted 
along  the  x-axis  for  ka  =  10  in  Figure  11.  The  solid  curve  is  computed  using  the  series  method  from  the 
preceding  section  of  the  paper.  The  dot  points  are  just  the  solution  from  the  geometrical  theory  of  dif¬ 
fraction.  (Noted  that  Pr  =  0  in  the  forward  direction)  The  comparison  is  seen  to  be  quite  acceptable. 

The  remainder  of  this  paper  will  consider  four  problems  in  applied  acoustics  in  which  diffraction 
phenomena  play  a  central  role.  The  two  solution  methods  just  described  have  been  used  f>  obtain  theoretical 
insight  into  these  problems. 


DIFFRACTION  BY  PRESSURE  GRADIENT  MICROPHONES 


A  photograph  of  a  pressure  gradient  microphone  and  a  sketch  indicating  its  operation  are  shown  in 
Figure  1?.  The  type  of  microphone  shown  in  the  photograph  has  the  shape  of  a  thick  dis:  of  diameter  about 
2.36  cm.  The  purpose  of  this  pressure  sensor  is  to  measure  the  pressure  gradient  in  an  incident  wave  field 


/ 


as  indicated  in  the  sketch  at  the  right.  The  microphone  consists  of  two  pressure  sensitive  elements 
separated  by  a  distance  &Z.  The  pressure  gradient  at  the  center  of  the  microphone  0,  is  then  given 
approximately  by  the  ratio  (?j  -  Pr)/&Z  in  which  Pp  and  Pg  are  the  pressures  measured  on  the  top  and 
bottom  sides  of  the  microphone.  The  actual  pressures  measured  on  the  surfaces  of  the  pressure  gradient 
microphone  will  not  be  the  desired  free-field  pressures  because  of  diffraction  effects.  The  scattering 
factor  o  defined  at  the  bottom  of  the  figure  is  a  measure  of  the  degree  to  which  the  measured  pressure 
.  difference  divided  by  the  microphone  thickness  approximates  the  true  free-field  pressure  gradient  and  is 

1  therefore  a  figure  of  merit  for  the  operation  of  a  pressure  gradient  microphone.  An  analytical  and 

experimental  investigation  was  undertaken  in  order  to  determine  an  optimal  shape  which  would  minimize 
diffraction  effects. 


The  equation  for  calculating  surface  pressures  at  any  point  n  on  the  surface  of  an  oblate  spheroid 
E  »  Ei  due  to  an  incident  plane  wave  traveling  in  the  negative  Z  direction  is  shown  in  the  bottom  of 
Figure  13.  The  series  converges  rapidly  enough  to  be  conveniently  evaluated  by  computer  for  values  of 
ka  <  10.  The  functions  Son(-ika,  n)  and  RJj>)(-ika,  iE))  are  oblate  spheroidal  wave  functions. 

In  order  to  determine  the  accuracy  of  the  series  solution  for  predicting  surface  pressures  an  experi¬ 
mental  investigation  of  the  diffraction  of  a  plane  wave  by  an  oblate  spheroid  was  conducted  in  an  anechoic 
chamber.  The  spheroid  used  in  the  test  had  a  major  diameter  of  25.4  cm  and  a  thickness  of  8.08  cm  which 
corresponds  to  a  value  Ei  =  .336.  The  details  of  these  measurements  and  a  description  of  the  experiment 
are  given  in  reference  6.  The  spheroid  was  instrumented  with  seven  surface  pressure  gauges  on  one  side 
which  were  used  to  map  the  surface  pressures  in  detail  on  both  the  sonified  and  shadow  sides  of  the 
spheroid.  The  incident  wave  was  generated  by  a  loud  speaker  placed  at  a  distance  of  3.5  m  from  the  center 
of  the  spheroid.  Figure  14  shows  a  comparison  between  measured  and  predicted  values  of  the  ratio  |PS/P^ | 
for  several  values  of  ka.  Pg  is  the  surface  pressure  at  a  point  on  the  spheroid  and  P;  is  the  free-field 
pressure  at  the  same  point  in  the  absence  of  the  spheroid.  At  ka  =  0.43  the  pressure  distribution  around 
the  spheroid  is  ouite  uniform  varying  only  slightly  from  that  in  the  incident  wave.  At  ka  =  2.0  con¬ 
structive  interference  more  than  doubles  the  pressure  in  the  center  of  the  top  side  of  the  spheroid,  and 
a  shadow  begins  to  form  on  the  bottom  side.  At  ka  =  7.5  a  large  region  of  uniform  oressure  doubling 
extends  on  the  top  side  of  the  surface  and  a  more  distinct  and  widespread  shadow  region  characterized  by 
pressures  less  than  those  in  the  incident  wave  begins  to  spread  over  the  bottom  side.  The  overall  agree¬ 
ment  between  theory  and  experiment  is  quite  good  over  this  range  of  ka  values.  One  can  now  proceed  to 
apply  the  theory  to  calculating  surface  pressures  and  evaluating  the  scattering  factor  for  a  family  of 
spheroidal  shapes  with  confidence. 

The  results  of  such  a  parameter  study  are  shown  in  Figure  15.  The  parameter  Ei  was  varied  from  0  to 
1  producing  a  family  of  oblate  spheroids.  The  value  E]  =  0  corresponds  to  a  flat  thin  disc  whereas  El  3  1 
corresponds  to  a  sphere.  The  scattering  factor  measures  the  extent  to  which  the  finite  difference  approxi¬ 
mation  using  measured  surface  pressures  approximates  the  desired  free-field  pressure  gradient  at  the  center 
of  the  spheroid.  The  smaller  the  magnitude  of  the  scattering  factor  the  better  the  approximation.  The 
criterion  chosen  to  identify  an  optimum  shape  is:  |oi  '  1  over  the  largest  possible  range  of  the  frequency 
parameter  F.  It  can  be  seen  from  the  figure  that  for  the  four  shapes  shown  the  spheroid  corresponding  to 
E]  =  .826  is  the  best  shape  allowing  measurement  up  to  a  value  of  the  frequency  parameter  of  1.7.  An 
extension  of  these  optimum  shape  studies  to  bodies  of  more  general  shapes  has  been  carried  out  in  reference  7 
using  a  finite  element  technique. 

WING  SHIELDING  OF  AIRCRAFT  ENGINE  NOISE 

One  method  for  reducing  the  aircraft  noise  received  by  the  airport  community  during  landing  approach 
and  takeoff  operations  is  to  place  the  aircraft  engine  above  the  wing.  Observers  on  the  ground  may  thereby 
be  shielded  from  the  direct  radiation  of  some  engine  noise  by  the  presence  of  the  wing  surface.  Three 
current  engine  over-the-wing  aircraft  configurations  for  which  wing  shielding  may  reduce  community  noise 
are  shown  in  Figure  16.  The  QSRA  is  a  NASA  research  aircraft.  The  YC-14  is  a  STOL  transport  designed  for 
military  use  by  the  Boeing  Commercial  Aircraft  Company.  The  jot  engine  exhaust  close  to  the  nozzle  is  then 
above  the  wing  which  tends  to  block  off  the  downward  radiation  of  jet  noise  from  this  part  of  the  flow. 

The  VFH-614  has  its  two  engines  mounted  completely  above  the  wing  on  pylons.  The  engine  inlet  is  placed 
about  over  the  mid-chord  of  the  wing  resulting,  one  would  expect,  in  some  shielding  of  ground  observers 
from  the  forward  radiated  turbomachinery  noise. 

An  experiment  to  measure  the  potential  shielding  effects  of  an  aircraft  wing  was  reported  in  refer¬ 
ence  8.  The  test  model  and  test  arrangement  are  shown  in  Figure  17.  The  model  consisted  of  a  simulated 
wing  and  flap  system  having  a  chord-length  of  about  0.37  meters.  The  wing  was  very  long  in  the  span-wise 
direction,  so  as  to  simulate  a  two-dimensional  arrangement.  The  noise  source  was  a  broadband  point  source 
placed  at  two  positions  above  the  wing,  at  20  percent  and  50  percent  chord.  Measurements  of  the  diffracted 
sound  field  were  made  at  Increments  of  10*  from  20’  to  160’  below  the  wing  as  indicated  in  the  sketch  at 
the  right  of  the  figure.  The  measurements,  made  along  an  arc  of  radius  0.65  meters  were  taken  in  one-third 
octave  bands  at  frequencies  from  800  to  10,000  Hz.  The  measurements  were  made  both  with  and  without  the 
wing  in  place  and  the  results  subtracted  to  obtain  a  change  in  sound  pressure  level,  ASPL,  due  to  the 


In  order  to  assess  the  effects  of  microphone  shape  upon  the  measured  surface  pressures  and  thereby 
determine  shapes  which  Introduce  minimum  distortion  one  needs  a  validated  analytical  procedure  for  pre¬ 
dicting  the  surface  pressures  on  a  variety  of  microphone  shapes.  The  shape  of  the  pressure  gradient  micro¬ 
phone  in  Figure  12  can  be  approximated  as  an  oblate  spheroid.  The  wave  equation  is  seoarable  in  oblate 
spheroical  coordinates  and  the  diffraction  of  plane  waves  oy  such  a  spheroid  can  be  solved  using  the 
series  method  described  earlier  in  this  paper,  reference  6.  Some  coordinate  lines  for  oblate  spheroidal 
coordinates  (E,  r.)  are  shown  in  Figure  13.  The  curves  E  =  constant  are  ellipses  which  generate  oblate 
spheroids  when  rotated  about  the  Z  axis.  The  curves  n  =  constant  are  hyperbolas.  Compared  to  polar 
coordinates,  the  coordinate  E  varies  from  the  surface  of  the  spheroid  into  the  acoustic  far  field  analogous 
to  the  radial  coordinate  r  whereas  n  varies  around  the  spheroid  analogous  to  the  angular  coordinate  C.  As 
a  matter  of  reference  the  coordinate  n  decreases  from  +1  on  the  positive  Z  axis  to  0  in  the  mid-plane  of 
the  spheroid  to  -1  on  the  negative  Z  axis. 
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presence  of  the  wing  In  the  field  of  the  point  source.  A  positive  ASPL  indicates  the  decrease  In  the 

measured  sound  pressure  level  due  to  the  shielding  produced  by  the  wing. 

Measurements  of  the  wing  shielding  tffect  are  shown  in  Figures  18  and  19.  Figure  18  shows  the  dif¬ 
ference  in  the  shielding  effect  for  the  two  different  source  positions  at  a  frequency  of  800  Hz.  The 
shielding  effect  for  position  II,  which  is  at  the  mid-chord  location,  is  symmetric  about  90*.  Although 
there  is  a  5  d8  shielding  directly  beneath  the  wing  the  maximum  shielding  effect,  about  14  dB,  occurs 
symmetrically  ahead  of  and  behind  the  overhead  position  at  angles  of  6(fand  120°.  The  shielding  effect 
produced  for  th'e  source  at  position  I  is  unsymmetric  about  90°.  The  maximum  shielding  of  about  13  dB  is 
seen  to  occur  at  about  30°.  These  directivity  patterns  come  about  as  a  result  of  the  constructive  and 
destructive  Interference  which  results  from  the  superposition  of  waves  diffracted  around  the  leading  and 
trailing  edges  of  the  airfoil.  The  results  of  the  figure  show  that  achieving  a  desired  shielding  effect 

requires  properly  locating  the  wing  relative  to  the  noise  source. 
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Figure  19  shows  measurements  of  the  wing  shielding  effect  for  source  position  II  for  frequencies  of 
800,  1600,  and  5,000  Hz.  In  general,  as  the  frequency  increases  the  amount  of  shielding  obtained  below 
the  wing  Increases.  As  frequency  increases,  the  shadow  produced  under  the  wing  intensifies  and  for  these 
experiments,  produces  nearly  25  d8  of  noise  shielding  directly  below  the  wir.g  at  5000  Hz. 


Shielding  effects  are  therefore  seen  to  depend  both  upon  source  frequency  and  source  position.  Jet 
engine  noise  is  both  broadband  in  nature  and  is  produced  in  a  region  which  extends  for  considerable  dis¬ 
tance  downstream  of  the  jet  nozzle.  It  Is  evident,  therefore,  that  designing  for  a  optimum  amount  of 
engine  noise  shielding  will  require  very  careful  design  procedures.  The  results  of  a  flight  test  program 
to  study  shielding  utilizing  a  delta  wing  tighter  aircraft  are  reported  in  reference  9. 


DIFFRACTION  BY  AN  AIRCRAFT  FUSELAGE 


It  is  of  practical  interest  to  (.now  whether  the  diffraction  of  aircraft  noise  by  the  fuselage,  wing 
and  tail  surfaces  must  be  accounted  for  in  aircraft  noise  prediction.  This  is  a  difficult  question  to 
answer  since  it  involves  multiple  distributed  sources  and  complex  geometries.  The  possibility  of  such 
installation  effects  is  suggested  by  the  fact  that  the  wavelengths  of  aircraft  noise  can  be  comparable  to 
or  smaller  than  the  characteristic  dimensions  of  the  wing  and  fuselage  surfaces.  A  preliminary  analytical 
study  of  the  Importance  of  scattering  from  the  aircraft  fuselage  was  conducted  using  a  prolate  spheroid 
with  acoustic  point  sources  on  one  major  axis,  reference  10.  The  geometry  and  coordinate  system  for 
this  problem/  are  shown  in  Figure  20. 


Several  approaches  for  calculating  the  diffracted  field  of  a  point  source  near  a  prolate  spheroid  are 
available,  see  for  example  reference  1,  including  the  series  expansion  method.  The  method  of  geometric 
acoustics  discussed  earlier  in  the  paper  was  selected  because  of  the  relative  simplicity  of  the  solution. 
Expressions  for  the  sound  field  are  obtained  which  can  be  quickly  evaluated  on  a  computer. 


The  solution  of  the  diffraction  problem  using  geometric  at  tics  is  given  in  Figure  21.  ft  point 
source  is  at  0  on  the  major  axis  of  the  prolate  spher,  id.  The  Incident  velocity  potential  Of  et  the  point 
Pi  on  the  surface  of  the  spheroid  is  given  in  equation  1  in  which  tJR'i  indicates  the  distance  between  points 
Q  and  P,. 

The  reflected  field  gr  at  a  point  P  along  a  reflected  ray  is  given  by  equation  2  In  which  p  is  the 
angle  of  incidence,  u-\  is  the  radius  of  curvature  of  the  spheroid  in  the  plane  of  incidence  at  Pi,  and  p2 
is  the  radius  of  curvature  in  the  plane  perpend icu'-ar  to  the  plane  of  incidence  and  coi.ttining  the  normal 
to  the  spheroid’ at  Pj.  In  o’  der  to  calculate  <tt  using  equation  2  when  Q  and  P  are  given,  three  computa¬ 
tions  must  be  made:  the  reflection  point  Pi  must  be  located,  the  angle  of  incidence  D  must  be  determined, 
and  finally  the  two  -•adH  of  curvature  must  be  computed.  The  details  of  this  process  are  given  in  refer¬ 
ence  10. 


To  complete  the  calculation  one  must  determine  the  diffracted  field,  The  diffracted  fieid  is 
given  in  equation  3  in  which  $  and  n  denote  prolate  spheroidal  cooroinates  of  points  on  the  spheroid 
surface  as-indicated  in  Figure  4  of  reference  10,  and  d  is  the  interfocal  distance.  The  functions 
fn(n)  and  Xn(o,  B)  are  defined  in  reference  1C.  This  formulation  for  the  diffracted  field  ir-  valid  pro¬ 
vided  ka(^)2  »  1.  The  complete  solution  for  the  acoustic  velocity  potential  is:  •><;  in  the  shadow  region 
and  +  4r  +  ^  in  the  sonified  region. 

Sample  calculations  were  made  of  thg  diffracted  sound  field  tor  a  spheroid  which  1-.  the  approximate 
size  and  shape  of  a  commercial  aircraft  fuselage  and  for  frequencies  typical  of  aircraft  noise.  Some 
results  of  these  calculations  are  shown  in  Figure  22.  The  value  ka  -  1000  correspo"ds,  for  example,  to  a 
frequency  of  about  3500  Hz  and  a  major  axis  of  30  meters.  The  sketches  show  contours  of  equal  sound 
pressure  level  on  an  imaginary  observer  plane  below  and  parallel  to  the  x,  y  plane,  see  Figure  20),  at 

j  =  20.  The  Intersection  of  the  z  axis  with  this  observer  plane  is  the  origin  of  the  plots.  All  sound 
pressure  levels  are  normalized  with  respect  to  the  SPL  at  this  reference  point. 


The  sketch  at  the  top  of  Figure  2?  shows  the  circles  oi  constant  SPL  produced  by  a  simple  stationary 
point  sour  '  in  the  absence  of  the  scattering  body.  The  sketch  at  the  lowet  left  shows  the  distortion 
produce'  ’•’se  contours  by  adding  the  spheroid.  The  source  is  placed  at  a  distance  equat  to  G.028a 
aft  of  nid  on  the  extension  of  the  major  axis.  The  sketch  at  the  lower  right  show?  contours  for 

the  ca  ■-or-olated  sources  on  the  major  axis  of  the  spheroid.  The  greater  distortion  of  the 

equal  t-  "n  the  case  of  one  source  is  evident.  The  complex  patterns  shown  here  resulting 

from  diff.  uselage  are  considered  severe  enough  to  warrant  giving  more  att2ntion  to  the 

possible  ec.,  scattering  of  aircraft  noise  by  the  airframe. 


A  comparison  of  the  geometric  acoustic  solution  with  other  experimental  and  numerical  results  is 
shown  in  Figure  23.  The  integral  equation  solution  method  and  the  details  of  the  experiment  are  discussed 
in  the  lecture  entitled,  "Acoustic  Scattering  from  an  Elliptic  Body"  by  1.  Maestrello  and  A.  Bayliss  in 
this  lecture  series.  The  calculations  are  for  a  value  ka  «  164  which  is  considered  sufficiently  large  for 
the  geometrical  theory  to  be  applicable.  The  comparison  with  the  more  exact  solution  of  Bayliss  and  the 
experimental  data  of  Maestrello  is  seen  to  be  quite  acceptable  except  at  small  angles  within  the  geometri¬ 
cal  shadow  region. 


TRAILING  EDGE  NOISE  RADIATION 

Trailing  edge  noise  is  a  freouently  occurring  source  of  aircraft  noise  which  has  been  found  for 
instance  on  the  STOL,  VTOL,  and  CTOL  configurations  shown  in  Figure  24.  Trailing  edge  noise  is  an  aero¬ 
dynamic  noise  source  caused  by  the  turbulent  flow  shed  off  the  trailing  edges  of  wings,  flaps,  or  rotating 
blades.  The  readjustment  process  which  the  flow  makes  as  it  transitions  from  being  constrained  by  a 
surface  to  being  a  free  shear  flow  results  in  the  radiation  of  noise.  The  turbulent  flow  may  be  either 
a  boundary  layer  flow  or  a  wall  jet  flow.  Thus,  trailing  edge  noise  has  been  encountered  in  connection 
with  blown  flaps  used  for  the  generation  of  powered  lift,  wings  and  flaps,  from  which  it  is  a  source  of 
airframe  noise,  and  rotating  blades  for  which  it  is  a  broaoband  noise  source. 

The  currently  accepted  theory  of  trailing  edge  noise  generation  is  shown  in  Figure  2b.  see  reference 
11.  The  airfoil  is  idealized  as  a  semi-infinite  flat  rigid  surface  in  a  uniform  stream,  Uu,  parallel  to 
the  plate.  A  boundary  layer  flow  develops  over  the  upper  and  lower  surfaces.  A  typical  turbulent  eddy  in 
the  flow  field,  with  vorticity  of  u,  travels  downstream  parallel  to  the  plate  at  a  velocity  V.  As  this 
eddy  passes  across  the  trailing  edge  of  the  plate  a  counterrotating  eddy  is  generated  with  a  circulation 
ft  which  then  proceeds  to  travel  downstream  at  the  velocity  if.  The  vorticity  ft  of  the  induced  eddy  is 
determined  by  the  condition  imposed  upon  the  flow  field  at  the  trailing  edge  of  the  plate.  Two  extreme 
conditions  have  been  considered:  a  full  Kutta  condition,  which  stipulates  that  there  will  be  no  pressure 
difference  across  the  plate  at  the  trailing  edge  and  the  contrary  condition  in  which  no  vorticity  at  all 
is  shed  into  the  wake  in  which  case  the  pressure  difference  at  the  trailing  edge  of  the  plate  becomes 
infinite. 

The  partial  differential  equation  governing  the  generation  and  propagation  of  sound  by  turbulent 
trailing  edge  eddies  is  shown  in  the  center  of  Figure  25.  The  equation  consists  of  a  convective  wave 
operator  which  describes  the  propagation  of  sound  through  the  externally  moving  medium  and  an  inhomogeneous 
term  on  the  right^ hand  side  of  the  equation  which  is  responsible  for  the  generation  of  sound  by  the  eddies. 
The  two  vectors  «  x  7  and  ft  x  ff  each  lie  in  the  plane  of  the  sketch  normal  to  the  plate.  These  vectors 
play  the  role  of  externally  applied  body  forces  in  the  turbulent  fluid  surrounding  the  trailing  edge  which 
act  normal  to  the  trailing  edge.  Thus,  the  trailing  edge  noise  source  may  be  interpreted  as  a  distribution 
of  dipoles  in  the  wake  whose  strength  is  related  to  the  vorticity  in  the  fluid  and  the  convection  speed  of 
the  turbulent  eddies.  In  the  formulation  of  this  theory  it  was  fourd  to  be  convenient  to  use  as  the 
principal  acoustic  variable  the  stagnation  enthalpy  3  in  the  flow  field  which  is  related  to  the  far-field 
acoustic  pressure  as  indicated  in  the  equation  at  the  bottom  of  the  figure  in  which  M0  is  the  component 
of  the  free  stream  !!ach  number  in  the  direction  of  the  observer.  On  the  plate  the  normal  derivative  of  B 
vanishes. 

Oailing  edge  noise  is  generated  then  by  dipole,  located  near  the  trailing  edge  of  the  plate  and  normal 
to  the  plane  of  the  plate.  Because  of  the  presence  of  the  plate  the  directivity  pattern  of  a  trailing  edge 
dipole  will  be  different  than  that  of  a  free-field  dipole  as  a  result  of  acoustic  diffraction  phenomenon. 

The  directivity  of  a  trailing  edge  dipole  is  shown  in  Figure  26.  The  angles  a  and  0  defining  the  observer 

position  are  shown  in  the  sketch.  The  mean  square  pressure  in  the  acoustic  far  field  is  proportional  to 
2  0 

sin  a  sin  ^  .  Several  cross  sections  through  tiw*  radiation  pattern  of  such  a  baffled  dipole  are  shown  in 

the  sketches  at  the  bottom  of  the  figure.  This  ulpole  has  its  maximum  radiation  amplitude  in  the  plane  of 

the  plate  ir,  contr.'.t  to  the  radiation  from  the  free-field  dipole  which  achieves  its  maximum  along  the  axis 
of  the  applied  force  and  has  no  radiation  perpendicular  to  the  force  axis.  The  theory  predicts  that  the 
amplitude  of  the  mean  square  pressure  depends  upon  the  boundary  conditions  imposed  at  the  trailing  edge. 

A  comparison  between  measured  and  predicted  directivity  patterns  of  trailing  edge  noise, taken  from 
reference  12,  is  shown  in  Figure  27.  The  trailing  edge  noise  was  produced  by  placing  a  thin  plate  in  a 
jet  exhaust  as  indicated  by  the  sketch  in  the  middle  of  the  figure.  Measurements  of  the  radiated  noise 
were  then  taken  in  narrow  bands  at  the  six  frequencies  between  100  and  3,000  Hz.  Note  that  the  dB  levels 
on  the  upper  and  lower  halves  of  the  figure  are  different.  There  is  a  consistent  and  appreciable  decrease 
in  amplitude  with  increasing  frequency.  At  any  frequency  there  is  a  clear  tendency  for  the  radiated  noise 
to  peak  in  the  upstream  direction,  as  predicted  by  the  theory.  This  type  of  evidence  supports  the  general 
correctness  of  the  theoretical  prediction  of  trailing  edge  noise  radiation.  The  additional  diffraction 
which  may  be  expected  from  the  leading  edge  of  <>  plate  of  finite  length  is  discussed  in  references  12  and 


CONCLUDING  REMARKS 

This  paper  has  provided  an  introduction  to  the  concepts  and  methods  of  diffraction  theory  and  has 
presented  several  examples  of  diffraction  phenomena  arfsing  in  the  study  of  aircraft  noise.  It  has  been 
shown  how  the  diffraction  theory  was  used  to  select  the  shape  of  a  microphone  so  as  to  extend  its  usefulness 
over  <-ne  widest  possible  frequency  range.  Experiments  on  wing  shielding  of  engine  noise  show  the  potential 
for  considerable  reduction  of  the  cocronfty  noise  through  proper  engine  placement.  The  scattering  of  sound 
from  an  aircraft  fuselage  was  studied  usinq  a  geometrical  theory  of  diffraction.  Severe  distortions  of 
equal  sound  pressure  level  contours  were  observed  suggesting  that  the  scattering  of  noise  from  the  airframe 
deserves  more  attention.  Experiments  and  theory  on  trailing  edge  noise  indicate  that  the  diffracting 
effect  of  the  wing  explains  the  unusual  cardioid  radfatfon  pattern  of  this  noise  source.  The  need  for 
more  powerful  theoretical  metnods  to  calculate  diffraction  phenomena  for  complex  shapes  and  broadband 
distributed  sources  is  clear. 
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Figure  7  -  Diffraction  of  a  Plane  Wave  by  a 

Cylinder  -  Far-Fleld  Acoustic  Solution 


Figurp  8  -  Scattered  Intensity  for  Diffraction  of  Figure  11  -  Comparison  Between  Series  Solution 

a  Plane  Wave  by  a  Cylinder  and  Geometric  Acoustics 


Figure  9  -  Plane  Wave  Diffraction  oy  a  Circular 
Cylinder-Geometric  Theory:  Reflected 
Waves 


Figure  12  -  Pressure  Gradient  Microphone  - 
Appearance  and  Function 
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Figure  26  -  Directivity  of  a  Trailing  Edge  Dipole 


RANDOM  PROPAGATION  AND  RANDOM  SCATTERING 
C.  Gazanhes,  Mnitre  de  Recherche 
Department  of  Acoustics,  C.N.R.S.,  Marseille,  France 

SUMMARY 

Acoustic  wave  propagation  through  atmosphfire  (or 
ocean)  undergoes  amplitude  and  phase  fluctuations  because  the 
random  nature  of  the  medium. 

The  purpose  of  this  course  is  to  provide  a  review  of 
the  principal  methods  :  geometrical  optics,  Bern  approxima¬ 
tion,  Rytov  method,  parabolic  equation  ,  ....which  allow  us 
to  treat  the  random  propagation  problems. 

Finally  we  consider  the  case  of  the  scattering  by  a 
cloud  of  random  scatters. 


INTRODUCTION 

The  random  nature  (in  3pace  and  time)  of  real  media  (atmosphere,  ocean)  has  a 
strong  influence  on  the  propagation  of  acoustic  waves.  In  particular,  it  produces  ampli¬ 
tude  and  phase  fluctuations  of  the  received  signals.  In  the  case  of  a  long  range  propaga¬ 
tion,  because  of  a  cummulated  effect,  these  fluctuations  can  become  very  important  even 
if  the  medium  fluctuations  are  weak. 

Depending  the  fluctuations  scale,  two  points  of  view  /l/  can  be  distinguished. 
First,  the  macroscopic  point  of  view,  where  one  assimilates  the  medium  to  a  continuous 
random  medium,  of  which  the  properties  vary  in  funccion  of  time  and  space.  Second,  the 
microscopic  point  of  view  where  we  assimilate  the  medium  to  a  random  medium  containing 
randomly  distributed  soatterers.  We  are  going  to  study  these  two  points  of  view  in  the 
following  chapters. 

1.  PROPAGATION  IN  RANDOM  MEDIA 

1.1.  Description  of  the  medium 

In  the  hypotheses  of  a  temporal  harmonic  dependance,  the  simplest  equation 
which  governs  the  waves  propagation  is  the  Helmholtz's  equation  : 

tl-1)  AU(r)  +  ko  v\C f*-,  to') IMF)  =  o 

r  specifies  the  space  coordinates 
kQ  represents  the  wave  number  In  free  space 

n(r,w!  Is  a  random  function  which  describes  the  properties  of  the  medium  (for 
example,  the  index  of  refraction) . 

We  suppose  :  T\  (r  )  =  -i  +  fJC^)  (|U  «  -i) 

and  for  an  homogeneous  end  stationary  medium,  we  write  : 


Ej>m]  =o  (Average  value) 

E  [fllrl]  -  (Variance), 

rtf')  --  E[p(sf)p(?tn  =  pc(() 

where  ^ 

To  fit  the  experimental  results,  we  choose  an  analytic  model  for  C(p).  For  Ins¬ 
tance  an  exponential  model  : 

iPI 

c(?)=  -e’T" 

(JL'2- 

Gtf)  - 


or  a  Gaussian  model  j 


<0  is  the  correlation  length  o£  the  retractive  index. 

i 

We  schematise  the  medium  fluctuations  by  blobs  the  dimensions  cc  which  would  be 
approximately  £  . 

For  a  sound  wave  of  hight  frequency  each  diffusing  blob  reacts  as  a  lens  of  an 
angular  opening  ?i/£  •  The  energy  is  diffused  in  a  cone  in  which  the  angle  at  the  vertex 
would  be  centered  on  the  receiver.  If  U  is  the  wave  path  length  in  the  medium,  the  maximal 
opening  of  the  diffusion  cone  takes  the  value  L  A /£ 

Wp  now  have  to  consider  the  two  following  situations  : 

a)  VU  ^  diffraction  effects  can  bo  ignored  (Figure  la)  this  cor¬ 

responds  to  ray  propagation  and  the  geometrical  optics-approach  can  be  used. 

b)  VuT  sA  diffraction  effects  become  important  and  it  is  necessary 

to  solve  the  waves  equation,  (figure  lb) 

a  The  problem  is  more  complex,  because  there  are  a  number  of  many  possible  values 
for  X,  .  For  example  in  the  atmosphere,  (Figure  2)  shows  a  turbuiant  spectrum  traced  in 
function  of  the  wave  number  k  =  2  m/£  . 
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Figures  la  -  lb 

We  distinguish  three  regions  dcliraitec  by  the  wave  numbers  ko  and  km. 

a)  0  <  k  <  Vo 

In  this  range  the  turbulence  (wind  or  convection  streams)  is  created,  the 
turbulent  blobs  are  large  (100  meters) .  The  turbulence  is  anisotropic  :  is  called 

the  outer  scale  of  turbulence. 

b)  U0<  K  <  \<  w\ 

This  range  is  characterized  by  the  progressive  subdivision  of  blobs,  the  energy 
is  transferred  to  the  smaller  and  smaller  blobs.  The  turbulence  is  isotropic. 

c)  u  ^  k  w  a 

Frot  a  certain  value  k  the  energy  loss  by  viscosity  becomes 

preponderant.  could  be  of  che  order  of  milimeters.  In  the  atmosphere  che  blocs  are 
the  most  stable. 

1.2.  Geometrical  optic  method 

This  method  is  only  valid  in  the  high  frequencies  domain  with  the  condition  : 

r\  «  o  .  Wc  then  consider  a  ray  propagation  and  the  scalar  wave  equation  has  an 
asymptotic  solution  in  the  form  :  •  c  / 

U(r  )=  A(r)-e  1 


Where  A(r)  is  the  amplitude  and  S(r)  the  phase  of  the  wave.  It  satisfies  the  Eikonal 
equation.  )3 


J  cgoX  £>  | 


1  ^2- 
in 


(1-2) 

The  surfaces  S  =  Cte  are  the  wave  front  and  orthogonal  curves  to  these  surfaces  are  the 
rays.  In  random  medium,  the  equation  (1-2)  can  be  written 


SlLlI. 

„cU>  L  cU 


—  (y-oJ-  ^(r) 

where  s  is  the  path  along  the  ray.  Chernov  /2/  shows  that  the  mean  square  lateral  displa¬ 
cement  of  a  ray  is  in  the  form  :  .  _  3  . 

<A>=  if? 

the  value  :  /OCO 

52  =  2yVL  x:(oc,o)  cUc 
Vo 

and  the  logarithmic  amplitude  fluctuations 

1.3.  Born's  approximation 

The  geometrical  optic  doesn't  allow  us  to  take  into  account  the  diffraction  problems, 
■"o  introduce  the  diffraction  we  can  resolve  the  equation  (1-1)  in  developing  the  solution 
U(r}  in  perturbation , series  in  the  form  /3/. 

tf  =  1/0+  VA  +  U»  -I - 

The  equation  (1-1)  can  be  written  :  w  4  * 

(1-5) 

after  writing  : 


(1-3) 


S|0=  (i+W2-l  =  2fJ  +  |J2 


A  general  solution  (1-5)  is  given  by  the  integral  equation 

r 


(1-6) 


U(r )  =  U„(?)  +  V.2  &{?-?•)  SfiifWin  cLv' 


r  locates  the  receiver  an'i  r'  the  scatterj^t  volume  v' •  Vo  (r)  is  the  field  in  the 
abscence  of  fluctuation  (  8  =  o)and  Q.  (ji  -^vjis  the  Green  function  fo  the  free  space. 


(1-7) 


Q(r-rU  4 


4 71  ]  F^-r'l 


The  Born  approximation  consists  of  replacing  U(r')  by  UQ(r)  in  the  equation  (1-6). 
We  then  get  the  solution  of  Born  which  is  an  approximation  of  single  scattering. 

Let  us  now  calculate  the  mean  scattered  intensity,  in  the  far  field  conditions. 

We  choose  the  origine  of  the  coordinates  at  the  center  of  the  scattering  volume.  The  Green 
function  (1-7)  is  then  given  by  _ . 

G(r-r')Si  A _ _  -e 


iti\m 


where 


kL  •  - v  £ 
°¥\ 


represents  the  scattered  wave  number.  For  an  incident  plane  wave  defined  by  jQ 
Frish  /!/  derives  the  mean  scattered  intensity  in  the  form  : 


(1-13) 

IV  MM 
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mi 

and 

(1-14) 
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The  equation  (1-11)  can  be  written  : 


(1-15) 


(1-16) 


(Ms+'<:)(u„Y,)  =  [(vv,f+<S)i]u, 

ihoraogeneous 

v  m  =■ 


which  is  the  inhomogeneous  wave  equation,  the  solution  of  which  can  be  written  : 

f &(r-P)[(VV,f+V^,v]V0(f)  civ' 

1  U„t  njv 

By  iteration  we  obtain  the  general  solution.  For  the  first  iteration  we  choose  the  value 

ll)  —  0  in  integral  and  we  get  : 

•t 

V  (.?)  f 
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(1-17) 
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G(F-r’)^pVo(P) 


This  is  the  first  solution  of  Rvtov.  Hence  :  ",r  ,7*/\  ,|\i 

G(r-r')SiuU.(r  )rtV 

u-18)  TJlr)=  U0Cr)  0o(F>)  Jv 

which  gives  the  Born  approximation  for  the  weak  variations  of  the  signal. 


Let  us  write  : 
if 


V  (r)  =  flO?)€'S'(r' 

S’, It)  :TuS  =  L^JL  + 

Ho 


We  can  see  that  the  real  part  : 


%  =  U^jL 


of 


i>in 


n, 


represents  the  fluctuations  of  the  logarithmic  amplitude  A. 


It  seems  that  the  Rytov  method  doesn't  apply  any  longer  when  the  propagation 
distances  become  greater  (approximatively  one  kilometer) .  We  then  verify  a  very  clear 
divergence  between  the  experimental  and  theoretical  results.  The  method  known  as  the 
parabolic  equation  allows  us  to  go  further. 

1.5.  The  Parabolic  Equation 

We  obtain  it  from  tl.a  wave  equation  (1-1)  by  looking  for  a  solution  in  the 
form  of  /6/. 


d-19)  \J  {'?)  = 

We  then  obtain  the  equation 
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(1-20) 
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In  the  ease  of  a  propagation  following  ox. 
j2-(j  If  u(r>  is  a  function,  slightly  variable  to  x  and  if  X  <<  t- 

of  index)  we  have  ,  I  i  . 
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In  these  conditions  we  can  substitute  for  the  Laplacian  A  the  transverse 


Laplacxan 

Ai  = 

We  then  obtain  the  simplified  equation  : 
(1-21) 
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n> 

AiA.v(r’)  4  Q-Y1  |u(r}4Cr)  =  O 
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This  equation  is  only  valid  in  the  approximation  of  slightly  inclined  rays  from 
the  propagation  direction  x. 

R.H.  Clark  /7/  proposes  to  resolve  the  equation  (1-21)  in  a  way  similar  to  the 
proceeding  one.  He  considers  two  separated  steps  : 


In  the  first  step,  we  suppose  an  homogeneous  medium  such  as  >i 
half  plan  x  >  0  we  represent  the  acoustic  field  by  the  integral 


0  and  in  the 
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(1-22) 
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where  s  =  sin  0  and  c  =  cos  a  . 

Fq(s)  represents  the  plane  waves  spectrum  of  Uo<y,x). 
We  have  : 


(1-23) 


-C  =  Cc 2L  A  -  —  fc 
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and  wo  can  write  t>’e  fleid  in  a  plane  located  at  Ax  from  the  origin 

;v.a,c r 


(1-24) 
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In  the  second  steep  we  look  for  a  solution  of  the  parabolic  equatlo..,  supposing 
that  the  medium  is  slightly  heterogeneous.  We  then  neglect  the  second  order  derivative 
in  such  A  way  that  in  (1-21). 


The  solution  of  the  first  order  differential  equation  that  remains  can  be  written 

as  : 

A  1 

(i“2S)  4*^)  r  M'S,0) 


In  these  condition  the  medium  .s  divided  into  nomogcneous  slabs  at  the  same 
width  Ax  (Figure  5),  but  the  r-fiactive  index  can  be  different  from  one  slab  to  another. 


IX-  (y,o)  represents  the  distribution  of  the  acoustic  field  on  the  plane  x  =  0 
^l,(y,t.  ax)  represents  the  same  distribution  on  the  p.ane  x  =  Ax 


aflected  by  the  piiase  shift  introduced  by  propagation  along  a  ray  of  length  ax. 

To  f ini  s.i,  we  combine  the  two  types  cf  solution  (1-24!  and  (1-25)  by  writing 

tjU,  =  V.U,  u) 


(1-26) 


Figure  5 


in  which  U  is  the  solution  corresponding  to 
the  homogeneous  medium.  (1-23)  allows  us  to 
pass  from  the  plan  x  =  x  to  the  next  one 
x  =  2  [i  x  and  so  on . 

The  first  type  of  solution  (1-24)  takes 
into  account  the  diffraction  effects.  The  second 
type  of  solution  (1-25)  takes  into  account 
the  landom  irrejularities  of  the  medium. 


2.  THE  MULTIPLE  SCATTERING 

2 . 1  Fundamental  equations 

Let  a  volume  V  containing  N  particles 
located  at  points  rj<  r r r^. 

Let  us  consider  an  observation  point  A 
and  let  t !<  be  the  acoustic  field  at  this 
point.  (Figure  6)  . 

It  verified  the  wave  equation  : 


where  k  =  2n/>  is  the  wave  number  in  the  medium  surrounding  the  scatters.  Let  us  call 

'Vo  the  incident  field  at  the  point  A,  in  absence  of  scatterers  and  F!r,rj)  the  wave 
scattered  by  the  giSme  scatterer  at  the  point  A.  The  total  field  will  be  under  the 
form  (Figure  7a) . 

«-»  YOn  =  Hit?)  +  .£/(',  ~j) 

d  “  'i 

The  scattered  wave  F (r^r?)  can  be  expressed.Joy^the  ir.aans  of  the  incident  wave 
on  the  scatterer  and  the  scattering  coef f icient .AL (r . , r)  charactei ises  the  scatterer.  1 
The  wave  transmitted  by  the  jifime  scatterer  can  3  3  then  be  written  : 

(2-d  ^  S)  (fy 

It  is  important  to  notice  than  (2-3)  is  a  symbolic  writing  which  represents  a 
product  only  with  an  incident  plane  wave.  In  these  conditions 

W)  = 

0 

and  when  the  distance  between  r"  and  r*-  is  large  we  have  (Figure  7b; 

<«•  Y‘’?) "  W*'  V-^T  -  0  t(r'ri 


g  (r.)  is  the  scattering  pattern  of  the  considered  scatter. 

The  wave  impinging  on  the  scatterer  j  is  then  the  sum  on  the  incident  wave 
i^o(r  )  and  the  waves  scattered  by  all  the  other  scatterer?  different  from  thp  scatterer 

j  (Figure  7c) . 

We  can  write  : 

,2-5)  ljUfy  =  ^  (tp  +  E  %.(Z) t  ^  A) 

u  L—  1 

The  equations  (2-2)  ard  (2-5)  arc  the  fundamental  equations  of  the  multiple 
scattering  /9  -  10  -  5/ 


Let.  us  write  against  : 


(a)  =  H’.tn  +  l  ^)W(fi)  E(f^) 
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For  agiven  incident  wave  *  (r)  one  can  eliminate  £,(r)  and  calculate  the  resul¬ 
tant  wave  <!>  (rj .  °  J 

By  successive  iteration,  we  obtain  the  series  : 


V^)  =  X[r>)  +  I  ^)  +  Z  \^)V.^)£(r.;r.) 
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(2-7) 


where  the  successive  tents  represent  the  incident  wave  and  s'ngle,  double,  triple 
scattering  waves.  (Figure  8)  . 


Figure  6 
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(-a):  single  Scattering 


(b)  :  T>ouUe  Scattering 


Figure  8 


Figure  7 


2.2.  P.andomlv  distributed  scatterers 

13-/0  A  random  distribution  of  N  scatterers  contained  in  a  volume  V  can  be  des¬ 

cribed  by  a  multiple  probability  density  in  the  form  : 


(2-8) 


*  w 


r-)  is  the  position  of  the  particle  j  characterised  by  a  scattering  parameter  s..  If  the 
scatterers  are  not  correlated,  the  probability  density  (2-8)  is  written  :  3 


(2-9) 


^  =  (w)  p(nA).. 


2.3.  Average  acoustic  field 

In  these  conditions  L.L.  Foidy  /9/  shows  that  the  average  acoustic  field 
scattered  by  a  set  of  N  scatterers  can  be  writtei.  :  (average  value  of  2-2). 


(2-10) 

with 

(2-11) 


<  yin>  =  yfi')  4-J  GrT'\<  V(r')>  £(?/')  dr*' 

Gif)  =  n(ir;  A )  cU 

u 


where  n(r,s)  is  the  average  number  of  scatterers  per  unit  volume  in  the  neighbourhood  of 
the  point  r  having  the  scattering  parameter  lying  between  s  and  s  +  ds. 


The  eouatiou  ( 2—  *  0)  is  the  solution  of  the  heterogeneous  eguation  : 

.2.  ,.2. 


(2-12) 


V<VCH>  +W)<  Y(r)>  =0 


or  aqain 


(2-13) 


=  Yv!  +  If-n  6(r ) 


The  reap  -'aiue  •  *(r)>  satisfies  the  general  wave  equation.  The  results  (2-12)  and 
(2-13)  can  oe  compared  to  (1-5)  and  (1-6). 
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UNDERWATER  ACOUSTIC  PROBLEMS 
C.Gazanhcs,  Maltre  de  Recherche, 

Department  of  Acoustics,  C.N.R.S.,  Marseille,  France 

SUMMARY 

Tho  acoustic  study  of  underwater  medium  is  very  complex.  The 
basic  orinciples  which  give  a  simplified  approach  to  the  problem 
are  reviewed. 

In  the  first  part,  we  give  a  static  description  of  the  medium 
and  we  define  the  transmission  loss. 

In  the  second  part  we  consider  the  propagation  problems  from 
:ay  and  mode  concepts  view  point. 

Finally  we  discuss  some  effects  that  fluctuations  of  the 
medium  has  on  acoustical  transmission. 


INTRODUCTION 

Among  the  studies  connected  with  oceanography,  underwater  acoustics  is  becoming 
more  and  more  important  because  only  the  acoustic  waves  propagate  well  through  the  sea. 

Like  the  atmosphSre,  the  sea  is  essentially  a  heterogeneous  medium.  It  is  characterised 
by  parameters  which  differ  from  one  point  to  an  other,  (sound  velocity,  absorption,  ...) 

It  contains  many  inhomogeneities,  (tiny  suspected  particles,  gaz  bubbles,  shoals  of 
fish  ...)  which  scatter  acoustic  waves. 

We  also  hate  to  take  into  aoount  the  presence  of  close  boundaries  (surface  and  bot¬ 
tom)  and  the  fluctu-ting  nature  of  some  parameters  with  time  that  cause  distortion  and 
fluctuation  of  the  received  signal. 

The  Internal  structure  of  the  ocean  and  of  the  atmosphere  present  notable  analogies. 
Comparaison  between  records  obteined  by  using  echo-sounders  in  the  ocean  and  in  the  atmos¬ 
phere,  is  enough  to  convince  us. 

Since  world-war  I  the  field  of  applications  of  underwater  acoustics  has  not  stopped 
developping.  Let  ui  quote  some  examples  : 

-  Echo-sounder,  navigation  3onar 

-  Underwater  telecommunication,  telemetry,  telemesures  ... 

-  Off-shore  petroleum  research  and  exploitation 

-  Sediments  and  underwater  bottom  study 

Studies  of  gravity  waves,  currents,  microstructure  of  ocean  etc  ... 

1.  STATIC  DESCRIPTION  OF  UNDERWATER  MEDIUM 

1.1.  The  velocity  profile 

The  acoustic  waves  velocity  is  an  essential  parameter  for  propagation  calcula¬ 
tions.  In  underwater  medium  it  varies  in  space  and  it  depends  on  temperature,  salinity 
ar.d  hydrostatic  pressure.  Temperature  plays  an  essential  role  in  velocity  variations.  If 
in  normal  conditions,  sound  velocity  is  at  tile  average  of  1500  ms'1,  different  relations 
have  been  proposed  to  express  it  in  function  of  basic  quantities  ;  temperature  0,  salini¬ 
ty  s,  anddepth  d.  For  example,  between  6-17”  C,  we  can  a  dy  the  relation  : 

(1-n  '^aT')  s  -4410  +  «t,SM  e  -  0,037e‘A-M,  0,01$  cL 

for  a  temperature  variation  of  10°  C,  the  relation  gives  a  velocity  variation  ol  3840  ems  V 

Usually,  one  plots  velocity  variations,  in  function  of  the  depth,  on  a  diagram  called 
velocity  protile  (Figure  1). 

Generally  we  distinguish  3  principal  regions  : 

-  The  region  of  the  thin  mixed  layer  where  the  temperature  is  pratically  constant. 

-  The  main  thermocline  region  where  the  temperature  and  the  velocity,  quickly  decrease 
with  depth. 

-  Tl.e  deep  isothermal  layer  where  the  temperature  is  constant.  The  velocity  increase 
is  only  due  to  the  hydrostatic  pressure. 

1.2.  Transmission  losses 

a)  Absorption  of  sound  in  sea 

The  intensity  of  plane  wave  which  travels  through  an  absorptive  medium  decrea¬ 
ses  under  the  equation  :  _q^v 

I  =  I0£ 

where  a  represents  the  absorption  coefficient  of  che  medium.  In  sea  water,  this  coefficient 
is  more  important  than  in  pure  water,  especially  for  low  and  intermediate  frequencies, 
because  of  the  molecular  relaxation  of  dissolved  magnesium  sulfate.  Figure  2  shews  a  plot¬ 
ted  against  frequency.  At  HF  (>  MHz)  a  is  ’-ery  high  and  varies  like  f  ;  so  these 
frequencies  have  few  applications  in  underwater  acoustic. 

One  may  represent  the  frequency  dependence  of  the  coefficient  o  in  the  form  : 

d-2)  o(  =  A?2  +  _ 
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bo  written  : 


(1-5; 


N  =  20  log  +  or  dB/m 


If -3 


w.her'j  o  is  the  absorption  coefficient  in  dBm-1.  Figure  4  gives  the  famllv  of  curves  re¬ 
lative  to  a  spherical  wave  running  into  sea  water. 


H(dh) 


Figure  4 


1.3.  Boundary  reflexion 

a)  Sea  surface  reflexion 

The  acoustic  emission  of  a  source  situated  close  the  surface  is  affected  by 
its  presence.  If  the  surface  is  not  disturbed,  it  acts  as  a  perfect  reflector  and  it  pro¬ 
vokes  Interferences  between  the  direct  emission  of  the  source  S  and  its  image  S’  (figure 

s; . 


Figure  5 


The  receiver  R  receives  a  direct  path  SR  and 
a  surface  reflected  path  emanating  from  the 
image  S'  of  the  source  S  in  the  surface.  One 
shows  that  . 2/  the  combined  intensity  at  R 
can  be  written  : 


■i  +  (J2,  2  N  -co^  "H  H  h 

1  r  A 


The  reflexion  coefficient  u  depends  on  the 
sea  state  surface. 

Figure  6  represents  the  fluctuations  of  I/I 
in  function  of  r  and  for  different  values 
o£  u . 


formula 

(1-") 


b) 


Bottom  reflexion 

The  reflexion  coefficient 

X  - 

T  " 
s'0 


on  the  bottom,  (figure  7)  is  given  by  Rayleigh’s 

f  a  *1  <> 

vw  /b  U ,  0  \  —  Y\  A  0  t 

m  Au  0(  +  (\  ^i,vn  0>. 


where  m  =  ot  n  =  cl^c2"  Jcf  c2  >  ci  L  critical  angle  8^  exists  such  as  : 

C1 

Sln  *«■  =  c2 

For  an  incidence  0.  <  0  a  transmission  in  the  bottom  takes  place  and  weakens  the  re¬ 
flected  wave,  -or  0,  >  9,  the  reflexion  is  total,  but  the  waves  undergo  a  phase  change 

1  It 

in  function  of  tue  incidence  (figure  8) . 
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2.  UNDERWATER  PROPAGATION  OF  SOUND 

2.1.  Normal  mode  and  ray  propagation 

The  waves  propagation  in  underwater 

(2-1)  A$  ~  \ 

-C 


medijm  is 

Oa$  _ 

o?  - 


governed  by  the  wave  equation 
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where  o(x,y,2,t)  specifies  a  quantity  dstcribing  the  acoustic  field  and  c(x,y,z,t)  repre- 
sents  the  sound  velocity  which  depends  on  the  space  coordinate  and  tirie.In  the  particular 
case  of  a  monochromatic  wave,  let 

(2-2)  K4W^  subtitute  in  the  equation  (2-1)  it  becomes  : 


(2-3)  A^  +  V.1  ~  C 


and  the  propagation  problem  is  then  governed  by 


the  Helmholts  equation  (2-3). 

Prom  that  F.'int,  there  are  two  possible  points  of  view  for  the  equn'  ion  (2-3)  .  ic 
the  boundaries  play  a  dominant  part,  the  problem  is  *  he  following  : 

Find  a  function  e  describing  the  acoustic  field  at  any  point  and  any  time,  w  ich  is 
a  solution  of  the  equation  (z-31  „nd  fits  the  boundary  and  source  conditions.  From  the 
first  point  of  view,  the  general  solhii>'r.  0 i.;,y ,  z)  is  given  from  a  'iethod  of  suparposition 
of  partlculary  related  solutions,  which  are  called  modes. 

The  total  fle)d  is  composed  of  a  discrete  sum  of  propagation  modes 


(2'4)  } 

On  the  other  nand,  ii  we  orget  the  boundary  problems,  wo  end  up  with  the  second 
point  of  view,  ar.d  the  propagation  nr  tolem  looks  like  the  search  of  paths  on  which  the 
energy  Is  propagating,  and  the  study  of  signal  evolution  on  these  paths. 

For  this  wc  look  fit  a  solution  of  the  equation  (2-3)  under  tiie  form  : 

(2-5)  C^5(.((J(Z  t  y  -  A  ^X,tJ  j  '>')',^'Z^wheve  A  and  s  denote  ampl'tude  and  phase.  The 


surfaces  of  constant  phase  S  -  ote.  ate  the  wave-front,  rod  the  orthogonale  curve,,  to  those 
surfaces  are  the  sound  rays. 


2.2.  Ray  theory 

Let  us  now  consider  the  point  of  view  of  the  fry  Theory 
2.2.1.  Ray  Equation 

Lot  us  substitute  (2-5)  In  f 2—3'  and  separate  the  roal  and  imaginary  parts  ; 
we  get  the  system  : 

(2-6)  AA-  A(  s)£>)3'+kaA  =  0 

(2-7)  2.^A  .MS  +  A  A  Ss  -  0 

the  resolut.on  which  poses  serious  difficulties. 
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The  geometrical  approximation  is  written  : 

(2-8)  |  AA I  ^  \t  so  (2-6)  is  reduced  to 


(Vs)s=  us 


which  is  known  as  the  eikonal  equation  for  which  the  condition  (2-8)  is  equivalent  to  : 

(?-)0)  _i_  A-  l^fiuLe  «  4  (X  — : >  O') 

and  expresses  vhe  high  frequency  charactei  (X  •»  0)  of  the  approximation  or  also  a  weak 
gradient. 


It  means  that  we  can  neglect  the  velocity  variations  on  a  path  length  comparable  to 
the  wave  length. 

2.2.1.  Rays  equation 

We  suppose  that  the  propagation  velocity  c  is  a  function  of  the  only  immersion 
a,  so  that  we  can  write  :  c  *=  c(z).  In  this  case  the  rays  always  lie  in  the  vertical  plane 
(x,z),  With  fixed  end  points,  the  rays  are  always  paths  of  stationnary  time,  (Fermat 
principle) .  In  these  conditions,  any  variation  5  between  two  fixed  end  points  will  be 
that  as  : 

-  6J4  *°  - - r 

and  according  to  figure  9.  I  /  o/8 

flpp)  lying  to  (2-'.2)  the  Euler  -  Lagrange  - j-J’- 

equntion,  we  get  j  I  I  *>8^ 

(2.13)  .  _±_  _ 4  - _dL  -  cVf  '  **  1  lh 

-Cl*)  [i  *•  (<bl/(U)2]’/£  g  A8  =  d0 

and  since  ~  -  cot  0Q.  consequently  : 

(2-14)  ~A_  -  ^ 

.Cat)  ©  80  Figure  9 

which  is  Descartes  law  in  which  c  and  0  are  the  parameters  at  the  source.  The  equation 
(2-12)  immediately  gives  :  °  0 


-dx.  ~  ±  (1 

(V-  -C.5)^ 


if  x  =  0  and  z  =  zQ  are  the  coordinates  of  the 


J  u*-cv,)« 

2C 

vts  take  the  sign  +  for  a  ray  going  down  to  the  bottom  and  the  sign  -  for  a  ray  going  up 
to  the  surfaje,  so  that  x  is  always  positive.  We  get  the  turning  point  of  a  ray  when  the 
condition  c(zm>  ^  y  is  fulfilled,  therefore  when  dz/dx  =  0. 

We  can  easily  determine  the  ray  path  in  the  case  of  a  velocitv  linear  profile. 

Let  c(z)  *  gs  and  substituting  in  (2-16)  it  immediately  becomes  : 

if  wc  take  0  for  the  constant,  it  comes  : 


R2  =  xV  22  =  (J.)2 

V 


(2-17) 


The  ray  path  are  circles  of  radius  : 

(2-18)  R  =  JL  -  - - — - c 

S'  (^  Co{>  9o 


centered  on  the  horizontal  line  of  zero  sound  velocity. 


For  digital  ray  computation  one  can  divide  the  velocity  profile  into  horizontal  layers 
of  constant  gradient  velocity,  (figure  9) 

Figures  10  and  11  give  examples 
of  ray  diagram  in  the  case  where  there 

are  caustics,  shadow  zones  and  a  sound  j  s«w«c» 

channel.  - 


2.3.  Modes  theory 

Modes  theory  is  often  prefer¬ 
red  when  we  have  to  take  the  boundaries 
into  account.  This  problem  occurs  in  the 
propagation  studies  in  the  case  of  shal¬ 
low  water.  In  this  case,  the  ratio 
H/X  water  height  on  wave  length  is 
small.  In  shallow  water  propagation 
numerous  reflexions  on  the  surface  and 
on  the  bottom  takes  place.  The  solution 
by  modes  represents  the  waves  inter¬ 
ference  phenomena, rays  theory  on  the 
contrary  requires  a  certain  indepen¬ 
dence  between  the  different  rays. 

2-3-1  Mode  Interference 

An  omnidirectional  source  set 
in  the  water  transmits  waves  which 
reflect  numerous  times  on  the  surface 
ar.d  the  bottom,  (figure  12)  .  At  a  suf¬ 
ficiently  large  distance  from  the  sour¬ 
ce,  the  waves  interfere  and  give  a  stan¬ 
ding  wave  pattern.  Only  the  ones  which 
interfere  in  a  constructive  way  and 
which  propagate  under  incidence  angles 
for  which  the  reflexion  on  the  bottom 
is  theoretically  equal  to  one,  will 
contribute  to  the  field. 


Royoai  limittt 
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Figure  10 
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Figure  11 


There  is  constructive  interference 
effects  between  the  rays  (1)  and  (3)  if: 


k~n?  H 


CoO  £  z  Uk-'O'IT 


where  f  is  the  emission  frequency,  c, 
the  waves  velocity  in  water,  0  the  1 
incidence  angle  and  c  the  phase  change 
undergone  by  the  waves  at  the  reflexion 
on  the  bottom. 


Wove  front 


The  constructive  interference  condi¬ 
tion  (2-23)  gives  us  the  characteris¬ 
tic  equation  : 


Figure  12 


VA2ii  ncooe)  -  - £*3.9 _ 


The  number  of  possible  modes  is  determined  by  the  number  of  discrete  roots  of  the 
characteristic  equation  (2-24) . 

The  graphic  resolution  of  (2-24)  is  given  by  tracing  in  function  of  0  the  curves 
corresponding  to  each  member,  for  a  determined  frequency  ;  0  varying  from  0  to  tt/2.  The 
curves  take  the  aspect  given  by  figure  13.  The  intersection  points  of  these  curves  deter¬ 
mine  the  real  solutions  6  of  the  characteristic  equation.  The  corresponding  wave  number 
is  given  by  :  n  q 

k*  =  ■— *-  AUe, 

At  each  value  of  8  ,  there  is  only  one  mode  of  propagation  for  a  given  frequency  f  and 
the  water  height  H. 

In  addition  from  the  equation  (2-24),  we  can  obtain  for  a  given  frequency,  the  cut¬ 
off  depth  of  the  nfc“  mode. 


The  expression  (2-32)  lets  us  calculate  the  acoustic  field  at  any  point  of  the 
medium. 

a)  Vertical  field  distribution 

In  function  of  the  depth  of  the  source,  the  modes  excitation  vary  as  the  factor 
sin(Yln  d)  of  the  expression  (2-32) .  It  varies  as  the  factor  sin(yln  z)  of  this  same 

expression  in  function  of  the  depth  cf  the  receiver.  Figure  14  shows  for  the  two  first 
modes  the  evolution  of  the  vertical  distribution  of  the  pressure  amplitude  in  function 
of  the  frequency. 

b)  Mode  Interference 

For  a  given  frequency,  the  propagation  shows  a  vertical  standing  wave  pattern 
along  the  oz  axis,  and  a  mode  interference  pattern  along  the  horizontal  axis  or.  For 
example  a  two-mode  interference  pattern  shows  successive  minima  and  maxima  which  are 
spaced  one  interference  wavelength  apart. 

(2-33)  L.-  =  2*n/(k.-  V) 

Figure  15  corresponds  to  the  case  where  two  modes  a<"e  present  and  equally  excited. 
The  field  oscillations  are  regular  and  the  interference  wavelengh  can  be  calculated 
from  (2-33) . 


Mode  1 


Figure  14 


Figure  15 


3.  UNDERWATER  MEDIUM  FLUCTUATIONS 

Ocean  is  a  fluctuating  medium  in  which  the  results  obtained  in  chapter  "Random  scat¬ 
tering"  can  be  applied. 

3.1.  Fluctuations  of  sound  velocity  are  due  to  the  turbulence  of  the  medium,  the 
water  current  and  the  small  temperature  fluctuations. 

These  fluctuations  can  be  schematised  by  irregular  blobs  of  water  of  different 
sound  velocity.  These  blobs  are  in  motion  relative  to  each  other. 

In  general,  if  (Ac) 3  is  the  standard  deviation  cf  the  velocity  fluctuations,  the 
relative  sound  velocity  , 

j».[(C /*)*]* 

is  about  8  10'10. 

We  define  the  pressure  fluctuations  by  the  coefficient  of  variation  : 

[(p-p)V(^)4]^ 

Different  studies  allowed  to  connect  y  to  the  characteristic  of  the  microstructure 
of  the  medium.  ' 

For  a  high  frequency  signal  received  at  short  range  r,  the  rays  theory  gives  : 


where  r  is  the  range  and  1  is  the  correlation  radius  of  fluctuations  (velocity  for  example) 


14-9 


In  thin  case,  the  fluctuations  of  the  signal  are  essentially  due  to  the  focusing 
and  defocusing  of  the  souna  bean. 

For  a  low  frequency  signal  received  at  long  range  r,  the  wave  theory  aives  : 

with  the  condition  r  >>  kl2 

In  this  case,  the  fluctuations  are  due  to  the  scattering  by  the  heterogeneous  struc¬ 
ture. 


3.2.  Fluctuations  due  to  the  reflexion  on  the  surface 

Wa  show  /5/  that  the  fluctuation  of  the  signal  reflected  by  the  sea  surface 
decreases  when  the  signal  frequency  decreases  and  when  amplitude  of  surface  fluctuations 
decreases  (Figure  16) . 
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SUMMARY 

This  paper  presents  two  different  facets  of  the  interaction  of  aerodynamic  noise  with  a  fuselage 
shaped  booy.  The  first  problem  is  the  effect  of  scattering  of  an  acoustic  source  by  a  body  at  rest.  A 
numerical  technique  is  presented  which  permits  the  computation  of  this  scattering  for  frequencies  of 
aeroacoustic  interest.  A  parallel  experiment  is  described  which  confirms  the  results  of  the  enuputations. 
A  numeiical  study  of  varying  the  geo-ietry  of  the  scattering  is  presented.  The  second  problem  ir-  to 
sit.,  iata  the  efrect  of  iorward  motion  on  the  mean  velocity  and  static  pressure  profiles  in  the  wake  of 
such  a  body  with  a  jet  exiting  from  it.  Experimental  results  are  p-esenfeil  erd  a  similarity  law  is  given. 
Directions  for  future  research  in,  this  field  are  discussed. 


I  INTRODUCTION 

This  paper  is  concerned  with  the  effect  of  a  body  on  nearby  acoustic  sources.  The  motivation  fo’ 
fhiS  is  the  effect  that  an  airplane  fuselage  has  on  the  sources  of  Jet  noise.  Previous  work  has  ignored 
thr  effect  of  the  fuseiage  on  farfield  sound  patterns.  It  will  be  seon  that  Hie  effect  of  the  body  is 
to  suostant’ally  alts’-  the  far  field  acoustic  pattern  and  that  *his  neglect  is  r't  justified. 

The  airplane  fuselage  will  be  modelled  by  an  elm, gated  ellipsoid.  The  acoustic  sources  KJ i!  be 
modelled  by  point  sources  placed  on  the  major  axis  cf  the  ellipsoid. 

This  paper  will  consider  static  effects  and  simulated  flight  in  an  open  wind  tunnel.  Tne  static 
effects  will  consist  of  measurements  and  numerical  computation  of  the  far  field  scattering  due  to  the 
body.  A  numerical  technique  will  be  discussed  which  will  permit  the  accurate  computation  cf  the  scattered 
field  at  reasonably  hiah  frequencies.  Experimental  results  will  be  given  for  comparison  with  the  numeri¬ 
cal  methods.  The  availability  of  in  accurate  numerical  scheme  permits  the  study  for  c  wldei  >‘?r.oe  of 
parameters  than  could  be  obtained  experimentally. 

The  forward  motion  effect  over  the  body  will  consist  of  experiments  on  the  mean  velocity  and  static 
pressure  profiles for  a  body  in  a  uniform  flow  with  the  point  sources  replaced  by  a  jet  exiting  along  the 
major  axis.  This  Is  a  realistic  simulation  of  flight  effects,  however  tlr'  acoustic  measurements  and  the 
numerical  calculations,  being  much  more  difficult  than  in  th<.  static  case,  ava  presently  being  developed. 

In  section  II,  the  static  effects  are  discussed,  ant  in  section  III,  the  forward  motion  effect  is 
considered.  In  section  IV,  the  current  state  of  the  present  research  is  discussed  together  with  plans 
fur  future  work. 


II.  SCATTERING  BY  A  FUSELAGE  SHAPED  BODY 

We  consider  the  problem  of  determining  the  scattering  by  an  airplane  fuselage,  of  the  sound  or  a  jet 
engine  nounteu  on  the  axis  and  behind  the  body.  This  problem  is  modelled  by  a  rigid  elongated  ellipsoid 
(prolate  spheroid)  with  point  sources  on  the  major  axi>.  (See  fig.  1  and  ref.  1). 


Figure  1.  Coo»-dvnete  system  of  the  ellipsoid  and 
for  the  farfield  observation  angles. 


The  farfield  sound  fs  a  superposition  of  the  incident  field  and  the  scattered  field  due  to  the 
presence  of  the  body.  A  complete  treatment  of  this  problem  requires  the  commutation  of  the  scattering 

with  a  variable  flow  over  the  body.  This  will  permit  the  computation  of  the  noise  generated  by  an  airplane 

in  notion.  Here  wc  consider  only  the  case  of  zero  flow.  The  case  of  constant  flow’can  be  reduced  to  the 
case  of  zero  flow  by  a  Galilean  transformation.  A  discussion  of  the  effect  of  constant  flow  based  on 
geometrical  optics  ic  given  in  Reference  2. 

Several  techniques  are  available  for  the  numerical  computation  of  the  scattered  field.  These  are 
discussed  In  section  II. a.  After  comparing  these  methods,  it  was  found  that  for  the  frequencies  of 
interest,  the  integral  equation  method,  using  appropriate  coordinate  stretching,  was  best  able  to  provide 
accurate  solutions  over  the  entire  farfield.  This  method  and  the  stretching  transformation  which  is 
crucial  to  its  success  is  discussed  in  section  H.b. 

An  experiment  was  conducted  to  verify  the  accuracy  of  the  numerical  scheme.  An  experimental  point 

source  was  placed  near  the  tip  of  a  spheroid  with  a  shape  that  conforms  to  that  of  a  typical  airplane 
fuselage.  The  experiment  is  described  in  section  II-c.  and  the  results  are  given  in  section  II. d. 
Additions'  numerical  results  for  different  ellipsoids  and  source  configurations  are  presented  in  section 
II. e. 


The  principle  conclusion  fron  this  research  is  that  the  scattered  field  is  a  significant  component  of 
the  acoustic  far  field  and  can  pot  be  neglected  In  any  realistic  noise  prediction  scheme. 

a.  Equations  and  numerical  Techniques 

The  acoustic  potentia’  will  be  a  solution  of  the  wave  equation,  which  reduces  to  the  Helmholtz 

eo.uation 


A<p  +  =  o  (1) 

in  the  frequency  domain.  Here  k  Is  2n  times  the  reciprocal  wavelength.  In  order  to  work  with  non- 
dimensional  quantities  we  introd.ee  the  term  ka  where  a  is  the  semimajor  axis.  The  solutior  to  Eq.  1 
becomes  more  difficult  rs  ka  increases  because  of  the  oscillatory  behavior  of  the  solutions.  For 
aeroacoustic  applications,  however,  a  is  required  to  be  large,  such  that  tiie  solutions  for  ka  >  100 
will  be  required. 

Three  techniques  are  currently  used  to  compute  the  scattered  field: 

(1)  Expansion  i»  eigenfunctions, 

12)  Invogrcl  equation  methods, 

(3)  Asymptotic  methods. 

The  expansion  in  eigenfunctioni ,  which  Is  restricted  to  special  bodies,  is  based  on  the  fact  that  the 
Helmholtz  equation  is  separable  in  the  prolate  spheroidal  coordinate  system.  Thus,  the  solution  can  be 
written  as  ar.  Infinite  series  of  the  eigenfunctions  of  the  separated  operators  (see  Ref.  3).  This  series 
converges  very  slowly  unless  ka  is  small  and  thus  this  method  is  not  suitable  for  the  computation  of 
aeroacoustic  scattering  and  will  not  be  considered  further. 

The  integral  equation  method  involves  solving  a  iredl. )lm  equation  of  tne  second  kind  over  the  surface 
of  the  scatterer.  A  general  discussion  of  this  methoo  is  given  in  Ref.  4  and  a  detailed  discussion  of  its 
application  to  the  present  problem  is  given  in  section  II. b.  The  numerical  solution  of  the  equation  for 
large  values  of  ka  can  only  be  done  efficiently  if  new  coordinates  are  introduced  on  the  body.  If  done 
oroparly,  accurate  solutions  far  values  of  ka  of  interest  can  be  obtained.  This  method  was  used  to 
generate  the  basic  numerical  res.ilts  of  this  paper  and  for  reasons  to  be  described  be’ow,  *t  is  believed 
that  this  is  the  best  of  the  three  methods  in  obtaining  solutions  at  aeroacoustic  frequencies. 
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Figure  2.  Geometrical  optic  ray  paths  and  the 
illuminated  and  shadow  regions. 
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Figure  3.  Geometrical  diffraction  showing 
the  creeping  waves  on  the  body  and  diffracted 
rays. 


The  third  method,  asymptotic  expansion,  Includes  both  the  conventional  geometrical  optics  expansion 
and  the  theory  of  geometrical  diffraction  of  J.  Keller  (see  Ref.  5). 


Geometrical  optics  involves  obtaining  the  solution  to  the  scattering  problem  by  the  method  of  ray 
tracing.  Referring  to  Figure  2,  the  total  field  at  the  point  P  is  found  by  assuming  a  solution  of  the 
form 


4  =  2{P)  expXikjP.:  P«|) 
4n|P  -  P*| 


+  ^ 


Inc, 


where  +inc  's  1(16  incident  wave.  Here  P*  is  the  origin  of  the  reflected  wave  going  through  P  (see 
Fig.  2)  and  z(P)  is  obtained  through  a  principle  of  "conversion  of  energy"  along  ray  tubes  (see  Ref  3 
for  more  details). 


It  is  apparent  from  Figure  2  that  there  is  a  region  of  space  where  no  wave  can  penetrate.  This  is 
called  the  shadow  region  and  the  geometrical  optics  approximation  is  $  =  0  in  the  shadow  region.  An 
Improved  approximation  is  obtained  by  the  theory  of  geometrical  diffraction  as  described  in  Reference  1. 

Referrin  to  Figure  3,  rays  Incident  on  the  curve  of  tangency  C,  excite  surface  rays  (also  called 
creeping  wave*)  from  which  real  waves  are  shed  off  tangent  to  the  body.  Analytical  formulas  have  been 
developed  for  these  diffracted  waves  (sec,  for  example.  Ref.  3). 

Both  these  expansions  are  valid  as  k  *  °>.  Geometrical  optics  requires  ka  large  where  (a)  is  the 
semimajor  axis.  Geometric  diffraction,  however,  is  based  on  the  radius  of  curvature  at  the  tip  of  body 
and  requires  the  wavelength  to  be  small  with  respect  to  this  length  scale.  Since  aqy  model  of  an  airplane 
fuselage  will  be  an  elongated  ellipsoid,  this  will  have  a  relatively  small  radius  of  curvature  and  thus 
geometric  diffraction  will  have  a  more  restricted  domain  of  validity  than  geometrical  optics. 

Results  to  be  presented  indicate  that  geometric  diffraction  is  very  inaccurate  at  frequencies  of 
aeroacoustic  interest.  At  the  highest  frequencies  considered  errors  of  the  order  of  5  dB  have  been  found. 
Geometrical  optics  also  becomes  inaccurate  as  the  far  field  point  approaches  the  shadow  region. 
Furthermore,  it  Is  found  that  the  effect  of  the  scattering  is  strongest  in  and  near  the  shadow  region. 
Thus,  the  Integral  equation  method  although  more  expensive  than  the  asymptotic  methods,  is  the  only 
presently  known  method  able  to  provide  accurate  numerical  solutions  in  all  regions  of  the  far  field,  for 
the  frequencies  considered. 


b.  Numerical  Scheme 


The  scattering  problem  described  previously  can  be  described  mathematically  as  the  solution  to  the 
following  problem: 


Ap$  +  k2d  =  -  «(p  -  q), 

(2a) 

In  =  0  on  E’ 

(2b) 

3^  -  ik$  -  0(r  ■*  <»), 

(2c) 

where  f  Is  the  "elocity  potential.  Here  p  represents  the  Independent  variables  and  Ap  refers  to 
the  Laplacian  with  respect  to  the  variables  p.  The  point  q  is  the  source  point  and  k  -  u/c  is  the 
wavenumber.  The  notation  3/'3n  represent  the  normal  derivative  on  the  spheroid  E  which  models  the 
airplane  fuselage.  Me  consider  only  axial  sources  so  that  the  problem  (2a.  2c)  is  symmetric  in  the 
azimuthal  direction  (see  Fig.  1).  The  condition  (2b)  expresses  the  fact  that  the  scattering  is  hard 
(zero  normal  velocity  on  the  surface).  The  com-ition  (2c)  (the  radiation  condition)  ensures  that  the 
problem  (2a,  2c!  has  a  unique  solution. 

The  problem  (2a,  2c)  is  set  up  for  numerical  solution  by  writing 

$=•$*+  4s, 


where  4s  is  tne  singular  part  of  the  solution 


$s  *  exp.O.KlP. 

4rt| p  -  q| 


and  if'  is  the  scattered  field  and  will  be  a  solution  to  the  problem 

A4‘  +  kV  =  0, 

i’n  -  -  —  on  E, 

3n 

4^.  -  ik4‘  ->  0(r  -  «). 

The  problem  (3a,  3c)  is  converted  to  an  integral  equation  using  the  sinole  layer  potential  method 
(see  Ref.  4).  One  assumes  a  solution  <*■’  of  the  form 


4'(p)  ="  /  ft  o(q)G(p,qldAq, 


(3a) 

(3b) 

(3c) 

(4) 


where  G  is  the  free  space  G-een's  function 

G(p>q)  =  gxp..LU:.iP-.-..aL)  , 

4n;p  -  q| 

and  a  is  to  be  determined.  The  physical  interpretation  of  ,4)  is  of  a  distribution  of  point  sources 
with  density  o  such  that  the  total  field  is  the  superposition  of  the  field  from  each  of  the  poirt 
sources. 

On  taking  the  normal  derivative  of  (4)  and  letting  the  point  p  approach  the  surface  E  one  obtains 
the  surface  Fredholm  eouation  of  the  second  kind  for  the  unknown  function  o  (see  Ref.  4) 

°(<l,>Gnq  (<M‘)dAq  ’  -  4n(q),  (5) 

where  <fn  is  the  prescribed  Newmann  condition  [from  3b]. 

If  0  denotes  the  polar  angle  of  the  ellipsoid  E  (see  Fig.  1)  then  by  the  axial  symmetry  (5)  can 
be  converted  into  a  one-dimensional  equation 

/•it/2 

dO'ofO'jHte.O-)  =  -bn(9).  (6) 

•J-v/2 


where  the  kernel  function  H(0,0')  is  the  kernel  in  (5)  integrated  in  the  azimuthal  direction  and 
multiplied  by  the  area  factors. 

There  are  two  main  difficulties  associated  with  the  equation  (6).  It  is  known  that  the  equation  will 
become  singular  if  k  is  an  eigenvalue  of  the  interior  Dirichlet  problem.  This  problem  of  the  interior 
resonances  has  been  considered  by  various  authors  and  the  reader  is  referred  to  Reference  4  for  a 
comprehensive  discussion  of  techniques  for  dealing  with  this  problem. 

It  has  been  found  that  these  singularities  do  not  extend  over  a  wide  frequency  range,  and  for  the 
purpose  of  obtaining  a  power  spectrum,  this  is  not  an  important  problem. 

A  much  more  critical  problem  is  that  of  adequately  resolving  the  solution  at  high  frequencies.  A 
measure  of  the  oscillatory  behavior  or  the  solution  is  the  nondimensional  quantity  ka  where  a  is  some 
length  scale  associated  with  the  body.  He  will  take  a  as  the  semimajor  axis.  The  study  of  aercacoustic 
scattering  requires  ka  a.  100  and  at  these  frequencies  many  grid  points  are  required.  In  order  to  obtain 
solutions  at  these  frequencies,  appropriate  coordinates  must  be  introduced. 

Using  an  evenly  spaced  grid  Equation  6  is  converted  to  a  linear  system 


Pressure  signals  weiv  measured  with  a  1.3-cm-diam  condenser  microphone  and  the  data  were  passec  .hrough  a 
bandpass  filter,  with  the  oscillating  frequency  set  to  an  accuracy  of  +  1  Ht.  The  error  of  the  electronic 
system,  including  readout,  was  estimated  as  within  0.5  dB.  The  microphones  were  mounted  level  with  the 
body  on  an  especially  designed  arc  support  to  minimize  possible  reflection  *rom  the  mounting.  The  long 
distances  between  the  microphones  and  source  made  precise  positioning  very  difficult  using  conventional 
positioning  methods.  Because  of  this  error,  phases  could  not  be  accurately  determined  and  are  not  reported. 


Figure  4.  Experimental  configuration  on  the 
anechoic  floor. 


d.  Discussion  of  Results 

Data  was  taken  over  the  anechoic  floor  at  a  sequence  of  observation  angles  as  shown  in  Figure  5. 
Figures  6-10  are  graphs  of  the  decibel  level  change  for  the  total  field  as  a  function  of  the  observation 
angle  0o  for  a  sequence  of  ascending  frequencies.  The  graphs  show  the  comparison  between  measured  and 
computed  results.  The  measured  data  were  averaged  over  five  readings  taken  at  different  times. 
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Figure  5.  reasurements  configuration 
on  the  anechoic  floor. 
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Figure  6.  Sound  pressure  levels 
relative  to  the  axial  direction  for 
f  =  1.41  kHz  (ka  =  14). 


Numerjcally  it  is  found  that  at  low  frequencies  the  scattered  field  Is  very  small  relative  to  the 
nn^frSLc' 6 ^  *xc*pt  ' the  vicinity  of  the  shcdow  region.  Since  the  Incident  field  Is  omni directions* 
on  circles  centered  it  the  source,  Curves  6  and  7  would  be  completely  flat  if  there  were  no  scattered 

effect  uf  .*"!  ™,asur<d  "«***  6  and  7  "e4r  0o  *  0  CMflrw  the  numerical  Results  nis 

due  to  the  slenderness  of  the  body.  Computations  with  wider  spherlods  at  constant  frequency 

will  be  shwnt1nrsect1ondneetl°nS  th*  dX  S  incresses  as  the  bod>  Hornes  spherical.  Such  results* 
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figure  7.  Kelative  level  dB 
for  f  .  £.22  kHz  (ka  *  22). 


Figure  8.  Relative  level  dB 
for  f  =  4.11  kHz  (ka  =  41). 
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Figure  9.  Relative  level  dB 
for  f  =  8.22  kHz  (ka  =  82). 


.  c  |re<lue[|9y  varied  from  1,4  to  16.5  kHz  (ka  =  14  to  166)  the  dip  in  the  shadow  region  increased 
oy  5  du.  This  is  the  region  of  largest  experimental  difficulty  because  of  the  sharpness  of  the  dip,  which 
increases  with  frequency  und  is  sensitive  to  the  angular  position.  Agreement  even  near  this  point  is  with¬ 
in  experimental  error  except  for  the  highest  frequency  where  the  dip  is  extremely  sharp.  The  experimental 
data  will,  jcneral,  give  a  smaller  dip,  because  the  microphones  average  a  relatively  large  angular  spie 
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Me  note  thst  as  the  wavelength  decrease',  the  difference  between  minimum  and  maximum  pressure  increases 
and  the  pressure  field  Itself  becomes  more  oscllirtory  as  a  function  of  the  farfield  angle.  For  example, 
at  16.4  kHz  the  difference  Is  of  the  order  of  8  dB,  and  this  is  roughly  consistent  with  the  measurements; 
for  still  higher  frequencies  the  present  measurement  technique  will  have  to  be  improved  in  order  to  resolve 
the  rapidly  oscillating  acoustic  pressure.  At  the  lowest  frequency  of  1.41  kHz,  the  difference  Is  only 
2  dB,  and  In  the  Illuminated  region  the  pressure  Is  essentially  flat.  Thus,  the  scattered  field  in  all 
regions  of  space  becomes  stronger  as  the  frequency  Increases. 

At  the  highest  frequency  considered  here  the  position  of  the  sources  with  respect  to  the  body  Is 
crucial  In  aetermlning  the  location  In  the  dips  and  peaks  in  the  sound  pressure  level.  This  Is  because 
small  changes  in  the  source  position,  at  this  frequency,  correspond  to  a  Igniftcant  change  with  respect 
to  the  acoustic  wavelength.  In  the  Illuminated  region  where  the  total  field  Is  the  superposition  of  two 
different  waves  the  change  in  the  phase  of  the  two  waves  causes  substantial  difference  in  the  total  wave. 

In  the  shadow  region  where  the  field  Is  basically  composed  of  unly  one  wave,  the  farfield  sound  Is  much 
less  sensitive  to  the  source  position.  A  numerical  study  of  the  effect  of  varying  the  source  position  will 
be  given  in  section  II. e. 

for  the  experiment  body,  the  frequency  of  16.4  kHz  corresponds  to  a  ka  of  166.  For  a  typical  fusel¬ 
age  70  m  long,  this  corresponds  to  a  frequency  of  approximately  0.3  kHz  which  is  near  the  peak  of  the  jet 
noise  spectra.  Thus,  the  major  conclusion  Is  that  scattering  cannot  be  ignored  for  any  aeroacoustlc 
application  and  must  be  Included  In  any  prediction  scheme. 

The  plot  for  16.4  kHz  includes  comparison  of  results  obtained  by  experiment,  integral  equation,  and 
geometrical  optics.  The  errors  due  to  the  geometrical  optics  approximation  near  the  shadow  region  can  be 
clearly  seen.  As  stated  previously  computations  of  the  geometrical  diffraction  approximation  show 
discrepancies  of  the  order  of  5  dB  from  the  measured  results.  This  was  considered  unacceptable  for 
aeroacoustlc  applications. 

The  16.4  kHz  solution  could  be  generated  in  core  because  of  a  proner  choice  of  the  st"etchinq 
parameter.  A  grid  of  169  po’nts  was  used  on  a  Cyber  175  machine.  The  computation  of  the  matrix  (see  (7) 
required  105  sec  while  the  solution  in  the  farf,e1d  can  bn  computed  in  0.9  sec/point.  From  tne  figure  for 
16.4  kHz  and  from  comparisons  discussed  in  Reference  6  it  is  apparent  that  geometrical  optics  provides 
accurate  solutions  except  near  the  shadow  region.  Thus  the  solution  by  the  integral  equation  method  is 
required  only  in  a  restricted  region  of  space  and  since  the  cost  of  computing  the  matrix  must  be  spread 
over  fewer  points  the  effective  cost  per  po*nt  becomes  greater. 
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Figure  10.  Relative  level  dB  for 
f  =  16.44  kHz  (k?  =  106). 
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e.  Numerical  Study  of  the  Scattering  Problem 

Since  the  previous  results  show  excellent  agreement  between  the  measurements  and  the  computations, 
the  numerical  scheme  can  be  used  to  study  the  scattering  problem  for  a  wide  range  of  different  parameters 
Such  a  variation  would  be  too  costly  for  an  experimental  study. 

He  consider  variations  in  the  following  parameters 

(1)  Aspect  ratio  of  the  ellipsoid 

(2)  Oi stance  of  the  source  from  the  body 

(3)  Number  o'  sources. 

In  practical  applicati  other  considerations  generally  determine  the  choice  of  these  parameters,  but  this 
study  will  clarify  the  effect  of  the  scattering  am'  give  guidance  to  design  criteria. 

In  Figure  11  the  relative  sound  pressure  level  is  plotted  for  two  ellinsoids  of  aspect  ratio  4:1  and 
10:1.  All  other  parameters  are  the  same  as  in  Figure  10. 


The  figure  Indicates  that  the  forwa.d  scattering  Is  greatly  Increased  as  the  aspect  ratio  Is  decreased 
(the  body  becomes  blunter).  This  result  is  consistent  with  the  asymptotic  theory.  The  dip  In  the  shadow, 
region  is  drastically  increased  as  the  bluntness  increases  (l.e.  the  body  becomes  more  opaque  to  sound).  j, 

The  figure  is  plotted  w<tb  an  angular  spacing  of  10°.  This  is  sufficient  to  provide  the  gross 
features  of  the  scattering.  In  the  shadow  region  (6?  >  170°)  the  asymptotic  theory  predicts  that  the 
total  field  Is  a  superposition  of  two  waves  of  rough Yy“equal  strength  (see  references  3  and  5  for  more 
details).  It  Is  well  known  that  this  causes  Interference  patterns  which  are  manifested  by  rapid  variations 
of  the  acoustic  pressure  over  small  angles.  This  Is  confirmed  by  the  numerical  computations  and  In 
Figure  11,  these  oscillations  are  plotted  on  a  finer  qrid  between  170°  and  180°,  for  the  10-1  ellipsoid. 
Experimental  these  variations  are  difficult  to  resolve  by  microphones  and  the  measured  pressure-corresponds 
to  a  spatial  average  of  the  point  wise  pressure.  This  has  been  verified  In  the  experiment  discussed 
previously. 
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Figure  11.  Computed  sound 
pressure  levels  relative  to  the 
axial  direction  for  different 
ellipsoids  (ka  «  166) 


•n  Figure  12  computations  for  three  different  source  positions  are  shown.  The  sources  were  placed  at 
3.12,  4.43,  and  0.71  cm  from  the  tip  of  the  body.  The  aspect  ratio  was  7.0833  and  the  non-dimensional 
wavelength  (k-i)  was  166.  Note  that  the  effect  of  the  scattering  becomes  much  stronger  as  the  source 
approaches  the  body.  This  Is  true  In  both  the  forward  illuminated  region  and  also  in  the  shadow  region. 
This  result  is  to  be  expected  based  on  the  asymptotic  theory. 
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In  Figure  13  the  sound  pressure  level  for  five  axial  sources  placed  0.625  cm  apart  and  with  the  first 
one  at  1.9  cm  is  shown.  Tho  other  parameters  are  the  same  as  In  Figure  12.  The  result  of  this  computation 
is  typica’  of  tne  smoothing  effect  caused  by  replacing  point  sources  by  line  sources.  The  effect  of  the 
scattering  is  now  predominantly  in  the  shadow  region  and  Is  still  quite  substantial.  The  flatness  of  the 
curve  in  the  illuminated  region  can  be  changed  by  rearranging  the  position  of  the  sources  with  respect  to 
the  wavelength.  Therefore,  one  can  not  always  expect  the  scattering  by  line  sources  to  be  so  negligible 
In  the  illuminated  region. 

These  corputations  are  not  meant  to  be  exhaustive  but  to  indicate  the  trend  caused  by  varying  the 
different  parameters.  Such  variation  of  parameters  is  not  generally  feasible  experimentally,  but  can  be 
obtained  efficiently  by  numerical  simulation  with  a  code  whose  reliability  has  been  checked  experimentally. 
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Figure:  13.  Combined  sound 
pressure  level  for  five  axial 
sources  at  a  scacino  of  0.625  cm 
w> rii  first  source  placed  at  1.9  cm. 
(aspect  ratio  =  7.C83,  k.i  .  166} . 


III.  VELOCITY  AND  STATIC  PRESSURE  PROFILE  FOR  SIMULATED  TP'.WARD  MOTION 

The  forward  .notion  effect  was  simulated  in  the  NASA  Langley  2.44  m  diameter  jet  facility  in  an  anechcic 
chamber.  The  same  ellipsoid  as  used  in  the  previous  experiment  was  mounted  in  the  2.44  m  jet  with  a  2.5  cm 
diameter  exiting  along  tne  major  axis.  The  configuration  is  shown  in  Figure  i4. 

The  2.44  m  jet  has  a  mean  velocity  of  36.57  m/sec.  The  2.5  cr..  jet  had  an  exit  Mach  number  of  0.50. 

The  mean  velocity  profile  and  static  pressure  was  measured  at  \  -rious  X  and  Y  station:-  as  indicated  in 
the  Figure  14.  Measurements  were  made  at  11  stations  with  X/d  varying  between  1  and  17  where  J  is  the 
exit  jet  diameter. 

The  mean  velocity  profile  follows  a  similarity  law  which  we  now  describe.  Define  Yi/s  as  the  point 
where  ' 

*1/2  '  u  *  ue  -  »/«uc  '  Ue> 

where  U  is  the  local  mean  velocity,  b  is  the  free  stream  velocity  of  the  2.44  m  jet  and  Uc  is  the 
centerline  velocity.  If  we  set 


then  the  following  similarity  law  holds 


Uc  -  Ue 


'  •.  OSlGSjEGEa  * 


Figure  14.  Test  configuration  for  the  mean  flow 
measurements. 
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figure  15  shows  the  mean  velocity  plotted  in  tetms  of  the  similarity  variable  y.  Because  of  the 
nature  of  the  potential  flow  and  core  of  the  jet,  th:s  similarity  law  Is  not  satisfied  within  the 
potential  core.  However,  beyond  X/d  ■  5  there  is  excellent  agreement.  )  II 

The  static  pressure  variation  has  a  similarity  law  given  by 


g<>)  = 


p 

Pc 


i/. 


y1/2 


where  Pc  Is  the  centerline  pressure  {Fig.  16).  This  also  clearly  valid  outside  the  potential  core 
(X/d  >  5) 

It  has  been  shown  In  the  literature  that  a  different  similarity  law  can  be  obtained  inside  the 
potential  core.  Functional  forms  for  the  functions  f(y)  and  g{y)  can  easily  be  obtained  by  curve 
fitting  this  data.  It  Is  planned  to  utilize  this  velocity  and  static  pressure  profile  to  determine  the 
effect  of  simulated  forward  motion  In  a  realistic  environment,  since  the  real  acoustic  sources  will 
come  from  the  jet  itself.  Eventually,  these  results  will  be  tested  with  a  real  flyover  experiment  by  an 
airplane. 


Figure  15.  Similarity  law  of  the  mean  velocity  profile. 


IV.  CONCLUSION 


The  effect  of  scattering  by  a  body  at  rest  with  point  sources  on  the  axis  has  been  handled  both 
numerically  and  experimentally.  The  next  step  is  to  include  the  effect  of  the  mean  flow  on  the  acoustic 
field.  Computations  for  a  point  source  in  a  jet  without  a  body,  have  been  conducted  (see  Ref.  9).  This 
includes  more  realistic  effects  such  as  sources  in  motion  and  non-harmonic  sources.  The  program  can  be 
modified  to  compute  the  sound  field  in  the  mean  flow  described  in  Figures  14  and  15  which  corresponds 
to  the  jet  in  the  wake  of  a  body.  The  addition  of  the  body,  so  that  the  scattering  can  be  computed  is 
feasible  at  the  present  time. 

These  numerical  computations  can  only  be  obtained  for  axially  symmetric  sources  flows  and  bodies. 

The  computation  of  three-dimensional  effects,  such  as  off-axis  sources  are  not  within  the  power  of  present 
day  computers  for  frequencies  of  Interest.  Thus  such  effects  can  only  be  studied  experimentally  at  the 
present  time. 

Future  experimental  work  in  this  field  will  consist  first  of  measuring  the  scattered  field  of  a 
body  placed  in  an  open  wind  tunnel  with  the  point  sources  behind  it.  This  will  simulate  the  effect  of 
forward  motion  on  the  scattering.  Following  this,  experiments  will  be  made  with  a  real  jet  behind  the 
body.  This  will  be  a  realistic  flight  effect  simulation,  because  it  contains  the  body,  the  wake,  its 
mean  flow  and  the  jet  as  the  noise  sources.  It  is  hoped  that  in  the  not  too  distant  future  these 
measurements  can  be  confirmed  numerically.  Then  there  will  be  a  realistic  method  of  predicting  flight 
effects  for  this  geometry. 
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SUMMARY 

A  brief  view  is  given  of  the  historical  development  of  finite-amplitude  wave  propa¬ 
gation  in  fluids.  The  theoretical  basis  for  the  propagation  of  plane,  cylindrical  or  sphe¬ 
rical  finite-amplitude  waves  through  lossless,  thermoviscous  or  relaxing  fluids  is  pre¬ 
sented  and  characteristic  features  of  the  distortion  course  observed  by  finite-amplitude 
waves  in  various  regions  of  propagation  are  emphasized.  Some  experimental  procedures  and 
results  are  mentioned. 


INTRODUCTION 

The  non-linearity  of  Nature  is  a  fact  that  has  frequently  been  recognized  by  physi¬ 
cists,  geologists,  and  engineers  when  considering  motion  in  fluids  and  in  solids.  Never¬ 
theless,  a  linearization  of  the  governing  equations  has  in  a  number  of  cases  led  to  ma¬ 
thematically  more  simple  expressions  with  solutions  showing  surprisingly  good  agreement 
with  experimental  results.  Rather  early  it  was  recognized  that  the  validity  of  the  solu¬ 
tions  was  limited,  especially  for  cases  of  strong  nonlinearity  of  the  material,  represent¬ 
ed  for  instance  by  its  equation  of  state,  and  for  cases  of  high  amplitude  of  the  distur¬ 
bances  propagating  in  the  material. 

The  propagation  of  acoustic  waves  of  finite,  but  moderate,  amplitude  in  media  of  va¬ 
rious  degrees  of  nonlinearity  will  be  discussed  in  this  chapter,  thus  excluding  the  con¬ 
sideration  of  strong  shocks.  The  finite-amplitude  wave  propagation  is  comprised  by  the 
special  field  of  acoustics  termed  "Nonlinear  Acoustic” ,  which  includes  waves  with  ampli¬ 
tudes  ranging  from  infinitesimal  -  covered  by  the  linear  theory  -  to  a  magnitude  leading 
to  the  formation  of  weak  shocks. 

Finite-amplitude  wave  phenomena  influence  a  great  number  of  acoustic  topics  of  both 
theoretical  and  practical  character.  Steady  and  unsteady  finite-amplitude  waves  in  super¬ 
sonic  aerodynamics,  weak-shock  theory,  finite-amplitude  wave  propagation  in  gases,  liquids 
and  solids,  finite-amplitude  bubble  pulsations  and  cavitation  in  liquids,  etc.  Moreover, 
finite-amplitude  wave  propagation  influences  are  found  by  high-power  ultrasonic  cleaning, 
filtering  and  welding  processes,  by  high-intensity  sound  agglomeration  of  aerosols,  trap¬ 
ping  of  fog  and  drying  of  powder.  Furthermore,  finite-amplitude  waves  are  used  for  mix¬ 
ing  of  difficulty  miscible  materials,  production  of  emulsions,  dispersion  of  solids  in 
liquids,  coagulation  processes,  degassing  of  liquids  and  melts,  etc. 

Noise  generation  and  propagation  by  high-powered  jet  engines  and  noise  propagation 
in  motor  silencers  are  influenced  by  finite-amplitude  wave  phenomena  leading  to  a  change 
in  the  spectral  composition  of  the  noise. 

A  field  of  practical  application  and  of  great  theoretical  interest  too  which  has  de¬ 
veloped  very  fast  during  recent  years  is  underwater  utilization  of  finite-amplitude  waves 
in  for  instance  the  parametric  acoustic  array,  which  will  be  discussed  in  the  next  chap¬ 
ter. 


Only  wave  propagation  in  unlimited  fluids  will  be  considered  in  this  chapter.  There¬ 
fore,  discussion  of  influence  of  free  surfaces,  solid  walls,  etc.  on  wave  propagation  in 
fluids  will  be  omitted  in  what  follows.  This  restriction  further  implies  that  reflection 
of  finite-amplitude  waves,  standing  waves  and  resonances,  acoustical  boundary  layers,  and 
finite-amplitude  waves  in  tubes  and  horns  in  general  will  not  be  discussed,  though  fun¬ 
damental  solutions  and  conclusions  derived  from  studies  of  these  topics  will  be  discussed 
to  the  extent  that  they  may  serve  the  purpose  of  explaining  basic  concepts  of  nonlinear 
acoustics.  The  same  limitations  will  apply  to  nonlinear  impedance  materials  and  nonline¬ 
ar  acoustic  resonators. 

The  convective  acceleration  terms  in  the  equations  of  motion  and  the  nonlinear  pres¬ 
sure-density  relationship  found  by  fluids  and  solids  describe  and  contribute  to  the  fi¬ 
nite-amplitude  wave  distortion  course  where  their  cumulative,  rather  than  merely  their 
local,  effect,  eventually  may  produce  steep  wavefronts.  These  nonlinear  processes  are 
counteracted  by  linear  processes  like  attenuation,  dispersioi,  molecular  relaxation  and 
diffraction.  It  is  this  conflict  between  cumulative  nonlinear  wave  distortion  and  the 
competing  linear  processes  leading  to  a  pronounced  change  in  waveform  which  forms  the 
key  to  the  contents  of  this  chapter. 

Like  the  development  within  about  all  scientific  fields,  the  development  within  fi¬ 
nite-amplitude  wave  propagation  is  based  on  works  done  by  earlier  generations.  Although 
the  greatest  development  in  this  field  has  taken  place  within  the  last  quarter  of  a  cen¬ 
tury  -  as  evidenced  by  the  still-increasing  number  of  papers  published  on  problems  relat- 
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ing  to  the  propagation  of  finite-amplitude  waves  through  nonlinear  media  -  the  basic  re¬ 
search  and  early  developments  in  nonlinear  acoustics  can  ne  traced  bach  some  hundred 

years- 

1.  HISTORICAL  DEVELOPMENT 

A  brief  survey  of  the  history  of  finite-amplitude  wave  propagation  might  appropri¬ 
ately  begin  with  Euler's  formulation  of  the  conservation  equations  for  a  fluid:  the  equa¬ 
tion  of  continuity  (1)  and  the  equations  of  motion  {2),  respectively. 
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where  p  and  p  are  the  fluid  density  and  the  static  pressure,  respectively,  u ^  is  the  par¬ 
ticle  velocity  vector  (with  components  u  i,  and  u  j);  t  and  x ^  are  tht,  time  and  the  car¬ 
tesian  spatial  coordinate  (with  components  xi,  i:  and  zg) ,  respectively.  F ^  denotes  a 
body  force  per  unit  volume  vector.  Equations  2(i=l,2,3;  j=l,2,3)  are  known  as  the  Euler 
equations  for  frictionless  flow.  The  character  of  a  system  of  nonlinear  partial  diffe¬ 
rential  equations  appears  from  the  second  (convective)  term,  in  the  parentheses  in  Eq. 
(2). 

Euler's  interest  in  lossless  flow  led  to  his  study  of  the  propagation  of  both  in¬ 
finitesimal-amplitude  and  finite-amplitude  waves  in  fluids  [11.  In  1765  he  published  a 
nearly  correct  version  of  the  nonlinear  wave  equation  for  finite-amplitude  wave  propaga¬ 
tion  in  an  ideal  fluid: 
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where  It  is  the  "isothermal"  (Newtonian)  sound  velocity  and  a  is  the  identification  coor¬ 
dinate  in  a  Lagrangian  coordinate  system.  £  denotes  the  particle  displacement.  Euler  did 
not  solve  Eq.  (3),  but  he  briefly  concluded  that,  because  of  the  nonlinear  term,  the  wave 
propagation  velocity  would  be  higher  than  the  isothermal  sound  velocity. 

Lagrange  in  1761  121  also  considered  the  propagation  of  finite-amplitude  waves,  and 
although  he  based  his  calculations  on  a  wave  equation  having  the  parentheses  in  Eg.  (3) 
in  the  first  power,  he  was  able  to  draw  reasonable  conclusions  as  to  the  general  form  of 
the  solution  to  the  equation.  His  conclusion  that  the  propagation  velocity  of  the  finite- 
amplitude  wave  should  depend  on  the  original  wave  amplitude  shook  his  confidence  in  his 
own  calculations,  and  led  to  his  conclusion  that  the  only  possible  means  of  wave  propa¬ 
gation  was  the  linear  one  governing  the  propagation  of  infinitesimal-amplitude  waves. 

In  1808  Poisson  [31  worked  on  a  one-dimensional,  nonlinear  wave  equation  in  Eulerian 
(or  spatial)  coordinates  of  the  form 
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where  n  denotes  a  velocity  potential,  and  he  found  an  exact  solution  to  this  equation 
given  bv 


for  finite-amplitude  wave  propagation  in  the  direction  of  increasing  x. 

In  order  to  be  able  to  obtain  the  total  solution  to  the  differential  Fq.  (4)  Poisson 
coupled  the  solution  (5)  to  an  auxiliary  relation: 
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which  is  a  reduced  version  of  the  wave  equation  for  finite-amplitude  waves  propagaMng 
in  the  positive  x-direction  in  a  lossless  fluid. 

During  the  years  around  1848,  while  revolution  spread  across  Europe,  ther  was  an 
increase  in  nonlinear  acoustics  research.  It  is  hard  to  say  whether  there  was  any  connec¬ 
tion  between  these  incidents,  but  they  wore  certainly  both  characterized  by  a  breakthrough 
of  new  ideas.  After  a  discussion  between  Airy  and  Challis  about  the  existence  of  plane 
sound  waves,  Stokes  [4]  published  the  first  sketches  showing  how  waveform  distortion 
might  occur  due  to  the  different  phase  velocity  of  different  parts  of  a  finite-amplitude 
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wave  Stokes  even  zieaced  the  waveform  in  the  lirrit  of  diotorti.cn  -  the  shock  wave  -  but 
because  he  considered  a  lossless  fluid  he  omitted  the  thermodynamic  consequence  of  shock 
formation.  Little  was  know-l  about  thermodynamics  in  1G48,  and  it  was  to  be  another  20  to 
30  years  before  the  significance  of  energy  loss  for  shock  propagation  was  recognised  and 
generally  accepted. 

The  year  1860  could  be  considered  as  the  end  of  the  era  of  wave  propagation  in  loss¬ 
less  fluids.  The  last  essential  contributions  to  the  theory  of  lossless  wave  propagation,, 
completing  the  period  of  development  started  by  Euler,  were  made  by  Earnshaw  [51  and  Rie- 
mann  [6].  Earnshaw  established  a  co  inaction  between  the  thermodynamics  represented  by  the 
thermodynamical  expression  X  in  Eg.  (7)  and  the  original  mathematical  basis  for  one-di¬ 
mensional,  finite-amplitude  wave  propagation  represented  by  the  equation  of  continuity 
(8),  the  equation  of  motion  (9)  and  an  equation  ->f  state  (10): 
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X  is  the  local  thermodynamic  state  of  tnc  fluid,  and  c  is  the  local  "isentropic *  veloci¬ 
ty  of  sound.  Insertion  of  Eq.  (7)  into  Eqs.  (8)  and  (9)  yields 
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which  led  to  Earnshaw* s  conclusion  fob  simple  waves  that  the  "phase"  velocity  of  a  point 
of  a  wave  having  particle  velocity  u  is  given  by  (u  ±  c)  ,  -f  for  waves  propagating  in  the 
positive  m-direction  and  -  for  waves  propagating  in  the  negative  m-airLCtion.  Earnshaw 
further  showed  that  the  local  velocity  of  sound  in  a  gas  might  be  written  as 


where  c  is  the  velocity  of  sound  for  infinitesimal-amplitude  waves,  whj le  the  correction 
terms  °{(y-1)/2):  arises  from  the  nonlinearity  of  the  pressure-density  relation  of  the 
gus.  V  is  the  ratio  of  specific  heats  of  the  gas. 


For  wave  propagation  in  the  positive  --direction  the  pnase  velocity  of  a  point  of 
the  wave  having  particle  velocity  a  might  therefore  be  written 
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which  involves  the  two  fundamental  contributions  to  iinite-amplitudc  wave  distortion,  the 
thermodynamic  contribution  t(Y-D/2}w  and  the  convective  contribution  arising  from  the 
fact  that  the  local  velocity  of  sound  c  is  being  oonvectod  along  with  the  local  particle 
velocify  u  [7]. 

Earnsh.aw's  theory  for  si-ple  waves  was  generalized  by  Riemann  16]  to  comprise  a  non- 
simole  wave  region,  i.e.  a  reyion  for  wave  propagation  in  two  directions.  Riemann's  re¬ 
sults  form  the  basis  for  the  method  of  characteristics  used,  for  instance,  by  solving  the 
hyperbolic  partial  differential  equations  describing  supersonic  flow. 

Rather  incorrectly  Riemann  assumed  that  the  transition  across  a  shock  is  adiabatic 
and  reversible,  a:,  error  which  was  corrected  some  years  later  by  Rankine  (>870)  after  a 
development  of  the  thermodynamics  had  taken  place  [81.  A  contribution  to  a  better  under¬ 
standing  of  the  nature  of  a  shock  was  published  by  Hugoriot  (188*')  who  showed  that  an 
adiabatic,  reversible  transition  in  a  shoot  would  violate  the  ptinciple  of  conservation 
of  energy,  and  further  that,  in  the  absence  of  viscosity  anc  heat  conduction  in  the  fluid 
outside  the  shock,  the  conservation  of  energy  implied  conseivation  of  entropy  across  the 
shock  [9].  The  conservation  equations  connecting  the  thermodynamic  and  kinematic  quanti¬ 
ties  on  the  two  -ides  of  a  shock,  the  so-called  Rankine-llugoniot  equations,  thus  found 
tneir  final  form. 


A  deeper  appreciation  of  the  processes  occurring  in  a  shock  was  obtained  through  the 
work  of  Lord  Rayleigh  110]  and  G.X.  Taylor  [11]  published  in  1910.  Viscosity  and  heat 
conductivity  had  now  been  included  in  the  equations  governing  finite-amplitude  wave .pro¬ 
pagation.  The  problem  was  now  to  solve  the  nonlinear  wave  equations  subjected  to  speci¬ 
fic  initial  or  boundary  conditions  considering  the  influence  of  the  loss  sources. 

During  the  nineteen  thirties  development  in  nonlinear  acoustics  research  was  brought 
a  great  step  forward  by  Fay's  (1931)  publication  of  a  solution  for  a  periodic  finite-am¬ 
plitude  wave  in  a  viscous  fluid  and  by  Fubini's  (1935)  explicit  solution  to  the  wave  equa¬ 
tion  for  finite-amplitude  wave  propagation  in  a  lossless  fluid. 

Fay  [12]  published  a  solution  to  the  wave  equation  valid  for  the  propagation  of  plf.ie, 
finite-amplitude  waves  in  a  viscous  fluid  in  the  region  showing  a  comparatively  stable 
wave  form: 
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n  and  ui  are  the  shear  viscosity  and  the  angular  frequency,  respectively,  n  is  the  harmo¬ 
nics  number,  x  is  a  constant  related  to  the  discontinuity  distance,  which  is  the  dis¬ 
tance  from  the°wave  source  for  the  formation  of  a  discontinuity  in  a  plane  sine  wave  of 
angular  frequency  u  propagating  in  a  dissipationless  medium. 

While  Fay's  solution  does  not  satisfy  the  boundary  conditions  of  a  sinusoidal  source, 
the  explicit  solution  to  the  wave  equation  obtained  by  Fubini  [13]  some  years  later  does. 
Fubini's  solution  shows  how  an  original  sinusoidal  wave  of  finite-amplitude  will  distort 
by  formation  of  higher  harmonics  during  propagation: 


(16) 


The  discontinuity  is  attained  for  a  value  of  the  dimensionless  distance  parameter  a  =  ’. . 
While  Fubini's  solution  describes  the  finite-amplitude  wave  distortion  close  to  the  source 
and  before  shock  formation.  Fay's  solution  describes  the  waveform  towards  which  the  fi¬ 
nite-amplitude  wave  tends  if  the  original  amplitude  is  high  enough  for  shock  formation. 


The  development  of  theoretical  solutions  for  finite-amplitude  wave  propagation  nas 
since  the  Second  World  War  mainly  followe.  two  tracks:  (1)  solutions  based  upon  Burge: 's 
equation,  and  (2)  solutions  based  upon  the  theory  of  weak  shocks,  which  permit  the  solu¬ 
tion  of  finite-amplitude  wave  propagation  problems,  when  the  waveform  contains  shocks  of 
not  too  high  amplitude.  Both  main  approaches  will  be  discussed  in  detail  in  the  follow¬ 
ing. 


2.  FINITE-AMPLITUDE  WAVE  PROPAGATION  OF  TODAY 

Owing  to  the  fact  that  the  wave  propagation  in  a  fluid  is  completely  determined  once 
the  particle  velocity  vector  u.  and  the  three  thermodynamic  properties  are  specified  as 
a  function  of  space  and  time,  six  independent  equations  are  needed.  These  are  usually: 

(a)  the  equation  of  continuity  expressing  the  conservation  of  mass,  (b)  the  three  compo¬ 
nents  of  the  equation  of  motion  expressing  the  conservation  of  momentum,  (c)  an  energy 
equation  expressing  the  conservation  of  energy,  and  (d)  an  equation  of  state,  a  consti¬ 
tutive  relation  characterizing  the  fluid  and  its  response  to  thermal  or  mechanical  stress. 
For  a  number  of  fluids,  constitutive  equations  expressing  the  dependence  of  other  physi¬ 
cal  fluid  properties,  for  instance  viscosity,  on  temperature  and  pressure,  and  through 
it  on  space  and  time,  may  be  needed.  Very  often  these  constitutive  equations  are  of  an 
empirical  character. 

The  derivation  of  the  basic  equations  of  finite-amplitude  wave  propagation  may  for 
instance  be  found  in  [7]  and  they  are: 
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Let  the  displacement  of  a  piston  at  a  =  0  be  given  by: 

K  =  fit)  .  (24) 

The  Taylor  series  expansion  about  the  equilibrium  density  p  of  the  square  of  the 
local  sound  velocity  c  in  Eq.  (23),  retaining  terms  through  second-order  only,  leads  by 
Eq.  (25)  to  the  following  approximate  form  of  the  exact  wave 
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By  substitution,  a  general  solution  to  Eq.  (25)  can  be  found: 
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where  the  term  fit-a/c  )  is  a  solution  to  the  infinitesimal  amplitude  wave  equation  for 
one-dimensional  wave  propagation.  The  second  term  in  Eq.  (26)  is  proportional  to  a  and 
to  the  square  of  the  ratio  of  the  piston  velocity  to  the  velocity  of  sound.  This  ratio, 
being  dimensionless,  forms  an  acoustic  Mach-number  which  frequently  in  practice  may  be 
exceedingly  small.  Nevertheless,  the  second  term  may  become  of  increasing  importance  dur¬ 
ing  the  wave  propagation  owing  to  the  factor  a  in  this  term.  It  is  therefore  to  be  ex¬ 
pected  that,  for  continuous  propagation  of  the  wave  under  the  lossless  conditions  con¬ 
cerned,  the  neglect  of  terms  of  third  and  higher  order  will  no  longer  be  justified. 

If  the  fluid  considered  is  a  perfect  gas  the  solution  (Eq.  (26))  may  be  written: 
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For  a  simple  harmonic  piston  motion  given  by: 
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Eq.  (27)  yields: 
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Eq.  (29)  shows  that  the  displacement  of  any  particle  in  the  wave  motion  is  no  longer 
simple-harmonic,  but  is  made  up  of  a  term  independent  of  t  and  of  two  simple  harmonic 
terms,  one  with  the  piston  frequency  and  one  with  twice  this  frequency.  The  occurrence  of 
the  factor  a  in  the  term  of  twice  the  piston  frequency  implies  that  the  energy  being  sup¬ 
plied  at  the  piston  frequency  will  gradually  be  transferred  to  the  second  and  higher  har¬ 
monic  components,  leading  to  a  progressively  steeper  front  of  a  condensation  wave  during 
its  propagation.  This  transfer  of  energy,  from  the  fundamental  frequency  to  its  higher 
harmonics,  is  one  of  the  basic  features  of  nonlinear  acoustics  and  it  will  under  lossless 
conditions  result  in  the  formation  of  a  shock  wave  at  a  distance  from  the  piston  given 
by: 
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where  uQ  is  the  peak  value  of  the  particle  velocity  and  where  H  =  h  /e  is  ‘-he  acoustic 
Mach  number-,  k(=  w/c  )  is  the  propagation  constant  in  the  wave  propSga?ion  with  funda¬ 
mental  frequency  u.  ° 

The  distance  l  is  often  called  discontinuity  distance ,  and  is,  as  given  by  Eq.  (30), 
connected  to  a  lossless  wave  propagation. 

It  should  be  noted  that,  even  for  M  «  1,  the  cumulative  nonlinear  effect  of  the  se¬ 
cond  term  of  Eq.  (26)  may  lead  to  serious  wave  distortions.  If  dissipative  mechanisms  are 
taken  into  account,  the  increasing  absorption  for  increasing  frequencies  -  for  a  number 
of  liquids  and  gases  the  absorption  is  proportional  to  the  square  of  the  frequency  for 
broad  frequency  ranges  -  implies  that  the  wavefront  will  attain  a  maximum  steepness,  when 
the  distance  of  propagation  is  such  that  the  rate  of  energy  transfer  to  higher  harmonics, 
due  to  the  nonlinearities,  is  just  equalized  by  the  increase  of  absorption  at  the  higher 
harmonics. 

The  stabilization  of  the  wave  profile  thus  taking  place  is  only  relative.  It  does  not 
mean  that  by  further  propagation  no  change  of  the  wave  profile  will  take  place.  The  damp¬ 
ing  of  the  wave  amplitude  will  reduce  the  strength  of  the  nonlinear  effects,  and  an  ori¬ 
ginal  sinusoidal  wave  profile  for  instance  will  experience  a  gradual  smoothing  out  of  the 
steep  wavefront  and  the  wave  will  at  longer  distances  again  return  to  its  original  sinus¬ 
oidal  shape. 


The  transfer  of  energy  to  higher  harmonics  appears  as  an  attenuation  of  the  funda- 


mental  frequency  wave  in  excess  of  the  attenuation  due  to  absorption  at  the  fundamental 
frequency. 

Let  us  consider  the  propagation  of  a  plane,  finite-amplitude  wave  in  a  dissipative  11/-'? 
fluid.  It  is  assumed  that  heat  conduction  (constant  heat  conductivity)  and  viscous  dis-  « 

sipation  (constant  viscosities)  are  the  only  sources  contributing  to  the  entropy  produc¬ 
tion.  Further,  it  is  assumed  that  the  acoustic  Mach  number  H  «  1,  which  is  the  most  in¬ 
teresting  case  due  to  the  interaction  between  nonlinearities  and  dissipation.  Then  the 
equation  of  motion  (18)  without  body  forces  may  be  written: 
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and  the  energy  equation  may  through  the  2'nd  law  of  thermodynamics  be  written: 


pt(—  +  u  2»\  =  K 
\3t  3x/ 
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By  inserting  Eq.  (20a)  in  Eg.  (32),  linearizing  the  diffusion  terms  due  to  viscosi¬ 
ty  and  heat  conductivity,  and  by  insertion  of  the  result  in  the  equation  of  motion  (31), 
this  equation  may  be  written  in  the  following  approximate  form: 

p  On  .  _  +  b  ifu 

Dt  3  x  3a:2 

with 


(33) 


b  =  |  n  +  5  + 


■fe-y 
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Here  p,  by  means  of  Eq.  (20a), 
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where  C  and  r.  denote  the  bulk  viscosity  and  heat  conductivity  coefficients,  respectively. 

is  given  as: 

(35) 

with  A  and  8  being  expressed  by  Eq.  (20b). 


If  we  introduce  the  thermodynamic  function: 

dj. 
n 


togetbei  with  a  velocity  potential  $  we  may  write  the  equation  of  continuitj  (17)  as: 
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(36) 


Analogously,  Eqs.  (35'  and  (35)  may  be  transformed  by  1  and  0,  and  their  results, 
when  inserted  in  Eq.  (36),  lead  to: 


If!  .  i 

3xJ 


if! 


**o  »** 


i_  / ifl\  +  !_/!  +  2\i!if!=  0 

VC 2  dt  \3xV  c  \4  /  3x  3x* 


(37) 
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which  is  an  approximation  correct  to  the  squared  term  in  M  inclusive. 


Ttansforming  the  variable  t  to  the  variable  t‘  -  t-x/c  and  by  returning  to  the  ve¬ 
locity  «« do/dr,  Eq.  (37)  reduces  to:  ° 
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Eq.  (38)  is  of  the  same  type  as  the  Burgers'  equation,  and  by  omission  of  the  nonlinear 
term  (38)  reduces  to  an  equation  of  the  diffusion  type.  Eq.  (38)  describes  with  sufficient 
accuracy,  in  spite  of  its  approximate  character,  both  the  nonlinear  and  the  dissipative 
processes  during  the  propagation  of  finite-amplitude  plane  waves  in  a  viscous,  heat  con¬ 
ducting  fluid.  Owing  to  the  reduction  of  the  retarded  time  ('  to  t  for  x=0,  Eq.  (38)  is 
well  adapted  for  use  with  boundary-value  problems,  and  it  may  be  termed  the  boundary-va¬ 
lue  form  of  the  Burgers' equation . 

Using  a  characteristic  distance  x,  in  the  sound  field  together  with  the  peak  value 
of  the  particle  velocity  u  (source  value),  the  following  dimensionless  ratios  can  be 
established:  ° 

v  =  a  -  (h  +  and  y  =  (39) 

which  inserted  in  Eq.  (38),  yields  the  dimensionless  form  of  the  Burgers  equation  suit¬ 
able  tor  boundary- value  problems. 
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where  Re_ 
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■  constitutes  an  acoustic  Reynolds  number  analogous  to  the  hydrodynamic 


The  coefficient  r  is  an  essentia'  parameter  in  nonlinear  acoustics.  It  describes  the 
ratio  of  the  influence  of  nonlinearity  (including  "equation  of  state"  and  "convective" 
nonlinearity  contributions),  represented  by  the  nonlinear  strength  term  (1+S/24)M,  to  the 
influence  of  dissipation. 

T  was  first  introduced  by  Gol'berg  (161  as  a  criterion  such  that  shock  formation  is 
not  likely  to  take  place  if  i  l.  For  an  originally  sinusoidal  wave,  it  will  be  appro¬ 
priate  to  choose  the  characteris'-Lo  distance  r  of  the  wave  propagation  as: 


A_ 
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where  A  is  the  wavelength.  Th.‘  s  leads  to  the  expression: 
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where  pQ  is  peak  pressure  of  the  finite-amplitude  sinusoidal  wave  (measured  at  the  source) . 

Further,  by  the  choice  of  x  *  )/k,  the  value  o=l  of  the  spatial  coordinate  o  will 
.  .  -espond  to  a  propagation  distSnco  equal  to  the  discontinuity  length  l  given  by  Eq.  (30) 
for  the  lossless  propagation. 

Eq.  (40)  has  formed  the  basis  for  a  number  of  theoretical  analyses  of  finite-ampli¬ 
tude  wave  propagations  in  dissipative  fluids.  A  complete  steady-state  solution  to  Eq.  (40) 
can  for  instance  be  found  in  (17)  and  (18)  for  olane  waves  giving: 
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where  z  =  Zc  (-1)  I  (-Jcxp(“tt2o/r)cos  >iy  with  e  the  Neumann  factor  (e  =1,  c  =2  for  h>1), 
n  m\z/  ri  o  n  — 


and,  In  the  Bessel  function  of  imaginary  argument:  J  (a) 


(ia) . 


The  reduction  of  the  hydrodynamical  equations  and  the  equation  c-f  state  to  one  single 
equation  for  the  approximate  description  of  the  propagation  of  cylindrical  and  spherical 
waves  of  finite  amplitudes,  analogous  to  the  plane  wave  case  expressed  in  Eq.  (38)  may  be 
written: 
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where  «=>1,  l|  and  0  for  sperical,  cylindrical  a.-.d  plane  wave,  respectively.  For  n=l  and  S, 
Eq.  (44)  is  valid  only  in  the  domain  Jen  >>  1,  and  t'  =  t  7  (r-r  )a  for  divergent  and  con¬ 


vergent  waves,  respectively. 

Using  dimensionless  quantities,  Eq.  (44) 
ry  vdue  form  of  Burgers'  equation  given  by: 
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reduced  to  the  dimensionless  bounda- 
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where 
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for  cylindrical  waves  ( ) 


for  spherical  waves  (n=l) 
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The  similarities  between  the  form  of  Eq.  (44a)  and  the  form  of  Eq.  (40)  for  plane 
waves  should  be  noted  The  two  equations  differ  in  respect  of  the  spatial  coordinate  de¬ 
pendence  of  r  m  Eq.  (44a) .  This  is  a  very  interesting  feature  and  owing  to  it  the  propa¬ 
gation  of  a  finite-amplitude  cvlindrioally  or  sphericallv  divergent  wave  in  a  thermovis- 
cous  fluid  is  mathematically  equivalent  to  the  propagation  of  a  plane  finite-amplitude 
wavv  in  a  fluid  which  has  a  thermovlscous  loss  coefficient  that  grows  respectively  linear¬ 
ly  or  exponentially  wivh  range. 
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Thus,  for  a  diverging  wave  Eq.  (44a)  shows  that  viscous  effects  will  dominate  and  reduce 
nonlinear  effects  sooner  than  for  plane  waves,  or  alternatively,  the  spreading  loss  in¬ 
jured  in  diverging  waves  reduces  their  amplitudes  and  thus  the  nonlinear  effects.  Con¬ 
versely,  an  amplification  of  the  nonlinear  effects  may  for  instance  be  found  for  finite- 
amplitude  waves  propagating  upward  in  the  atmosphere  owing  to  exponential  variation  in 
atmospheric  thermodynamic  properties. 


Calculations  based  on  the  above  equations  and  supported  by  experimental  findings 
show  that  the  propagation  path  of  an  original  sinusoidal  finite-amplitude  wave  in  a  dis¬ 
sipative  fluid  roughly  may  be  divided  into  three  regions.  In  the  flr3t  region  -  in  what 
follows  termed  region  I  -  the  dissipative  effects  are  small  compared  to  the  prevailing 
nonlinear  effects.  Thus  the  nonlinear  effects  by  accumulation  during  the  wave  propagation 
distort  the  sinusoidal  wave  and  lead  to  an  increasing  steepness  of  the  wave  fronts,  even¬ 
tually  resulting  in  the  formation  of  a  "sawtooth"  wave.  But  before  the  wave  shape  becomes 
a  sawtooth  the  first  discontinuity  of  the  wave  front  (or  maximum  steepness)  has  formed  at 
its  zero-crossings  at  a  source  distance  termed  the  discontinuity  length.  This  distance 
must,  owing  to  the  dissipative  effects  in  region  I,  be  greater  for  wave  propagation  in  a 
thermoviscous  fluid  than  for  wave  propagation  in  a  lossless  fluid,  Eq.  (30) ,  if  the  same 
initial  wave  amplitude  is  considered.  The  discontinuity  length  may  appropriately  form  the 
Doundary  between  region  I  and  the  subsequent  region  II,  where  the  effects  of  nonlinear 
and  dissipative  processes  cancel  one  another,  leading  to  a  stabilization  of  the  wave  shape. 
In  region  II  a  relatively  stable  sawtooth  shape  of  the  original  sinusoidal  wave  may  be 
obtained. 


Owing  to  the  relatively  strong  dissipation  of  energy  in  a  sawtooth  wave  profile,  the 
finite- amplitude  wave  gradually  loses  its  wavefront  steepness  and  the  shock  thickness  of 
the  weak  periodic  shock  wave  (the  sawtooth  wave)  increases.  Finally,  the  wave  profile  re¬ 
turns  to  its  original  sinusoidal  shape  at  a  distance  from  the  source  forming  the  beginning 
of  region  III,  the  so-called  "old-age-region“  in  which  the  amplitude  of  the  wave  will  be¬ 
come  of  second  order  of  smallness  and  in  which  further  amplitude  reduction  is  governed  by 
small- amplitude  (linear)  absorption  rules. 

The  question  of  whether  the  shape  of  an  original  sinusoidal  wave  will  change  accord¬ 
ing  to  the  three-region  scheme  outlines  above  depends  on  the  initial  pressure  amplitude 
of  the  wave,  its  frequency,  and  the  strength  of  the  dissipative  properties  of  the  fluid; 
all  these  properties  are  incorporated  in  the  Gol'dberg  number  r  which  according  to  Gol'd- 
berg  L 16 i  may  lead  to  shock  formation  only  for  r  >  1. 

Thus,  for  the  propagation  in  a  thermoviscous  fluid  of  a  sinusoidal  wave  of  not  too 
high  an  initial  amplitude  the  dissipative  effects  may  lead  to  a  direct  transition  from 
region  I  to  region  III  without  the  occurrence  of  region  II. 

Only  higher  initial  amplitudes  lead  to  the  relatively  stable  wave  shapes  of  region 
II. 


At  a  sufficiently  high  initial  pressure,  the  later  amplitude  of  the  distorted  origin¬ 
ally  sinusoidal  wave  becomes  relatively  independent  of  the  initial  amplitude,  an  effect 
termed  acoustical  saturation. 


Description  of  finite-amplitude  wave  dis¬ 
tortion  in  a  thermoviscous  fluid  has  been  done 
by  the  use  of  Burgers’  Eq.  (40)  and  its  plane 
wave  solution  (43).  Eq.  (43)  can  be  simpli¬ 
fied  and  reduced  to: 

y  =  —  'y  — s^n  nM -  (45) 

r  L-i  sinh  n'l+o)/r  '  31 

n= o 


A  which  is  a  form  of  Fay’s  frequency  domain  so- 

lution  112)  for  a  nearly  stable  periodic  wave- 
y-> — form  in  a  viscous  perfect  gas  (region  II  so¬ 
lution).  A  region  I  solution  to  Eq.  (40)  for 
4<<4<i}  p  -•>  p  ),as  been  given  by  Khokhlov  et  al.  119) 
for  an  initial  sinusoidal  waveform: 


u  =  uq  sin  wt (at  x  =  0).  (46) 

Their  solution  for  the  distortion  of  the  tra¬ 
velling  plane  wave  has  the  form: 


y  -  arcsin(«/«o)  -  o  («A0) 


(47) 


Figure  1.  The  different  "milestones"  in  where 
the  change  of  the  shape  of  an  originally 
sinusoidal  finite-amplitude  wave,  includ¬ 
ing  all  th»-ee  characteristic  regions,  are 
shown  in  Fig.  1. 

Eq.  (47)  may  be  used  for  a  graphical 

construction  of  the  waveform  m  region  I  since  it  consists  of  the  sum  of  two  functions, 
arcsin(«/«  )  and  a  straight  line  making  an  angle  $  =  arctan  o  with  the  u/u  axis  (see 
Fig.  2).  °  ° 


T2  f-  x  and  y  =  «(t-x/co). 


/ 


Figure  2.  Graphical 
construction  of  the 
waveform  distortion 
according  to  Eg.  (47). 


An  exact  solution  to  Eq.  (40)  describing  the  structure  of 
one  period  of  a  sawtooth  wave,  i.e,  a  periodic  shock  wave  in  re¬ 
gion  II,  can  be  written: 

V  =  u~  *  1+0  {"  y  +  n  tanh  1}  <■  n  i  y  i  ")  ,<43> 


where  the  dimensionless  quantity  A  is 
thickness  given  by: 

A  2  ltd 
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-i  measure  for  the  shock 


(49) 


Thus  the  shock  thickness  will  descreaee  for  increasing  r,  leading 
to  A  +  0  for  T  In  this  limit  the  solution  becomes  discon- 

ilnuous  at  y= 0  and  describes  a  real  sawtooth  expressed  by: 


(-  y  ±  a) . 


(50) 


The  plus  sign  corresponds  to  0  <  j  <  «  and  the  minus  sign  to  -a  <  y  <  0 
velocity  amplitude  is  designated  u  for  y=0,  Eq.  50)  gives: 
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which  determines  the  reduction  of  the  peak  amplitude  of  an  originally  sinusoidal  wave, 
when  the  wave  during  its  propagation  has  attained  a  sawtooth  shape. 


The  onset  of  region  II  for  lossless  propagation  of  plane  waves  was  given  previously 
by  o=l.  Owing  to  the  dissipation  influences  in  a  thermoviscous  fluid,  changing  the  steep¬ 
ness  of  the  wavefronts,  it  is  more  appropriate  to  choose  a  somewhat  higher  value  of  a  for 
the  start  of  region  II.  Blackstock  (7)  selected  o  =  n/2  to  determine  the  onset  of  region 
II.  This  o-value  corresponds  to  the  distance  from  a  sinusoidal  source  where  the  peak  am¬ 
plitude  of  the  wave  just  reaches  the  steep  wavefront  (see  Fig.  1),  and  after  which  a  saw¬ 
tooth  wave  is  formed. 


We  have  seen  that  the  dissipation  of  energy  and  the  increase  of  entropy  taking  place 
during  the  irreversible  compression  processes  in  the  wavefront  reduces  the  amplitude  of 
the  sawtooth  wave  according  to  Eq.  (51).  Thus  T  will  decrease  for  increasing  o,  giving 
rise  to  an  increase  in  the  dimensionless  quantity  A  for  the  shock  thickness.  This  increase 
in  A  creates  the  basis  for  a  determination  of  the  end  of  region  II  for  waves  in  a  thermo¬ 
viscous  fluid,  leading  to  an  upper  limit  in  dimensionless  distance  o  (the  end  of  region 
II)  on  a  <  0.6P-1  =  o 3 ,  which  for  large  f-values  may  reduce  to  o  <  0.6T,  or 

/2p  c'\ 

x  <  0.61— S-2)  <  0.6/a  (52) 
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where  a  is  the  dimensional  low-frequency,  small-amplitude  attenuation  coefficient. 


In  order  to  bridge  between  the  solutions  discussed  above  for  regions  I  and  II,  estab¬ 
lishing  an  inner  relation  between  the  solutions,  Blackstock  [201  suggested  a  connection 
between  the  Fubini  and  the  Fay  solutions  for  plane  sound  waves  of  finite  amplitudes.  By 
use  of  the  theory  for  weak  non-uniform  shock  waves  he  developed  a  general  solution  that 
contains  the  Fubini  and  the  sawtooth  solutions  as  limiting  cases,  and  which  also  covers 
the  transition  region  between  the  two  solutions.  The  solution  was  given  as  a  Fourier  se¬ 
ries  representation  of  the  waves  in  the  two  regions: 


Bn  --  (2/htt)  Vp  ,2/arc) 


/' 


cos  a (4-c  sin  4)d4 


min 

where  B  is  the  Fourier  coefficient  for  the  ath  harmonic,  V 
tude  given  by  Eq.  (51),  and  4  is  a  function  of  y  =  at-kx.  ” 


(53) 


u  /u  is  the  shock  ampli- 
P  o 


Hgure  3.  Dimensionless  amplitude  (Fourier  coefficient) 
variation  as  a  function  of  the  dimensionless  distance  pa¬ 
rameter  o  for  the  fundamental  B i  and  for  the  second  and 
third  harmonics  S2  and  B j,  respectively,  in  an  original¬ 
ly  sinusoidal  wave:  +)  Fourier  coefficient  contribution 
to  Si  arising  from  the  Fubini  solution  (Eq.  (16));  •) 
Fourier  coefficient  contribution  to  B :  arising  from  the 
sawtooth  solution  (Eq.  (54)). 


In  the  range  0  <  a  <  1, 

V  -  0,  Eq.  (53)  reduces  to 
tKe  Fourier  coefficient 
B  =  (2/ac)g  (no)  of  the  Fu- 
bJni  solutioB  (Eq.  (16)), 
while  for  0  >>  1,  V  is  given 
by  Eq.  (51)  and  £q.p(53)  re¬ 
duces  to  a  sawtooth  solution 
given  by: 


which  is  the  Fourier  coeffi 
cient  of  the  Fay  solution 
(Eq.  (15))  in  the  lossless 
limit  (T  -*  «■>)  of  this  equa¬ 
tion. 
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Analogous  to  the  propagation  of  plane  waves  of  finite-amplitude  in  a  thermoviscous  fluid 
described  by  the  use  of  Burgers'  equation,  the  cylindrical  and  the  spherical  wave  cases 
show  characteristic  regions  I-III  of  propagation  [7].  | 

3.  THE  WEAK-SHOCK  THEORY 

In  Burgers'  equation  discussed  above  the  nonlinear  and  the  dissipative  effects  were 
attached  to  individual  terms  in  the  equation  which  then  formed  the  basis  for  analytical 
or  approximate  solutions  in  region  I  or  in  region  II.  An  analytical  method,  which  more 
quickly  and  more  easily  leads  to  results  in  region  II,  is  the  ueak-ehook  theory.  The  ba¬ 
sic  features  of  the  weak-shock  theory  are  that  the  diffusion  effects  (viscosity  and  heat 
conduction  effects)  are  disregarded  except  within  the  shock  themselves,  where  they  account 
for  the  entropy  increase,  and  that  the  continuous  parts  of  the  wave  in  the  regions  be¬ 
tween  the  shocks  are  governed  by  the  Earnshaw  solution  for  simple  waves,  thus  assuming 
isentropic  flow  in  these  regions. 

The  Rankine-Hugoniot  relations  will  be  the  bridging  functions  which  connect  the  con¬ 
tinuous  parts  of  the  wave  by  relating  the  values  of  the  kinematic  and  the  thermodynamic 
quantities  at  both  sides  of  a  surface  of  discontinuity.  These  relations  may  for  one-di¬ 
mensional  wave  propagation  (normal  shocks)  be  written: 

ui  -  u2  -=  t(p2  -  pi)(l/pt  -  1/p  a )  1  ^  (55) 

hi  -  hi  =  i(p 2  -  pi)(l/Pi  +  I/P2)  (56) 

where  u  denotes  the  particle  velocity  and  h  denotes  the  enthalpy  per  unit  mass.  The  sub¬ 
scripts  1  and  2  refer  to  the  conditions  just  ahead  of  the  shock  and  just  behind  the  shock, 

respectively. 

It  should  be  noted  that  dissipation  is  accounted  for  indirectly  by  Eq.  (56).  If  this 
equation  is  tranformed  by  expanding  it  in  powers  of  small  differences  (32-si)  and  (p 2— P 1 ) , 
retaining  terms  to  third  order  in  (p 2— P 1 )  and  to  first  order  in  (sj-si),  we  obtain,  after 
insertion  of  (3>i/3c)„  =  r  and  (3A/3p)_  =  1/p  =  u,  the  following  expression  for  the  entro¬ 
py  increase  across  ”the  shock: 


l(fi'  l( 


(P2-P1) j 


Thus,  the  discontinuity  of  entropy  in  a  weak-shock  wave  is  of  the  third  order  of  small¬ 
ness  relative  to  the  discontinuity  of  pressure. 

This  very  essential  expression  (57)  justifies  the  adoption  of  lsentropy  for  infinite¬ 
simal  wave  propagation,  and  shows  that  even  fini  e,  but  small,  amplitude  waves  lead  to 
approximately  isentropic  conditions. 

Friedrichs  1211  concluded  from  Eq.  (57)  that  if  changes  up  to  only  the  second  order 
of  smallness  in  the  shock  strength  {  =  (pi-pi)/p:  are  considered,  no  change  of  entropy 
will  be  observed.  This  may  lead  to  a  theory  for  the  isentropic  lossless  fluid. 

As  already  shown  by  Earnshaw  (5)  the  propagation  of  a  finite-amplitude  wave  in  a 
perfect  gas  may  subject  to  the  boundary  conditions: 

«( O.t)  =  G(t)  (58) 

be  written  in  terms  of  a  parameter  $  as: 

u(x,r.)  =  C  (<J>)  (59) 

where 

4  =  ‘  ‘  o~R  (Y+\)/2j5(«) 

The  parameter  d  may  be  interpreted  as  the  time  the  "wavelet"  of  particle  velocity  u  left 
the  origin  x  =  0. 

If  the  continuous  waveform  solution  represented  by  Eq.  (59)  leads  to  a  shock  formed 
at  a  distance  x  from  the  origin  and  at  the  time  t,  then  this  shock  will  arrive  at  any  sub¬ 
sequent  point  at  a  time  t  given  by: 


-i*rr 


V  is  the  velocity  of  propagation  of  the  shock,  which  according  to  the  Rankine-Hugoniot 
relations  depends  on  the  particle  velocity  values  m  and  «-  on  either  side  of  the  shock, 
and  thus  may  be  written: 


=  oQ  +  (ai+uj) 


Eq.  (61)  shows  that  weak  shock  propagate  with  a  velocity  which  is  the  mean  valje  of 
the  phase  velocities  just  ahead  of  and  just  behind  the  shock. 

By  use  of  the  retarded  time  t'  =  t-x/a  and  by  insertion  of  Eq.  (61)  into  Eq.  (60) 
the  following  first-order  expression  is  obtained: 


(62) 


t'e  »  t'  -  ~  f  (tu+»i)df 

'  anJr. 
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which  iray  be  converted  to  a  differential  equation  for  the  path  apd  amplitude  of  the  shocks 
expressed  by: 

ar'-  4(tr)lr<“‘+"*»  (63) 

o 

hi  and  ut  are  determined  by  the  continuous  solution  given  by  Eq.  (59)  for  the  wave  parts 
between  the  shocks,  thus  giving  together  with  the  Eq.  (63)  a  system  of  equations  to  be 
solved  giving  hi,  ut  and  t &  within  the  weak-shock  theory. 

At  very  qient  distances  from  the  origin  the  formulas  derived  by  the  use  of  weak-shock 
theory  will  be  inaccurate  owing  to  reduction  in  the  shock  strength  leading  to  a  dispersed 
shock,  which  !)■.  longer  may  be  approximated  by  a  discontinuity.  In  order  to  estimate  the 
point  beyond  v  iich  the  weak-shock  theory  gives  inaccurate  results,  the  decay  rates  of  a 
sawtooth  wave  and  a  small-signal  wave  may  be  equated  leading  to  the  following  approximate 
expression  Cor  the  maximum  distance  r  at  which  the  sawtooth  solution,  and  thus  the  weak- 
shock  theoiy,  is  valid:  m 

cm  *  (64) 

which  shows  good  agreement  with  the  upper  limit  of  the  sawtooth  region  given  by  Eq.  (52). 

It  should  be  noted  that,  in  order  to  use  the  weak-shock  theory  at  all,  the  nonlinear 
effects  must  prevail  over  the  dissipativo  effects.  This  may,  by  the  use  of  the  acoustic 
Reynolds  number  r,  be  written  as: 


m 


where  a  is  given  by  Eq.  (52). 

The  formulas  given  above  Cor  the  weak-shock  theory  applied  to  the  plane  wave  case 
may  be  generalized  for  kr  »  1  also  to  comprise  cylindrical  and  spherical  finite-ampli¬ 
tude  waves  171. 

3.  PROPAGATION  IN  A  RELAXING  FLUID 

The  reestablishment  of  thermodynamic  equilibrium  in  a  fluid  normally  takes  place  very 
fast,  i.e.  the  time  scale  for  the  processes  leading  to  reestablishment  of  equilibrium  is 
normally  much  smaller  than  the  time  scale  characterising  the  variation  of  properties  with¬ 
in  acoustical  waves.  Tlerefore,  in  most  cases  it  is  a  good  approximation  to  consider  that 
the  fluid  remains  in  equilibrium  during  the  wave  propagation. 

Some  molecular  processes  are,  however,  so  slow  that  the  time  for  establishing  the 
new  thermodynamic  equilibrium,  the  so-called  relaxation  time  x,  becomes  comparable  to  the 
period  of  the  propagating  disturbance.  This  is  the  case  in,  for  instance,  energy  transport 
from  external  to  some  retarded  internal  degrees  of  freedom  for  some  chemical  reactions 
taking  place  between  the  components  of  the  fluid. 

The  intensity  of  the  Irreversible  processes  taking  place  during  the  restoration  of 
the  thermodynamic  equilibrium  and  leading  to  a  dissipation  of  energy  depends  on  the  re¬ 
lation  between  x  and  the  angular  frequency  w  of  the  propagating  wave.  It  is  characteristic 
for  all  relaxation  processes  that  an  acoustic  wave  with  a  frequency  high  enough  to  yield 
wx  >>  1  will  propagate  with  a  phase  velocity  which  is  higher  than  the  phase  velocity 
cQ  with  which  a  wave  satisfying  ux  <<  1  propagates.  The  high-frequency  signal  (ut  >>  1) 
suffers  no  increased  absorption  due  to  the  presence  of  relaxation,  i.e.  the  internal  de¬ 
grees  of  freedom  act  as  if  "frozen",  while  the  low-frequency  signal  (wt  <<  1)  attains 
thermodynamic  equilibrium  at  all  times  during  the  wave  motion  due  to  the  slow  change  of 
state  in  the  long  period  wave. 

Owing  to  the  lack  of  thermodynamic  equilibrium  during  the  relaxation  processes,  it 
is  necessary  to  specify  one  more  thermodynamic  variable  in  the  equation  of  state  for  a 
fluid.  Such  a  variable  K,  characterizing  the  state  of  non-equilibrium  considered,  may 
for  small  deviations  from  equilibrium  be  determined  by  the  simple  first-order  reaction 
equation: 

nr  6  -5 

H  -  °  feci 

at  ~  x 

where  is  the  equilibrium  value  of  £. 

Thus,  the  equation  of  state  for  a  relaxing  fluid  may  instead  of  Eq.  (20)  be  written 
as: 

P  =  p(P,s,5)  (67) 

On  the  basis  of  the  equations  of  continuity  and  motion  correct  to  second  order,  the 
following  two  equations  governing  the  propagation  of  finite-amplitude  waves  in  a  relaxing 
fluid  may  be  derived: 
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where  B  »  (3p/3£)p0  is  a  small  quantity  of  the  order  M  =  «o/e  and  where  m=(e£-o£) /a1  «  1 
represeRts  the  dispersion.  "  "  J 

Eqs. (68)  can  be  merged  into  the  form  of  a  single  equation  similar  to  Burgers'  equa-  h 
tion,  which  may  be  written:  I'1 
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For  wt  <<  1  and  by  assuming  3 u/Zx  =  0,  a  steady-state  solution  to  the  Eqs. (68)  can  be 
found  describing  the  structure  of  single  steady  compression  jump  of  amplitude  2 uQ  by: 

f+t'  <k  +h)k“V 

_ _ O  _  _ Q  O  /*?A\ 


where  x  =  mc0/[ (B/4+2)u0l  and  t'o  is  a  constant  of  integration. 

k  Is  a  characteristic  quantity  for  wave  propagation  in  relaxing  fluids.  It  expresses 
the  ratio  of  the  relaxing  to  the  nonlinear  effects,  and  thus  it  serves  for  a  relaxing 
fluid  the  same  purpose  as  r  does  for  the  thermoviscous  fluid  ease. 

If  x  >>  1,  a  relatively  mild  nonlinear  effect  exists  and  the  solution  Eq.  (70)  re¬ 
duces  to: 

u  =  tanh(t'/2x-r)  (71) 

for  the  amplitude  of  the  velocity  jump. 

For  a  periodic  finite-amplitude  wave  in  region  II,  where  the  nonlinear  and  the  re¬ 
laxing  effects  are  of  importance,  an  approximate  solution  of  Eqs.  (68)  can  be  obtained 
by  combining  the  solution  in  Eq.  (70)  or  Eq.  (71)  with  the  solution  describing  a  sawtooth 
wave  (Eq.  (48)). 
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or  =  (B/2/1+1)  (uuQx/c^) 
y  =  wfc '  ■  u(t-a:/co) 

Re  =  uQ/aouxm  (Reynolds'  number  for  relaxing  fluid). 

For  x  >  1  and  x  <  1,  i.e.  stronger  nonlinear  effects,  the  factor  tanh(y/A)  should  be 
replaced  by  u  =  »(y)  found  from  the  solution  of  Eq.  (70).  The  form  of  one  period  of  a  fi¬ 
nite-amplitude  wave  for  x  >  1  and  x  <  1,  respectively,  is  given  in  Fig.  4. 

Thermoviscous  effects,  relaxation  effects,  nonlinear  effects 
and  diffraction  effects  may  all  be  included  in  a  compound  equa¬ 
tion  which  for  a  quasi-plane  wave  case  may  be  written  in  dimen- 
y  sionless  form  [22]  as: 
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Fig.  4.  The  region  II 
shape  of  one  period  of 
a  finite-amplitude  wave 
propagating  in  a  relax¬ 
ing  fluid  in  the  case 
of  ut  <<  1:  (a)  for  the 
case  of  x  >  1  and  (b) 
for  the  case  of  x  <  1. 

4.  EXPERIMENTAL  STUDIES 


where  V  =  a/“0  and  5  is  a  diffraction  variable. 

Eq.  (73)  has  the  following  properties: 

(i)  for  G\ 0  and  D=N= 0,  it  reduces  to  Burgers'  Eq.  (40)  for  a 
thermoviscous  medium  ( G  =  I  1 ) ; 

(ill  for  PfO  and  G=N= 0,  in  the  limit  of  wt  <<  1,  it  reduces  to 
a  symbiosis  of  the  Korteweg-de-Vnes  equation  involving 
nonlinearity  and  dispersion  and  Burgers'  equation  involving 
nonlinearity  and  dissipation  (see  also  Eqs. (68); 

(iii)  for  li- J-0  and  G=D=  0,  it  reduces  to  the  equation  governing 
the  diffraction  influence  on  the  nonlinear  wave  propaga¬ 
tion. 


A  great  number  of  experiments  have  during  recent  years  been  carried  out  in  order  to 
verify  theories  discussed  above  or  in  order  to  sect  clear  experimental  information  concern¬ 
ing  different  aspects  of  finite-amplitude  wave  ;  royagation  without  the  purpose  of  verifying 
a  theory.  A  number  of  tests  have  further  been  oriented  towards  the  development  of  new  ex¬ 
perimental  equipment  and  procedures  for  its  use. 

The  subjects  for  experimental  investigations  may  roughly  be  divided  into  three  main 
groups.  (1)  The  nonlinearity  of  the  pressure-density  relation  of  the  fluid  expressed  by 
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the  nonlinearity  ratios  D/A  (second-order  terms,  see  Eq.  (21)  and  C/A  (third-order  terms, 
ll -Id.  see  E<3-  (22).  (2)  The  growth  and  decay  of  the  harmonic  content  of  the  finite-amplitude 
(V  '  \  waves  during  propagation.  (3)  Absorption  measurements. 

Determination  of  the  parameters  of  nonlinearity  D/A  and  C/A  has  mainly  been  performed 
using  static,  thermodynamic  or  finite-amplitude  waveform  distortion  methods,  of  which  the 
thermodynamic  method  has  been  the  one  mostly  used.  Knowing  from  experiments  how  the  sound 
velocity  in  a  fluid  depends  on  pressure  and  temperature  the  sound  velocity  derivatives  in 
Eqs.  (21)  and  (22)  may  be  determined.  These  derivatives  form  the  most  crucial  factors  of 
the  equations  for  B/A  and  C/A  and  the  other  terms  may  be  found  through  standard  thermody¬ 
namic  laboratory  procedures.  Some  B/A  and  C/A  values  for  various  fluids  are  given  in 
table  1. 
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Fluid  (  at  atmos¬ 
pheric  pressure) 

T(°C] 

B/A 

Fluid 

Tl°Cj 

C/A 

Distilled  water 

0 

4.16 

Water 

Distilled  water 

10 

4.63 

10s  N/m2 

30 

32.0 

Distilled  water 

20 

4.96 

2  x  10*  N/m2 

30 

38.6 

Distilled  water 

30 

5.22 

4  x  10*  N/m2 

30 

32.5 

Distilled  water 

40 

5.38 

8  x  10®  N/m2 

30 

26.0 

Distilled  water 

50 

5.55 

Distilled  water 

60 

5.67 

Distilled  water 

80 

5.96 

1  Propanol 

Distilled  water 

100 

6.11 

10s  N/m2 

30 

75.0 

Carbon  tetrachloride 

30 

11.54 

8  x  10®  N/m2 

30 

25.0 

Glycerine 

20 

8.80 

Mercury 

40 

8.33 

Methyl  alcohol 

30 

9.62 

Ethyl  alcohol 

30 

10.57 

Propyl  alcohol 

3G 

10.70 

Liquid  nitrogen 

-199 

9.69 

Liquid  oxygen 

-199 

9.56 

Monatomic  gas 

20 

0.67 

Diatomic  gas 

20 

0.40 

Table  1.  B/A  and  C/A  values  for  various  fluids. 

Investigation  of  the  growth  and  decay  of  the  harmonic  contents  of  finite-ampli¬ 
tude  waves  during  propagation  is  very  much  tied  up  with  the  determination  of  B/A  and  C/A, 
both  optical  and  electro-mechanical  devices  have  been  used  for  the  experimental  study  of 
finite-amplitude  wave  distortion  in  various  fluids.  A  detailed  account  of  these  studies 
and  their  results  may  be  found  in  Reference  17). 

Nonlinear  absorption,  i.e.  energy  transport  from  the  fundamental  to  its  higher  har¬ 
monics  and  the  higher  dissipation  rate  at  the  higher  harmonics,  appears  from  Eq.  (74)  for 
the  effective  absorption  coefficient  a  .  a  is  the  absorption  coefficient  for  waves  having 
the  infinitesimal  displacement  amplitude 

3w2r 
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exp(-2as) (l-exp(-2ax) ) 2  +  higher  order  terms. 


(74) 


The  effective  absorption  is  compared  with  the  infinitesimal  amplitude  absorption 
(linear  relation)  in  Figure  4,  which  shows  the  relative  pressure  amplitude  measured  at 
various  distances  x  from  a  finite-amplitude  wave  source  for  a  number  of  source  amplitudes 
Pi ( 0 ) .  These  experimental  results  published  by  Lester  (23)  show  the  existence  of  a  de¬ 
finite  upper  limit  to  the  sound  pressure  amplitude  which  can  be  transmitted  across  a  given 
distance,  i.e.  the  existence  of  acoustical  saturation. 

CONCLUSIONS 

The  development  of  nonlinear  acoustics  began  m 
1755;  because  of  its  ability  to  subsume  different  phy¬ 
sical  processes  with  its  methodology  and  to  contribute 
solutions  to  practical  problems,  it  has  been  strenghtened 
during  the  years.  It  is  therefore  to  be  expected  that 
the  growing  recognition  of  the  importance  of  this  field 
of  research  might  result  in  a  situation  where  an  increas¬ 
ing  number  of  research  and  development  centres  around 
the  world  are  involved  in  solving  problems  comprising 
elements  of  finite-amplitude  wave  propagation. 
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Fig  5.  Relative  pressure  amplitudes 
of  finite-amplitude  waves  measured 
at  •  .rious  distances  x  from  a  source 
of  amplitude  Pj (0) . 
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SUMMARY 

A  brief  account  of  the  history  and  the  fundamental  theory  of  nonlinear  interaction 
of  finite-amplitude  sound  waves  is  given  leading  to  the  introduction  of  the  concept:  "Pa¬ 
rametric  acoustic  arrays".  Low-amplitude  wave  interactions  in  absorption  and  spreading- 
loss  limited  parametric  transmitting  arrays  are  discussed  for  continuous  and  pulsed  pri¬ 
maries  and  for  field  points  outside  or  inside  the  interaction  region.  High-amplitude  wave 
interactions  leading  to  nearfield  saturation  limited  parame  -ic  transmitting  arrays  are 
further  treated  for  field  points  outside  and  inside  the  interaction  region.  The  parametric 
receiving  array  for  low-  and  high-amplitude  pump  waves  is  discussed  and  finally  is  given 
an  exposition  of  the  possibilities  for  obtaining  an  improvement  of  the  parametric  con¬ 
version  efficiency  for  low-  and  high-amplitude  wave  interactions. 
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INTRODUCTION 

The  generation  of  sum-  and  difference-frequencies  by  the  interference  between  two 
finite-amplitude  sound  waves  has  been  the  subject  of  discussion  for  more  than  two  hundred 
years.  Helmholtz  [1)  and  Lamb  [2]  credit  the  original  observation  of  difference-frequency 
tones  to  Sorge  (1745)  and  Tartini  (1754).  Since  then  the  subject  of  difference-frequency 
wave  generation  has  received  the  attention  of  several  authors  but  only  the  last  15  years 
have  brought  a  strong  development  in  the  practical  exploitat  of  the  finite-amplitude 
wave  interaction  products,  in  particular  the  difference-  and  frequency  waves,  while 
earlier  works  seem  to  have  considered  the  effect  as  an  occasic..^i,  undesirable  nuisance 
or  as  a  rather  academic  subject.  The  practical  exploitation  of  the  nonlinear  sum-  and 
difference-frequency  wave  generation  in  particular  for  underwater  sound  purposes  has  par¬ 
ticularly  through  the  last  10  to  15  years  went  through  a  rapid  development,  and  the  spec¬ 
trum  of  Ids  of  underwater  applications  now  includes  parametric  transmitting  and  receiv¬ 
ing  arrays  for  echo-ranging,  for  bottom  an<;  subbottom  profiling,  for  marine  archeological 
detection  of  hurried  artifacts,  for  selected  mode  excitation  in  shallow  water  sound  pro¬ 
pagation  and  for  ultrasonic  imaging  in  medical  diagnostics.  The  development  hitherto  in 
the  Held  of  parametric  acoustic  arrays  gives  no  basis  at  all  for  an  expectation  of  a  fu¬ 
ture  reduced  research  activity  in  studying  and  developing  now  fields  of  application  of 
the  parametric  acoustic  arrays  and  in  improving  the  parametric  acoustic  arrays  aiming 
a  better  adaptation  to  fields  where  it  alreac./  is  being  used. 

1.  HISTORY  AND  FUNDAMENTAL  THEORY 


The  theoretical  work  on  nonlinear  interaction  of  two  sound  beams  -  or,  in  different 
words,  the  scattering  of  sound  by  sound  -  begins  with  the  papers  of  M.J.  Lighthill  on 
sound  produced  by  turbulence  (3),  [41.  He  transformed  the  basic  equations  of  fluid  mecha¬ 
nics  into  a  form  being  particularly  suited  for  the  study  of  sound  generated  aerodynamical- 
ly.  Lighthill's  exact  equation  for  arbitrary  fluid  motion  can  be  written  as: 


-  c*V*p  =  -c’a’p 
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where  T 


=  Pu^ 
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c^ps^  +  ,  with  D^  comprising  the  viscous  stresses. 


(1) 


pu  u  is  the  instantaneous  Reynolds  stress  tensoi ,  p  .  the  non-viscous  stress  tensor 
and  <5,  Jthe  Kronecker  delta.  In  effect,  the  sound  f ieid^radlated  by  fluid  flow  -  in¬ 
cluding  the  interacting  sound  beams  -  is  equivalent  to  one  produced  by  a  static  distribu¬ 
tion  of  acoustic  quadrupoles  with  source  strength  density  given  by  T 


In  the  far  field  Eq 
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Id  Eq.  (1)  reduces  to: 
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where  R  and  r  denote  the  position  vectors  from  the  oriuin  to  the  location  of  the  observer 
(i.e.  the  field  point)  and  to  the  differential  volume  dv  of  the  zone  of  volume  integra¬ 
tion  V,  respectively. 


In  their  analysis,  Ingard  and  Pridmoru-Brown  15J  began  with  this  equation,  neglected 
viscous  losses  and  derived  the  following  expression  for  the  far  field  amplitude  of  the 
pressure  at  the  sum  frequency,  p  : 


.  a  si»-S  . 

Here  fi,  f2  are  the  primary  beam  frequencies,  a  the  radius  of 
mary  beam  pressure  amplitude  at  the  centre  of  the  Interaction 


(3) 

each  source,  pi,  P2  the  pri- 
region,  r  the  distance  from 
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the  interaction  region  to  the  receiver,  0  =  angle  between  the  first  incident  beam  and  the 
receiver,  and  the  angles  a,  8  are  defined  by 
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In  their  attempts  to  verify  the  theory,  Ingard  and  Pridmore-Brown  obtained  an  intensity 
of  the  scattered  signals  being  about  10  dB  below  those  expected  theoretically.  Westervelt 
16]  developed  another  theory  for  the  interaction.  He  used  the  expansion  of  the  pressure 
in  terms  of  the  density  and  deduced  the  following  equation  for  the  lowest  order  in  the 
scattering  process: 


□V  „  .  _A_  _JL‘_  fP  u  „  +  I 
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where  p  is  the  density  in  the  scattered  wave  and  the  nonlinearity  parameter  B/A  is  re¬ 
presented  through  the  term:  { 2c 2 ) —  1 (32p/3p2)  =  B/(p  A). 

o  P-Po  o 

For  the  case  of  two  mutually  perpendicular  beams,  Bq.  (4)  reduces  for  harmonic  ini¬ 
tial  waves  to: 
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where  the  quantities  Pi  and  p2  .efer  to  the  excess  density  in  each  of  the  primary  sound 
beams,  rn  a  subsequent  paper  Westerwolt  (7)  generalized  nis  theory  to  comprise  ihe  case 
of  two  collimated  sound  beams  intersecting  at  an  arbitrary  angle. 


The  case  of  two  collinear  sound  beams  was  treated  by  Westervelt  18]  in  a  paper  where 
he  noted  that  the  nonlinear  terms  made  the  beam  act  as  a  distribution  of  sources  for  the 
modulating  frequency.  In  18]  and  in  particular  in  [9]  Westervelt  formulated  his  now 
classical  theory  for  the  parametric  acoustic  array,  a  name  given  to  the  collinear  sound 
beam  interaction  region  due  to  its  resemblance  to  the  corresponding  sonar  array.  The  fol¬ 
lowing  simplifying  assumptions  and  app-nximations  underlie  Westervelt’s  work: 

(a)  The  equation  of  motion  for  an  ideal  fluid  is  ured  and  the  attenuation  effect  is  in¬ 
troduced  in  an  "ad  hoc"  way. 

The  two  superimposed,  high-f reguency ,  plane  primary  waves  are  assumed  to  form  beams 
so  narrow  and  so  perfectly  coliimated  that  the  volume  distribution  of  sources  may 
adequatelv  be  represented  by  a  line  distribution  located  along  the  a.“.ij  of  the  prima¬ 
ry  waves.  The  cross-sectional  dimensions  of  the  primary  wave  interaction  region  are 
assumed  to  be  small  compared  with  tne  wavelength  at  the  difference  frequency. 

No  attenuation  of  the  difference- frequency  wave  is  assumed  to  occur. 

The  amplitude  attenuation  2eff icients  for  each  of  t’lu  two  primary  waves  ate  equal 
and  assumed  to  be  one  or  more  orders  of  magnitude  lsss  than  the  wave  numoer  of  the 
difference-frequency  wave. 

(e)  Nonlinear  attenuation  is  negligible. 


(b) 


(c) 

(d) 


Rewriting  (1)  on  the  basis  of  the  assumptions  (a)  to  'e)  and  usfng  a  poi turbution 
analysis  retaining  terms  to  second  order  in  the  f.-.eld  variables  only,  Wostorvclt’s  quasi- 
linear  approach  led  to  the  following  inr.omogeneous  wave  equation  for  the  pressure  ampli¬ 


tude  ps  of  the  difference-frequency  wavs; 
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q  is  the  source  strong tl.  density  responsible  for  the  generation  of  acoustic  energy  through 
the  nonlinear  interaction  of  :he  primary  waves  in  which  the  instantaneous  pressure  at  a 
soiree  point  is  p  .  8  is  related  to  the  second  order  nonlinearity  ratio  B/A  of  the  fluid 
tnrough:  8=1+  B/A,  while  expression  (7)  is  valid  for  plane  waves  travelling  in  the  same 
direction,  a  general  expression  for  the  source  strength  density  q  of  a  primary  field  of 
any  configuration  may  be  found  in  [10]. 


The  general  solution  to  the  equation  (6)  may  be  written  as  a  volume  integral  by: 
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The  volume  integral  (8)  was  used  by  Westervelt  for  a  derivation  of  the  difference- 
frequency  sound  field  generated  by  the  nonlinear  interaction  of  the  two  perfectly  colli¬ 
mated,  plane,  monochromatic,  collinear,  primary  waves  of  equal,  source  amplitude  p  .  His 
expression  for  the  pressure  amplitude  p  as  a  function  of  the  distance  R  from  the°pro- 
jector  emitting  the  primary  waves  to  the  observation  point  and  as  a  function  of  the  angle 
0  between  the  observation  point  and  the  acoustic  axis  of  the  projector  may  be  written  as: 


Ps(R,0)  = 


8rpocoRao 


(■ 


1 
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where  the  time  and  phase  dependences  have  been  omitted.  u>  is  the  angular  frequency  of  the 
difference- frequency  wave,  S  denotes  the  cross-sectional  area  of  the  collimated  wave  ro- 


V  ’  ’ 


i 


sagasBJsw*2' 


A.  *%  ^ 


■f 


i 


gion  and  k  denotes  the  wave  number  of  the  difference-frequency  wave,  a  is  the  mean  ab¬ 
sorption  coSfficient  of  the  primary  waves  for  infinitesimal  wave  amplitudes. 

Westervelt's  solution  (9)  is  restricted  to  the  farfield  of  the  scattered  wave  by  the  ! 
conditions  kgR  >  (ks/ao)2. 

The  bracket  in  (9)  leads  to  the  half-power  beamwidth  8h  of  the  difference-frequency 
wave  given  bys 

0h  ~  2(ao/ks))|  (10) 

which  shows  that  a  narrowing  of  the  beam  takes  place  for  a  decrease  in  the  primary  wave 
frequency,  opposite  to  what  is  the  case  for  a  conventional  linear  projector.  Further,  a 
narrowing  of  the  beam  will  follow  an  increase  in  the  difference-frequency.  It  should  be 
noted  that  the  influence  of  the  primary  frequencies  on  (9)  and  (10)  is  only  through  the 
absorption  coefficient  aQ. 

The  difference-frequency  signal  amplitude  p  may  be  considered  to  be  radiated  from 
an  array  of  sources  distributed  continuously  throughout  the  interaction  r^ion,  being 
bounded  by  the  collimated  beams  and  extending  a  distance  along  the  acoustic  axis  deter¬ 
mined  by  the  small  signal  absorption  of  the  carrier  waves.  The  parametric  array  is  shaded 
by  virtue  of  the  naturally  smooth  decay  in  the  conversion  of  the  carrier  ^frequency  waves 
to  the  difference-frequency  wave  with  increasing  distance  from  the  signal  source.  The 
shading  of  the  array,  being  due  to  the  carrier  wave  absorption  and  diffraction  within  the 
interaction  region,  gives  rise  to  a  monotonically  decaying  angular  response  of  the  diffe¬ 
rence-frequency  wave  with  increasing  8-values,  thus  avoiding  the  undesirable  minor  lobes 
that  are  common  in  conventional  piston  type  transducers.  Due  to  the  small  width  of  the 
interaction  region  compared  to  its  length  the  parametric  array  produces  a  field  of  radia¬ 
tion  much  narrower  than  the  one  which  would  be  produced  by  a  conventional  underwater  sound 
source  operating  linearly  at  the  difference  frequency.  Moreover,  the  wide  band  character 
of  the  parametric  conversion  process  enables  one  to  remedy  some  of  the  disadvantages  of 
the  rather  low  efficiency  of  the  nonlinear  conversion  process  by  the  use  of  wide-band  sig¬ 
nal  processing  techniques.  In  spite  of  the  low  source  level  efficiency  -  ranging  form  10% 
down  to  10“5%  -  systems  employing  parametric  arrays  can  be  superior  to  conventional  linear 
systems  when  the  reduction  of  the  beamwidth,  the  transducer  size  or  the  absorption  -  due 
to  the  low  difference  frequency  -  are  taken  into  account. 


Since  Westervelt's  publication  of  his  quasi linear  approach  leading  to  his  aymptotic 
solution  being  valid  at  long  ranges  from  the  interaction  region,  a  great  deal  of  theore¬ 
tical  and  experimental  works  has  been  done  in  order  to  improve  the  understanding  of  the 
characteristics  of  the  parametric  acoustic  arrays. 


The  aperture  effect  due  to  the  finite  size  of  the  projector,  which  should  be  taken 
into  account  when  the  interaction  volume  is  substantially  limited  to  the  nearfield  of  the 
projector  by  the  rate  of  absorption  of  the  primary  waves  has  been  discussed  by  Naze  & 

Tjdtta  111]  and  by  Berktay  (12] .  Berktay  assumed  a  rectangular  projector  of  sides  2b  and 
2d  situated  in  the  y-z-plane  and  he  obtained  the  following  expression  for  the  difference- 
frequency  pressure  amplitude  produced  by  the  nonlinear  interaction  of  two  collimated,  plane 
waves  of  initial  pressure  amplitudes  pi  and  P2: 
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where  the  aperture  effect  is  represented  by  the  expression: 


f (b,d,ks,y,8)  = 
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oT  denotes  an  absorption  coefficient  determined  by: 

r  «i  t  «j  -  o^cosS  «  ai  +  d2  -  «s  for  8  <<  1  . 

<j|,  a2  and  a  are  the  absorption  coefficients  of  the  primary  waves  and  the  difference-fre¬ 
quency  wave, Respectively .  y  is  the  angle  between  the  z-axis  and  the  radial  distance  R 
from  the  centre  of  the  projector  (x,y,z  =  0,0,0)  to  the  observation  point. 


For  a  circular  projector  the  (sin(N)/(N))  in  (12)  will  be  replaced  by  (2Jj (N)/(N) ) . 


For  spherically  spreading  primary  waves  confined  to  a  cone  of  angular  width  2i^i  and 
by  assuming  a  uniform  intensity  distribution  across  the  cone,  Berktay  found  for  the  diffe¬ 
rence-frequency  pressure  amplitude  along  the  axis  of  symmetry: 
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where  ^  is  given  by: 


*h  “ 
and  where 
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the  half-power  beamwidth  0^  (for  the  expressions  (11)  and  (13)  is  given  by: 

2(aT/2ks)‘i  ,  for  <*T/2ks  «  1  •  d4> 
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aT  is  for  the  sperical  wave  case  given  by: 

aT  =  ai  +  a2  -  c^cosScostfi  »  ai  +  a:  -  as- 

Berktay's  asymptotic  solutions  (11)  and  (13)  are  valid  for  the  field  point  at  long  ranges 
from  the  interaction  region. 

The  plane  and  spherical  waves  hitherto  discussed  form  parts  of  the  wave  field  arising 
from  a  piston  source  embedded  in  an  infinite,  rigid  baffle.  Some  characteristic  source  dis¬ 
tances  shall  briefly  be  defined  in  the  following  due  to  the  fact  that  piston  sources  have 
most  frequently  been  used  for  primary  wave  transmission  by  the  no'. linear  interaction  be¬ 
tween  two  finite-amplitude  waves  taking  place  in  the  parametric  acoustic  array.  For  a  pi¬ 
ston  source  of  area  S,  embedded  in  an  infinite,  rigid  baffle,  operating  simultaneously  at 
the  angular  frequencies  o>i  and  to2  (wave  numbers  k|  and  k2)  the  wave  fields  can  be  treated 
as  plane  collimated  waves  within  a  distance  -  the  Rayleigh  distance  or  the  colllmatlon 
distance  forming  the  nearfield  of  the  primary  wave  source  -  expressed  by: 

Rr  =  koS/(2n)  =  S/Aq  (15) 

where  k  =  i(ki  +  k2) .  at  distances  greater  than  R  the  primary  wave  field  can  be  repre¬ 
sented  as  spherically  spreading  waves.  r 

The  Fresnel  distance  may  analogous  be  expressed  by: 

Rf  =  S/(4V  (16> 

Empirically  113],  if  has  been  found  tnat  a  source  radius  R  =  S/(?A^)  provides  acceptable 
agreement  with  experimental  results,  thus  forming  an  effective  radius  of  a  spherical  wave 
source. 

Using  the  down- uhll't-ratlo  H  =  k  /k  =  w  /«  ,  (with  w  =  *[(oi+w2)),  the  difference- 
frequency  wave  collimation  distance  ma$  be  deflneS  through: 

Rs  =  VHs  <17> 

The  half-power  beamwidth  0.  of  the  difference- frequency  wave  may  under  certain  circumstan¬ 
ces  asymptotically  approach  that  of  the  primary  wave  at  a  source  distance  given  by: 

R0  =  RrHs  (18) 

The  possibility  of  shock  formation  in  the  primaries  necessitates  the  definition  of  a  di¬ 
mensionless  "saturation  number"  x  11CJ,  being  expressed  by: 

X  =  V1  '  (19) 

where  t  is  the  "discontinuity  distance". 

2.  LOW-AMPLITUDE  WAVE  INTERACTIONS  IN  PARAMETRIC  TRANSMITTING  ARRAYS 

ABSORPTION  AND  SPREADING-LOSS  LIMITED  ARRAYS 

Low-amplitude  (finite-amplitude)  waves  are  waves  whose  peak  amplitudes  are  below  their 
respective  shock  formation  threshold  by  means  of  which  nonlinear  absorption  can  be  neg¬ 
lected. 

Westervelt's  farfield  approximation,  treated  in  section  1,  for  the  difference-frequen¬ 
cy  signal  generated  by  nonlinear  interaction  of  infinitely  plane,  unsaturated  primary 
waves  of  finite-amplitude  only  subject  to  viscous  absorption  and  the  extension  of  Wester¬ 
velt's  theoretical  approach  to  include  the  difference-frequency  signal  generation  by  the 
nonlinear  interaction  between  two  monochromatic,  unsaturated  spherical  waves  emitted  by  a 
circular  piston  projector  discussed  by  Muir  115]  and  Muir  s  WAllettc  116]  are  examples  on 
low-amplitude  wave  interaction  parametric  transmitting  arrays. 

If  the  nearfield  primary  wave  absorption  loss  (a„R  >>  1  Np)  to  ensure  that  the  pri¬ 
mary  waves  are  sufficiently  absorbed  within  R  to  suchran  extent  that  no  further  nonli¬ 
near  interactions  take  place  beyond  R  ,  the  parametric  array  is  termed:  absorption  limited, 
and  Westervelt's  solution  can  be  usedrfor  a  determination  of  the  difference-frequency  sig¬ 
nal.  If  o  R  is  very  small,  the  primary  wave  interactions  take  place  predominantly  beyond 
R  and  the  array  is  essentially  spreading- loss  limited,  which  demands  the  use  of  a  sphe¬ 
rical  wave  solution  for  the  difference-frequency  signal. 

While  the  absorption  limited  arrays  are  characterized  by  a  farfield  half-power  beam- 
width  of  the  difference-frequency  signal  given  by  expression  (14),  spreading-loss  limited 
arrays  (also  including  some  viscous  absorption  effects)  will  show  a  half-power  beamwidth 
increasing  with  the  source  distance  r  and  asymptotically  approaching  the  half-power  beam- 
width  of  the  product  of  the  primary  beam  directivity  patterns.  The  two  half-power  beam- 
widths  may  become  equal  at  the  source  distance  Rg. 

The  validity  of  the  asymptotic  solution  derived  for  the  parametric  array  (using 
Rutherford's  scattering  formula)  demands  that  the  field  point  (point  of  observer)  is  far 
outside  the  interaction  region,  but  volume  integral  solutions  have  been  derived  for  field 
points  in  the  interaction  region.  The  use  of  continuous  or  pulsed  primaries  will  influence 
the  parametric  wave  generation  process.  Further,  the  question  whether  most  difference-fre¬ 
quency  signal  generation  takes  place  in  the  near-  or  in  the  farfield  of  the  primary  wave 
projector  -  or  is  shared  between  the  two  fields  -  car  be  replied  to  when  the  primary  wave 
frequencies,  their  source  level  and  the  size  of  the  projector  are  known. 

The  subsequent  discussion  may  therefore  appropriately  be  subdivided  into  discussion 


of  procedures  and  results  arising  from  (a)  field  point  outside  or  inside  the  primary  wave 
interaction  region,  (b)  continuous  or  pulsed  primaries  and  (c)  predominant  near-  or  far- 
field  Interactions. 

a.  Field  point  outside  the  interaction  region 

(i)  Continuous  primaries 

The  absorption  limited,  predominant  nearfield  interaction,  arrays  are  represented  by 
Westervelt's  [9]  and  Berktay’s  [ 12 j  approaches  discussed  in  section  1.  Another  method  for 
predicting  the  performance  of  parametric  transmitters,  published  by  Mellen  4  Moffet  (18 J, 
121),  uses  a„R„  as  the  basic  parameter  for  absorption/spreading-loss  limited  arrays.  Their 
model  combine  °the  simple  plane  and  spherical  solutions  by  adding  the  difference-frequen¬ 
cy  wave  contributions  from  sources  in  a  well-collimated  end-fire  array  (r  <  R,.)  and  from 
sources  in  a  spherical  region  (r  >  RQ)  having  a  directivity  given  by  the  product  of  the 
primary  directivity  functions. 

This  model  has  proved  to  be  of  considerable  use  for  calculation  of  the  parametric 
efficiency  in  cases  when  the  field  point  is  sufficiently  far  from  the  source  for  all 
points  in  the  interaction  region  for  which  diffraction  is  Important  to  be  represented  as 
being  at  the  same  range.  Their  general  expression  for  the  parametric  sonar  source  level 
efficiency  (i.e.  the  ratio  of  the  difference-frequency  to  the  primary  source  levels)  can 
be  written  as: 

fei 

where  it  is  assumed  that  the  primary  waves  were  of  the  same  initial  amplitude  p  .  Neg¬ 
lecting  finite- amplitude  absorption  (x  <  1)  and  assuming  that  the  parametric  array  is  ab¬ 
sorption  limited  at  r  <  Rg,  (20)  reduces  aymptotically  to  the  Westervelt  case,  which  may 
be  easily  verified  by  insertion  of: 

SPokoRr 

x  =  — — 

po°o 

and  by  the  use  of  (15). 

The  square  dependence  of  p  on  the  down-shift-ratio  (p  “  o>*)  and  on  the  primary  wave 
amplitude  pQ  for  interactions  ifi  the  collimated  beam  regionsshouSd  be  noted  by  (20) . 

For  x  <  1  and  2a  R  <  1/H  ,  i.e.  the  array  is  spreading  loss  limited  in  the  farfield 
of  the  primaries  where  most  ofsthe  difference-frequency  generation  takes  place,  expression 
(20)  reduces  to:  |Rp  /(R  p  )|  <*  x/2(k  /k  )E(2a  Rfl)  where  E()  is  the  well-known  exponen¬ 

tial  integral  function.  The  linear  dependence  on  wthe  down-shift-ratio,  i.e.  p  “  o  , 

represented  by  this  expression  for  the  farfield  interaction 
y  should  be  noted.  In  the  general  case,  when  both  near-  and 

farfield  interactions  contribute  to  p  ,  the  exponent  of  the 
down-shift-ratio  is  between  1  and  2,  which  also  has  been 
experimentally  verified  120),  121). 

9  l  Numerous  authors  have  contributed  to  our  knowledge 

1  Ilf  *  *  ■  I  about  the  spreading- loss  limited  arrays  (a  R  <<  1  Np)  where 
r  farfield  interaction  predominates.  Two  ways  6f  handling  the 

>  ~  geometry  of  the  array  have  been  prevailing.  The  first  is  to 

approximate  the  interacting  signals  as  one-dimensional  pro¬ 
pagating  waves  119]  and  the  second  is  to  perform  a  thre,  ■ 
j  dimensional  integration  (16). 

Berktay  4  Leahy  [19J  considered  the  interaction  taking 
place  in  the  farfield  of  a  piston  projector.  Their  geometry 
with  the  proje^  or  surface  in  the  y-z-plane  is  shown  in  Fi- 
Figure  1.  Geometry  accord-  gure  1.  The  fa  eld  beam  patterns  of  the  primary  waves  of 
ing  to  ref.  (19).  angular  frequei  :ies  u>  and  a>2  can  be  represented  in  the 

_  form: 

Pi, 2  -(Oi,:  +  iki , 2 ) r 


Pi ,  2  = 


Di,2 (Y.$)e 


where  Di,2(y,$)  are  the  normalized  directivity  functions  of  the  primaries.  pi,2  denote 
the  source  amplitudes  of  the  primaries. 

The  difference-frequency  pressure  at  the  field  point  (R,0,n)  in  Figure  1  can  now  be 
written  as: 


<PiPiB  "(a  +jk  )R 
P (R, 0, n)  or  -2 -  e  s  s 

4np  cl‘R 
o  o 

where  »  n  1  -  %  (Y- 0 ) 2  -  %  (d>— n)  * . 


/•t  /*Di  <y,$)D2  (y,4) 

/  / -  cosy  dY 

J_  id  (a_+jk  (l-v>) 


The  double  integral  in  (22)  is  the  two-dimensional  convolution  of  the  product  of  the 
primary  directivity  patterns  (weighted  by  cosy)  with  directivity  function 


V- 


n-b 


D(8,n)  =  (H-j(k  /a_(i-cos8*cosn)  )“S  which  is  the  Westervelt  directivity  function  (9) 
transferred  to  sthe  coordinate  system  given  in  Figure  X.  For  extremely  narrow  primary- 
beams  and  for  Pi ()  =  D2(),  (22)  reduces  to  the  Westervelt  case,  and  when  8.  given  by  (14) 
is  much  smaller  than  the  beamwidth  associated  with  the  product  D1OD2O,  nthe  difference- 
frequency  beam  patterns  become  the  product  of  the  primary-frequency  directivity  functions. 

Evaluation  of  (22)  for  both  a  rectangular  and  a  circular  projector  embedded  in  an  in¬ 
finite,  rigid  baffle  has  been  given  in  119).  For  a  rectangular  projector  with  the  dimen¬ 
sionless  3ide  lengths  L  and  M  (normalized  by  use  of  \Q)  parallel  with  the  y-  and  z-axis, 
respectively,  (22)  may  be  rewritten  as:  0 

Ps(R,e,n)  *  pw<R,a)v<*y,*z,el,n,>  (23) 

where 


P„(R,0) 


(WiWiJ^B 


■(Vjks)R 


2ncoRaT 

W 1  and  W2  are  the  acoustic  power  transmitted  at  the  primary  frequencies  and 


V()  c*  LMO. 


^-/-slnM/fY'/^) 


«/■>/ 


(/2V'/*y) 5 


where  N  =  ll+jO'-y')2  +  (n '  “❖  * ) 2 1_1 


26. 


sin2  (/Zi ♦  ,/<’z) 

(•'ZV/>2)2 


N  dy 1 d$ ’ 


All  angles  are  normalized  with  respect  to 
.  .  ,.  6.  and  the  half-power  beamwidths  2yi  and  2$:  of 

:  Rectangula*-  traMioutitt.  tf}e  primary  beams  in  the  two  planes  of  symmetry 
ImtiiiuLtn.  are  given  by:  tiLyi  =  i*M$:  “  ^2.  y1  =  y/6  , 

=  $/8h-  K  -  Y1/6.  and  <i>  =  4i/e..  A  Salcula- 
tion  of  V()yalong  the  acoustic  axis  (6’=n'=0) 
has  been  performed  [191  and  is  given  in  Figure 
2.  Using  B/A  =  5  for  water,  the  RMS  source  level 
at  the  difference-frequency  can  be  calculated  by 

(23)  through  the  expression: 

SL_  *  137+20  log(fs)-40  log (6°) +10  log(W:)+ 

+10  log (W2) +20  log | v|.  dB  re  luPa*m  (24) 

(24)  can  be  used  for  an  evaluation  of  the  far- 
field  response  of  a  parametric  transmitter,  f 
is  the  difference-frequency  in  kHz,  9.  is  in 
degrees,  W!  and  W2  are  in  watts  and  20  logjv|  is 
obtained  from  Figure  2,  where  a  circular  projector 
of  waBinc  a  olimc!  o.  =  92. 5/ (k  a6°)  and  a  rect- 


of  radius  a  gives: 

- i  — _ _ r. _ 


^  aw.  /  uuu  a 

and  M  gives: 


.  Pressure  reduction  factor, 
rectangular,  squared  and 
transducers.  O'=n'=0. 


angular  projector  of  sides  ..  - ...  , 

■iy  =  163/(k0J!.6°)  and  4<z  =  163/(kom0°). 

A  comparison  between  the  farfield  difference- 
frequency  amplitudes  calculated  by  means  of  (20) 
and  by  means  of  (23)  can  be  performed  for  both 
circular  and  rectangular  projectors  through  the 
use  of:  a  R.  =  0.650/i}>^  (for  circular  projectors) 
and  a  Rn  -  °0. 635/(4’  4’°),  (Cor  rectangular  pro¬ 
jectors"  y 


If  x  is  put  equal  to  1  (£=R  ),  high,  but  not  too  high  for  the  continued  omission  of 
strong  finite-amplitude  distortiSn  and  absorption  effects,  initial  primary  amplitudes 
occur.  The  use  of  B/A  =  5,  p  =  101  kg/m’  and  c  =  1500  m/s  will  then  lead  to  the  mayimum 
obtainable  dilfercnce- frequency  source  level  gi9en  by: 


•‘iL-ra  “  20  log  (fg)  -  40  log  (fQ)  +  20  log  ( |  Vl/a^)  +  274.  dB  re  1  uPam 
(il)  Pulsed  primaries 


(25) 


Besides  the  nonlinear  interactions  between  continuous  (monochromatic)  primary  waves, 
also  pulsed  carriers  have  been  studied. 

Berktay  112)  considered  primary  waves  which  at  the  source  were  of  the  form: 

Pi<t)  =  pQF(t)cos (ut)  (26) 

where  F(t)  is  an  envelope  function  assumed  to  vary  slowly  compared  with  the  cos (wt) -term, 
thus  covering  a  relatively  narrow  band  (no  components  higher  than  oj/3)  in  order  to  avoid 
overlap  in  the  frequency  spectra  of  the  scattered  and  the  pnma  y  waves.  The  time-domain 
solution  for  the  scattered  wave  may  for  plane  waves,  along  the  axis  of  the  array  be  ex¬ 
pressed  by: 

PoBS  3 2 
p  (R,  t)  » - 


16sp  c^Ra  3t2 
o  o 


F2(f) 


(27) 


where  viscous  absorption  of  the  primary  has  been  introduced,  t'  =  t-R/c^,  is  the  retarded 
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time. 


Experiments' have  shown  that  ;pulsed  carriers  yield  a  scattered . component, .beingr about 
2  dfl  greater  than  in  a  two-frequency  parametric  array  [21],  [22],  [23).  The  use  of-pulsed  |  /"  / 
carriers  demands  that  the  projector  bandwidth  must  be  much  wider  than  the  scattered  wave 
frequency,  in  order  to  avoid  interpulse  distortion.  (27J  stresses  the  wide  band  character 
of  the  parametric  array  at  the  scattered  wave  frequency. 

b.  Field  point  inside  the  interaction  region 

The  full  consequence  of  the  asymptotic  theory  for  parametric  arrays  cannot  be  met 
with  the  field  point  in,  the  interaction  region,  which  is  frequently  the  case  for  labora¬ 
tory  tank  experiments.  Two  different  theoretical  approaches  have  been  used  in  order  to 
calculate  the  difference-frequency  signal  level  at  points  in  the  interaction  region.  The 
first  approach  is  based  on  numerical  integration  of  a  volume  integral  [16]  and  the  second 
is  based  on  the  introduction  of  a  correction  factor  to  the  aymptotic  theory  [24). 


Muir  4  Willette  [16]  investigated  the  generation  in  fresh-water  of  the  aum-  and  diffe¬ 
rence-frequency  signal  of  two  high-frequency  primaries  (418  and  482  kHz)  transmitted  by  a 
3-in-diameter,  circular  piston  projector.  In  their  theoretical  approach  they  only  consi¬ 
dered  contributions  from  farfield  interactions  and  they  derived  the  following  volume  inte¬ 
gral  expression  for  the  (sum-  or)  difference-frequency  pressure  amplitude,  valid  for 
R  »  r,  but  approximately  valid  for  the  field  point  in  the  interaction  region: 

2pipjwi6R2  /-R  +8  rn  Ji  (kiasincJJ:  (k2asino) 

p ,(*.«)  - - -*-J c~  /  /  e  / - : - * 

3  "P0Coklkia  •'r  Jo  Jo  sin  0 

r  (28) 


p a(H.8j  -  — r—\  /  I 
3  np  c'k.kja1  7n  7  7 


-((a1+a2)-jks)r-(jks-as)r’) 
x  ~r  sin$d^d$dr‘ 

with:  sine  =  [  [  (sin(0-$)+sin<(>cos8  (l-cost(i)  ]  2+sin2$sin2iJ>]^  and  r*  =  (R2+r2-2rRcos4>)  4 

is  an  effective  array  angle  and  R1  =  3a2/4X  with  ae 
being  the  projector  radius.  The  geometry  of°expression 
jy  (28)  is  shown  in  Figure  3. 

^  (28)  was  compared  with  experimental  results  show- 

,  *7  x,  e*^«,y  ing  a  good  agreement  even  for  the  field  point  in  the 

7  interaction  region,  and  an  expression  like  (28)  has 

*r  N.  been  used  in  [21]  for  a  calculation  of  p  in  the  in- 

-  N.  teraction  region.  The  theoretical  and  experimental 

”•  findings  [21]  are  given  in  Figure  4,  showing  the  ap- 

plicability  of  the  volume  integral  method  for  calcu¬ 
lation  of  ps  in  the  interaction  region. 

Figure  3.  Geometry  used  in  [16], 

3.  HIGH-AMPLITUDE  WAVE  INTERACTIONS  IN  PARAMETRIC  TRANSMITTING  ARRAYS 
SATURATION  EFFECTS 

Finite-amplitude  effects,  i.e.  wave  distortion  and  finite-amplitude  absorption, 
in  parametric  transmitting  arrays  have  been  dealt  with  by  Muir  [15J,  Mellen  4  Moffett  [17], 
[18],  Merklinger  [25],  Bartram  [26]  and  Fenlon  [27],  [28].  In  all  cases,  quasi  one-dimen¬ 
sional  models  were  utilized  among  other 

**r  '  '  I  i  !  !  1  things  due  to  the  fact  that  the  treatment 

I  1  1  !  ■  !  hitherto  of  finite-amplitude  effects  in 

,  :  •  -  f  parametric  arrays  is  generally  based  on 

!.  one-dimensional  models  and  frequently  on 

f  '  Pv  |  *  •  theories  originally  formulated  for  a  mono- 

M  -  •  chromatic  wave  source.  General  effects  of 

;  |  ■  finite-amplitude  distortion  and  absorption 

ho-  |  |  j  in  a  parametric  array  is  an  effective 

i  |  j  ,  ;  shortening  of  the  array  length  leading  to 

l*r  ;  j  :  j —  •■uwrneorrS^  a  broadening  of  the  difference-frequency 

f  f\  |  1  '  1  I  j  beam  and  a  reduction  in  the  difference-fre- 

’7t"  i - j - j-  quency  source  level  relative  to  the  source 

,  i  ,  .  i  i  I  !  level  values  calculated  through  the  use 

i  of  expressions  given  in  section  2.  If  a 

r-tu-u.  •  J  ' _ l  paramtric  source  is  saturation  limited, 

P  almost  certainly  the  saturation  will  occur 

M  i  |  -v.  within  the  nearfield,  rather  than  the  far- 

j  i  'll  field,  of  the  primary  beam.  For  x  2  1  in 

- —  -L  I  -  - i_  (20)  the  parametric  array  will  be  satura- 

0!  «i  os  oi  i  t  ;  s  i »  *  s  tjon  limited  in  the  nearfield  and  (20) 

will  reduce  to: 


| —  '  Vtorj 

1  1 1 

!  i  I 

lS-  1  ! 


.  i  _ l: 

t  t ii <  g 


Figure  4.  Sound  pressure  levels  measured  and 
calculated  in  [21].  The  curve  marked  "Nonli¬ 
near  Theory"  arises  from  the  numerical  inte¬ 
gration  of  a  modified  version  of  (28) . 


which  shows  a  linear  relation  between  p 
and  p  at  an  observation  point  outside  8 
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the  interaction; region.  w 

.  Thekoriginal’Mellen  ,»"MOffett  equation  for  the  parametric  source  level  efficiency 
(20j-  involving’  a  finite-amplitude -effect-  taper  function: 

Tj/«  (1'  +  (0/2)-*)"  * 

where. o  «  xsin”1 (r/R_) ,  together  with  the  small  amplitude  taper  T  =  exp(-a  r) ,  can  be 
numerically'  integrated  for  particular  values  of  the- down-shift-ratio  (kQ/ksr  and  of  aQRr. 

Curves  for  the  difference-frequency  source  level 
efficiency  as  a  function  of  the  scaled-mean  primary 
source-  level  SL*  for  the  down-shift-ratio-.k  /k_  «  10 
with  a  R  as  a-  parameter  are  given  in  Figure  5?’  The 
0.  primar? 'Source  level’SL"  is  defined  as  the-mean  level 

of  the  two  components;  SL  **  %(SLi+SL2)-;  leading  to 
JA  &  i  <0.  the  1  kHz  scaled  valua  °SL®  through: 


/W 


tto) 
-  :  [Ml 


SL*  ■*  SI, 
o 

where  f 


scaled  valua  °SL*  through: 
'•20  log(f0)  dB  re  1  yl><.m 
-■  ’i(fi+f2)  (kHz). 


Using  SL*  from  (10)  in  Figure  5  leads  for  an  ap¬ 
propriate  a  R-value  (and  for  k  /k  =  10)  to  the  para¬ 
metric  sour8erlevel  efficiency  0 (conversion  efficiency), 
which  added  to  SL  gives  the  difference-frequency  source 
level  SL_  by: 

SL_  =  SLq  +  20  log|Rpg/(RrpQ)  |  dB  re  1  tiPam  .  (31) 

The  asymptotic  cases  (20)  and  (29)  are  reflected 
in  the  shape  of  the  curves  in  Figure  5.  The  absorption 
effect  terminates  the  growth  of  the  difference-frequen¬ 
cy  wave  amplitude,  leading  to  the  square  law  dependence 
of  p  on  p  given  by  (20)  for  input  levels  below  a  cer- 
tainsvalue? 


Figure  5.  Abscissa:  Scaled  mean 
primary  wave  source  level  SL* 
(dB  re  1  |iPam  kHz,  RMS). 


No  higher  order  spectral  interactions  are  included 
in  the  derivation  of  ( 20) ,  but  these  interactions  will 
in  general  give  rise  to  enhanced  finite-amplitude  ef¬ 
fects,  thus  causing  a  more  rapid  decrease  in  the  para¬ 
metric  conversion  efficiency.  This  rapid  decrease  can 
be  seen  by  the  dotted  line  curve  in  Figure  5. 


9ft  n  The  shortening  of  the  parametric  array  length  due 

IdRi'  iSn  20  to  finite-amplitude  effects  at  high  primary  source  le- 

•  vels  leads  to  a  blundering  of  the  difference-frequency 

beam  patterns  around  the  array  axis  with  an  increase 
in  the  sidelobe  levels  relative  to  the  level  of  the  major  lobe.  These  phenomena  are  due 
to  the  f inite-amplitude  absorption  dependence  on  the  primary  wave  amplitudes,  which  in 
the  farfleld  of  a  directive  source  are  greatest  on  the  acoustic  axis. 

4.  PARAMETRIC  RECEIVING  ARRAYS 
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The  possibility  of  developing  a  parametric  receiving  array  was  first  mentioned  by 
Westervelt  [9]  and  in  spite  of  the  fact  that  most  efforts  in  developing  parametric  arrays 
have  been  laid  down  into  the  transmitting  arrays  in  order  to  obtain  highly  directional, 
low  frequency  sources  using  relatively  small  transducers,  the  parametric  receiving  array 
has  recently  received  considerable  interest.  In  a  parametric  receiver,  the  nonlinear  in¬ 
teraction  process  may  take  place  between  a  low-frequency,  plane  signal  wave  of  low  inten¬ 
sity  and  a  high-frequency  pump  wave  of  higher  intensity  being  generated  locally.  The  sum- 
or  difference-frequency  signal  are  then  received  by  a  transducer  on  the  acoustic  axis  of 
the  pump  wave. 

A  discussion  of  parametric  receiving  arrays  may  appropriately  be  devlded  into  (a) 
low-amplitude  and  (b)  high-amplitude  parametric  receiving  arrays.  The  difference  between 
the  two  approaches  lay  in  the  inclusion  or  not  of  finite-amplitude  effects  in  the  pump 
wave.  Farfield  reception  was  considered  by  Barnard  et  al.  [293  who  studied  a  first-order 
sound  field  consisting  of  a  "low-amplitude",  spherical,  harmonic  pump  wave  of  frequency 
fi  and  a  plane,  harmonic  signal  wave  of  frequency  f2,  (f j  >  f i ) .  No  nearfield  effects 
of  the  pump  were  assumed  to  be  involved  and  only  the  pump  wave  was  assumed  undergoing 
absorption  (viscous). 

In  polar  coordinates  ((r,iM),  where  4  is  the  polar  angle  and  ip  is  the  azimuthal 
angle)  their  first-order  sound  field  can  be  written  as: 


'  2J i (kiasin£)\ 


cos(wit-kir)  +  p2cos (u2t-k2z) 


where  pi  is  the  peak  sound  pressure  level  of  the  pump  wave  at  a  distance  r0  and  p2  is  the 
sound  pressure  level  of  the  signal  wave  at  input  to  the  parametric  receiving  array,  a  is 
the  radius  of  the  piston  pump  and  kjz  is  defined  as  the  plane-wave  phase  at  r,  where: 
z  «  r(sinvcos$  -  sin)cosvcosip) .  The  angle  v  in  the  horizontal  plane  is  the  acute  angle 
between  the  acoustic  axis  of  the  array  and  the  plane  wave  front.  Insertion  of  (32)  into 
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■(B)  andj.introduction  of 'the  viscous  absorption  in  an  "ad  hoc"  way  ,  'lead>to'  theVfoli6wihg: 
'volume  integral  expression^  for,  the.  pressure  amplitude  of  the- sum-  or  differenee}tfreguencV.: 


sigiialt 


Ps(H0.v) 


g.“sPlPtro 
2«Poc^ak> 


■  fR  r^i£  r  j,(k1asin*)ei<k>r±klZ+3“>r) 

'  *  O'  '**  ft  •'  ft 


\H 


j(hs+jas)r' 


(33) 


rdipd^dr 

where  u  »  ui±o2,and  r'  (ri+R*-2rRi'Cos<(i)^,  while  4  is' the  angle  between  the  acoustic 
axis  ana  the  first  null-  of  the  pomp  fsrfield  radiation- pattern.  R  is  -the  distance  along 
the  acoustic  axis  between  the  pump  and  the  receiving  transducer.  T33)-  Has  been’  solved  nu¬ 
merically  and  the  results  have  been  tested'  against  experiments  for  the  sum-frequency  wave 

[29]  showing  a  good  agreement,  both  concerning  beam  patterns  and  range  (R  )  for  various 
signal  frequencies.  Later  works  along  the  line  introduced  by  (33)  have' been  published  in 

[30]  and  nearfield  reception  has  been  treated  theoretically  by  Rogers  et  al.  [31]. 


The  half-power  beamwidth  of  the  parametric  receiver  is  completely  determined  by 
0h  =  1.9(12/R0)!s 


(34) 


Only  a  small  amount  of  work  has  been  done  in  analyzing  finite-amplitude  effects  in  para¬ 
metric  receiving  arrays.  In  general  some  serious  problems  still  have  to  be  overcome  before 
a  practical  system  can  be  realized.  For  instance,  motion  of  the  pump  and  the  transducer 
during  reception,  water  noise  at- the  signal  frequency  or  at  the  sum-  or  difference-frequen¬ 
cies,  electronic  noise  in  the  equipment,  etc.,  can  create  serious  problems  for  full-scale 
reception.  But  the  promising  results  hitherto  obtained  point  to  solutions  to  the  problems 
to  be  obtained  in  a  not  too  distant  future. 

5.  IMPROVEMENT  OF  THE  CONVERSION  EFFICIENCY  OF  THE  PARAMETRIC  ACOUSTIC  ARRAY 

The  low  conversion  efficiency  of  the  parametric  acoustic  arrays  previously  mentioned 
is  its  capita)  weakness.  The  second-order  effects  on  which  it  is  based  limit  the  energy 
transfer  from  the  primary  beamB  to  the  difference-  and  sum-frequency  beams. 

It  was  pointed  out  by  Merklinger  [22]  that  if  the  necessary  bandwidth  of  the  transmit¬ 
ter  was  available,  a  pulsed  carrier  type  of  transmission  would  give  an  improvement  in  con¬ 
version  efficiency  of  between  2  and  6  dB  depending  on  the  system  constraints.  Experimental 
evidence  for  thi3  prediction  has  later  been  created  [21].  100%  amplitude  modulation  of  a 
primary  wave  was  shown  in  [21]  and  in  [23]  to  lead  to  a  2.5  dB  increase  in  the  difference- 
frequency  sound  pressure  level  compared  to  a  two-component  primary  of  the  same  total  power. 

From  the  parameters  involved  in  the  expressions  (9),  (11),  (20)  and  (22)  for  low-am¬ 
plitude  wave  interactions  in  parametric  transmitting  arrays  it  may  be  concluded,  that  an 
increase  in  the  virtual  source  strength  and  thus  in  p  may  be  obtained  primarily  by  the 
following  procedures:  a.  An  increase  in  the  peak  amplitudes  of  the  carrier  waves,  and  b. 
an  increase  in  0  and  a  decrease  in  p  and  in  particular  in  c  in  the  fluid.  The  in¬ 
fluence  of  these  parameters  on  the  conversion  efficiency  of  a  “parametric  transmitting 
array  has  been  studied  in  theory  and  through  experiments  in  [21].  By  putting  the  near¬ 
field  of  the  projector  under  pressure,  cavitation  effects  could  be  avoided  and  the  near- 
field  liquid  was  replaced  by  liquids  showing  more  appropriate  $,  p  and  c  values  (me¬ 
thyl  and  ethyl  alcohols),  which  led  to  an  about  15  dB  increase  in  the  difference-frequen¬ 
cy  sound  pressure  level.  Further,  it  was  shown  in  [21]  that  some  essential  dB’s  at  the 
difference-frequency  sound  pressure  level  could  be  gained  through  the  use  of  an  acoustic 
lens  effect  and  through  the  use  of  a  s low-waveguide  antenna  effect  in  the  nearfield  liquid 
cylinder,  a  subject  which  also  recently  has  been  studied  by  Ryder  et  al.  [32]  for  a  sili¬ 
cone  rubber  cylinder  in  contact  with  the  projector.  The  increase  in  6  by  using  air-bubbles 
in  the  interaction  region  of  the  primaries  has  been  attempted  by  Lockwood  et  al.  [33],  but 
without  considerably  success. 

The  disappearance  of  0  in  the  expression  for  p  by  high-amplitude  wave  interactions 
(29)  points  against  an  increase  in  the  conversion  efficiency  for  nearfield  saturation  li¬ 
mited  arrays  may  be  obtained  through  a  decrease  in  the  velocity  of  sound  of  the  liquid  in 
contact  with  the  projector,  a  decrease  in  the  primary  mean  frequency  w  or  an  increase  in 
the  projector  size  (normally  attempted  to  be  kept  small) ,  which  can  be°seen  from  the  trans¬ 
formation  of  (29)  into: 
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(35) 


The  last  expression  in  (35)  was  also  found  by  Bartram  [26]  through  a  consideration  of  the 
absorption  in  repeated  shocks. 

The  increase  in  the  conversion  efficiency  of  the  parametric  acoustic  arrays  belongs 
to  a  research  field  into  which  more  theoretical  and  experimental  work  must  be  invested 
before  an  optimum  exploitation  of  the  parametric  array  can  be  achieved. 

CONCLUSION 

The  nonlinear  interaction  between  finite-amplitude  sound  waves  has  due  to  intensive 
studies  went  through  a  fast  development,  leading  into  a  practical  exploitation,  since  it 
was  first  suggested  only  about  20  years  ago.  Some  problems,  certain  nearfield  effects  [34], 
[35],  136],  certain  saturation  effects,  improvement  of  the  conversion  efficiency  etc., 
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a t i  1  lj.have'.toi f  ind,  their  solutions/  but  the  promising  results  obtained  in  theoretical  stu- 
diesVan’d'.ih'-.labdratpry  .and/full-scale  tests  have,  long- ago  established  the  significance  of 
this  "corner"  ot1  acoustic  wave.' propagation. 

REFERENCES  • 

1.  Helmholtz,  H.,  Die  Lehre:  vor. -den  Tonempfindungcn-als,  physloloqlsche  .Grundlage  fur  die 

Theorle  der  Mustlk.  Brunswick  1862.  ”  ~ 

2.  .Lamb,  -H. ,  "Ther-dynamical  theory,  of  sound.  Dover,  .New  Tork,  1960. 

3.  Llghthlll,  M:J.~,  Proc.  Roy. -Soc.  (London),  Vo£.  211A  (1952),  p.  564. 

4.  Lighthill,  M.J.,  Proc.,  RQVi.Soc..  (London),  Vol.  222A  (1954),  p.  1. 

5.  Xngard,  ,K,U.  .and'.Pridmore-Brovn,  D.C.,  J.  Acoust.;  Soc,  Amer.  Vol.  28  (1956),  p.  367. 

6.  Westervelt,  P.J.  ,  J.  Acoust.-.  Soc.  Amer.  Vol. ;  29.  (1957),  p.--199. 

7.  Westervelt,  P.J.,  J.  Acoust”.  Soc.  Amer,.  Vol/  2?  (1957),  p.  934. 

8.  Westervelt,  P.J.,  J.  Acoust.-  Soc.  Amer.  Vol.  32  (I960),,  p.  8,^. 

9.  Westervelt,  P.J.,  J.  Acoust.  Soc.  Amer.  Vol.  -35  (1963),  p.  535. 

10.  Bj0rn0,  L. ,  Ultrasonics  Internatlon  1975,  Conference  Proceedings.  IPC  Science  and 
Technology  Press  Ltd.,  London  1975. 

11.  Naze,  J.  and  Tjetta,  S.,  J.  Acousti.  Soc.  Amer.  Vol-.  37  (1965),  p.  174. 

12.  Berktay,  H.O.,  J.  Sound  and  Vib.  Vol.  2  (1965),  p.  435. 

13.  Skooter,  J.A. ,  Muir,  T.G.  and  Blackstock,  D.T.,  J.  Acoust.  Soc.  Amer.  Vol.  55  (1974), 
p.  54. 

14.  Mellen,  R.H.  and  Morfett,  M.B.,  Naval  Underwater  Systems  Center,  Technical  Memo,  1971. 
PA4-229-.71. 

15.  Muir,  t.g. ,  Ph.D.  thesis,  University  of  Texas  at  Austin,  ARL-TR-71-1. 

16.  Muir,  T.G.  and  Willette,  J.G.,  J.  Acoust.  Soc.  Amer.  Vol.  52  (1972),  p.  1481. 

17.  Mellen,  R.H.  and  Moffett,  M.B. ,  NUSC.  Technical  Memo.  PA4-229-71,  1971. 

18.  Moffett,  M.B.,  NUSC,  Technical  Memo,  PA4-234-71.  1971. 

19.  Berktay,  H.O.  and  Leahy,  D.J.,  J.  Acoust.  Soc.  Amer.  Vol.  55  (1974),  p.  539. 

20.  Muir,  T.G.  and  Blue,  J.E.,  J.  Acoust.  Soc.  Amer.  Vol.  46  (1969),  p.  227. 

21.  Bj«irn0,  L.  Christoffersen,  B.  and  Schreiber,  M.P.,  Acustica,  Vol.  35  (1976),  p.  99. 

22.  Merklinger,  H.M. ,  Proceedings  of. Symposium  on  Nonlinear  Acoustics.  University  of  Bir¬ 
mingham,  April  1971. 

23.  Eller,  I. A.,  J.  Acoust.  Soc.  Amer.  Vol.  56  (1974),  p.  1935. 

24.  Lockwood,  J.C.  and  Fransdal,  L.A. ,  AMETEK/STRAZA  RtD  Rept.  11-73Q004-00000E-11,  1973. 

25.  Merklinger,  H.M. ,  Ph.D.  thesis,  University  of  Birmingham,  1971. 

26.  Bartram,  J.F.,  J.  Acoust.  Soc.  Amer.  Vol.  52  (1972),  p.  1042. 

27.  Fenlon,  F.H. ,  in  Finite-Amplitude  Wave  Effects  in  Fluids.  L.  Bjorn0  (Ed,),  IPC  Science 
«  Technology  Press  Ltd.,  London,  1974. 

28.  Fenlon,  F.H.,  Parametric  scaling  laws,  Westinghouse  Res.  Labs.,  No.  0014-14-C-0214, 
1974. 

29.  Barnard,  G.R.,  Willette,  J.G. ,  Truchard,  J.J.  and  Shooter,  J.A.,  J.  Acoust.  Soc. 

Amer.  Vol.  56  (1972),  p.  1437. 

30.  Truchard,  J.J.,  ibid.  Ref.  27. 

31.  Rogers,  P.H.,  van  Buren,  A.L.,  Williams,  Jr.,  A.O.  and  Barber,  J.M. ,  ibid  Ref.  27. 

32.  Ryder,  J.D.,  Rogers,  P.H.  and  Jarzynski,  J.,  J.  Acoust.  Soc.  Amer.  Vol,  59  (1976), 
p.  1977. 

33.  Lockwood,  J.C.  and  Smith,  D.P.,  AMETEK/STRAZA,  Techn.  Rept.,  11-1354E-74-1,  1974. 

34.  Rolleigh,  R.L. ,  J.  Acoust.  Soc.  Amer.  Voi.  58  (1975),  p.  964. 

35.  Mellen,  R.H.,  J.  Acoust.  Soc.  Amer.  Vol.  61  (1977),  p.  883. 

36.  Mellen,  R.H.  and  Moffett,  M.B.,  J.  Acoust.  Soc.  Amer.  Vol.  63  (1978),  p.  1622. 


f  —  ' 


AEROACOUSTIC  MEASURING  TECHNIQUES  IN  OR  OUTSIDE  TURBULENT  PLOWS 


Helmut  V.  Fuchs  * 

'  Deutsche  Forschungs-  und  Versuchsanstalt  fttr  Luft-  und  Raumfahrt  E.V. 
Institut  fllr  Experimentelle  Strdmungsmeehariik 
Abteilung  Turbulenzforschung 
MUller-Breslau-Strafle  8,  1000  Berlin  12 


I  t' I 


These  lecture  notes  deal  with  a  fundamental  phenomenon  in  aero- 
acoustics:  the  motion  of  aerodynamic  or  acoustic  sources  relative  to 
the  fluid  and/or  to  the  measuring  instrument.  Some  practically  impor¬ 
tant  effects  on  the, pressure  and  velocity  fields  in  and  outside  the 
active  source  region  are  deduced  from  linearized  wave  equations  with 
simple  source  functions.  The  possibility  of  and  limitations  on  fluc¬ 
tuating  aerodynamic  and  acoustic  pressure  measuring  techniques  employ¬ 
ing  special  microphone  probes  are  discussed.  Applications  of  current 
interest  are,  for  instance,  (i)  the  pressure  pulsations  induced  in  the 
near  fields  of  jet,  wake,  and  duct  flows  and  (ii)  the  effects  of  source 
convection  and  forward  speed  on  the  far  field  radiation  characteristics 
of  jets  or  other  aeroaeoustic  sources  in  motion. 
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1.  INTRODUCTION. 

Over  more  than  two  decades  of  extensive  research  in  the  field  of  flow  noise  an  immense 
variety  of  experimental  measuring  techniques  have  evolved.  These  may  be  grouped  into  three 
main  categories, 

(1)  Techniques  applicable  in  the  aerodynamic  near  field  inside  the  active  source  region, 
e.g., 

-  hot-wire  anemometers 

-  probe  microphones 

-  optical  Laser  techniques 

(2)  Techniques  applicable  in  the  acoustic  far  field  at  some  distance  from  the  active 
source  region,  e.g., 

-  single  microphone 

-  pressure  gradient 

-  intensity  meter 

(3)  Techniques  trying  to  relate  certain  radiation  features  to  specific  eouroe  characte¬ 
ristics  and  vice  versa,  e.g., 

-  causality  correlations 

-  directional  microphones 

-  source  location  and  identification  techniques 

It  is  impossible  to  discuss  all  these  highly  different  teenniques  together.  Rather  is  it 
intended  to  concentrate  here  on  a  peculiarity  of  aerodynamic  noise  in  general:  the  majo¬ 
rity  of  aeroacoustic  sources  are  not  fixed  in  space  but  move  relative  to  the  observe*-  and 
/or  the  fluid  in  which  they  are  embedded.  Cne  may  think,  e.g.,  of 

-  boundary  layer  noi3e  radiated  from  a  high-speed  train  {paes-by  measurement) 

-  fan  noise  radiated  into  a  flow  channel  {in-duet  measurement) 

-  air  frame  noise  radiated  from  an  aircraft  in  flight  {fly-over  measurement) 

-  jet  noise  generated  by  convected  flow  inhomogeneities. 

This  typical  relative  motion  of  sources  givec  rise  to  a  number  of  practically  important 
effects  on  the  pressure  and  velocity  fields  in  and  outside  the  actual  3ource  region  which 
are  worth  to  be  considered  in  the  specific  context  of  this  Shourt  Course  on  wave  propaga¬ 
tion.  Proceeding  from  this  more  general  scope  of  this  lecture, we  shall  give  a  few  examples 
of  aeroacoustic  measuring  techniques  applicable  in  or  outside  turbulent  flows. 
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2.  NEAR  AND  PAR  FIELDS  OF  SOURCES  IN  UNIFORM  MOTION 

Before  dealing  with  complicated  aerodynamic  sources  in  arbitrary  relative  motion,  it 
may  be  helpful  to  recall  here  what  basic  acoustic  equations  can  tell  U3  about  the  motion 
of  simple  point  sources.  The  propagation  of  small  disturbances  through  an  otherwise  unper¬ 
turbed  (laminar)  flow  is  governed  by  wave  equations.  For  a  general  non-uniform  mean  flow 
and  a  unidirectional,  transversely  sheared  flow  these  were  derived  in  Ref.  [l] .  In  the 
simplest  of  all  flows  with  a  constant,  uniform  flow  (c*)  in  just  one  direction  these  reduce 
to  what  is  usually  termed  a  "convected  wave  equation"  of  the  form 


'  a«  Ixf  5  !e£  +  2  £j  dyft  +  (5i«i  ‘  a«6ij>  aflfsj  s  0 


It  differs  from  the  ordinary  wave  equation  (for  c,-  =  0)  in  that  the  partial  time  deriva¬ 
tives  3/3t  have  been  replaced  by  the  substantive  oerivatives 
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-We  may  now  just  as  well  specify  the  arbitrary  velocity  c*  so  that  in  a  system  (a)'- mo^ 
ving  with  the  mean  flow:  ‘  '*  , 

cj[  =  0  ;  =  cA  j  Xi  =  Xi  +  Oijxj  f  5ita  ;  t  =  ta  ,  (2.-5)  lti'3 

The  origin  xf  =  0  of  these  new  flow  ooordinates  transforms  like 

y.i  =  8*  +  Cit  (2.6) 


in  the  observe*  ooordinates  xi  (compare  Pig.  1).  Eq.  (2.3)  then  assumes  the  form  of  an 
ordinary  wave  equation. 
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It  was  also  shown  in  Ref. 
tion  of  coordinates, 

„a  xf  -  ct* 


[2]  that  5q.  (2.7)  is  invariant  under  a  Lorentz  transforma- 
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To  illustrate  the  usefulness  of  the  above  transformations,  we  will  consider  the  sound 
field  of  a  single  point  source  which  is  convected  parallel  to  a  uniform  mean  flow 
(c  -  const)  at  a  constant  speed  u  t  c  (see  Fig.  2). 
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Pig.  1:  Sketch  illustrating  general  Fig.  2:  Point  source  Q  moving  relative  to  cb- 

Oalilean  transformation  of  coordinates.  server  P  and  uniform  flow  c. 


2.2  The  field  of  a  source  moving  relative  to  the  observer  and  the  flow 

When  oi  is  the  x,-direction,  with  flow  Mach  number  K  =  c/as,  the  Galilean  trans¬ 
formation  (2.5'  relating  the  observer  and  flow  coordinates  may  be  simplified  to  yield 


x,  =  xf  +  acMt“  ;  x2  =  xz  +  xf 
If  the  arbitrary  constant  c  is  specified  as 

c  =  c  -  u 
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the  origin  of  the  system  (b)  of  Lorentz  cooruinates, 
x?  -  a,Metb 


x,  -  a, lit  =  xf  = 
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--  ta  -- 


tb  -  Mflxf /afl 

/mE1 


move3  at  the  speed  u  in  the  observer’s  system, 

x i  =  xf  ♦  a0Mt  :  a0Mt  -  asMet  =  ut 
just  as  we  have  required  for  the  source  point  in  Pi’g.  2  with 

Xj^(t-O)  s  (0,x2 ,Xj )  . 
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The.  system;,  (b,)  is  thus^tbuhd  to  be  unique  in  the  sense  that  in  it  the  source  Q  is  fixed  in 
space  and  the  ordinary-  wave'  equation, 

is  valid. 

By  contrast,  in  another  Galilean  system  (c)  moving  with  the  source, 

x,  =  x°  +  ut°  ;  x2  =  x2  +  x2  j  x,  =  x,  +  x,  ;  fc  =  tc  (2.16) 

the  convected  type  of  a  wave  equation  would  be  valid, 

t  ilL  -  2  ^  a?t.  -  A.  jl:Q.  (>.17) 
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In  this  system  (c)  of  eourae  coordinates  the  potential  field  $  generated  by  the  source 
would  not  easily  be  found.  With  the  aid  of  system  (b),  however,  this  problem  is  solved 
straight forwardly . 

Harmonic  solutions  of  Eq.  (2.15)  read 

$  =  ^  exp  iub(tb  -  rb/a9)  (2.18) 
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with  rc  =  |x°  -  xV^|  =  /  x,  +  x2  +  x2  . 

The  physical  meaning  of  the  arbitrary  constants  £b  and  ub  cjjn  fce3t  be  uncoveredaafter  rc- 
transformation  of  solution  (2.18)  into  the  source  system  (x£,t).  flow  system  (x^,t)  or 
observer  system  (xi,t),  whose  physical  character  is  more  obvious  than  that  of  the  Lorentz 
system  (x?,tb),  by  means  of 

b  __  x?  *  aoHeta  _  xi  -  ut  _  x? 

X‘  *  /w?  "  /£v?  '  /Thm? 

c  c  c 

xb  :  Xj  =  Xj  -  X2  =  X?  (2.19) 
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The  distance  between  the  source  and  the  observer  transforms  like 

rb  =  /(x f  ♦  a#Hcta)J  «•  (1-HjHxf*  ♦  x?l)‘ 
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=  -7—  A**  ♦  <l-M’)(xf  +  Xbl). 
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From  the  transformed  exponential  function  in  the  source  system  (c). 


exp  iub(tb  -  rb/a„)  = 


i»b  AH*  { 


*.c  .  uc  c 
a,(l-H|)  x>  " 


l-fli')'  ♦  (1-M*)(X2’  ♦  Xj*)  j 


it  becomes  evident  that  the  actual  frequency  u9,  which  would  be  received  by  an  observer 
moving  with  the  source,  is  given  by 

u9  =  ub  /l-H*‘  .  (2.22) 

This  enables  us  to  attribute  to  »b  a  definite  physical  meaning. 

Hext  we  will  relate  the  second  arbitrary  constant  in  (2.18),  $b,  to  the  other  characte¬ 
ristic  source  quantity,  namely  its  pulsation  amplitude.  The  velocity  field  v^  is  easily 
derived  from  the  potential  $  according  to 

..  .  -  3d  .  _  3«  .  1  /  34  .  ,  Hc  34  \  .  3*  . 

Vi'  “I’  ^  ^  <2-23) 

with,  e.g.,  the  streamwise  component 

v,  *  f*  a“("7==^v — h  '  «c)  *  — rr  1  7=^—-  exp  iub(tb  -  rb/a9)  (2.24) 

l.  “o'/Tt*!  rb  Q‘  AH’i  rb’j  rb 


,  >  -.V  -j 


inscr-'-'  . 


a*j3J** 


(2.24) 
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In  a  similar' manner  one  may  obtain  the  sound  field  of  more- complicated  higher  order 
sources:  by -modifying,  the  solution  (2.,l8)  correspondingly^.llere  it  may  suffice  to  derive 
the ^various  Doppler  frequency  shifts  and  convective  amplification  factors  for  a  simple 
monopole  in  the-  tcrer.tz  coordinates. 

2:3  The  various  .practical  .effects  of  relative  motion 

Consider  a  subsonic  (Mc  <  1),  straight-line,  uniform  (i.e.  not  accelerated)  motion  be¬ 
tween  a  simple  source ’and- the  ambient  fluid  and  an-arbitrary  motion  of  the  observer  paral¬ 
lel  to  the  former'.  Eq.  (2:3b)  then  shows  some  important  effects  the  motion  has  when  com¬ 
pared  to  the  pressure  field  the  same  source  would  generate  in  the  case  c  =  u  =  0  , 

P(r ,t)  =  exp  iw0(t  -  r/a0)  .  (2.35) 

Here  and  in  the  following  r  will  denote  the  instantaneous  distance  between  the  observer 
and  the  source.  If  both  move  relative  to  each  other  we  have  (compare  Pig.  2) 


r  =  /(x,  *■  ut)2  ♦  (x,  -  x*)2  ♦  (x,  -  x,)J 


»v‘ 


Two  quantities  are  of  particular  interest  in  practical  noise  problems,  the  amplitude  p 
and  frequency  u  of  the  pressure  field.  The  latter  is  known  to  undergo  a  so-called  Doppler 
frequency  shift  due  to  the  relative  motion.  Its  most  general  form  may  be  deduced  if  we  de¬ 
fine  u  as  the  time  derivative  of  the  exponential  function  in  Eq.  (2.3b), 


xi  -  5t  ] 

i  —Mi’  rb  J 


The  most  convenient  form  for  p  and  u  is  probably  in  terms  of  K,  Mc  and  the  instantaneous 
angle  -8(t)  between  r(t)  and  the  direction  xt  of  the  relative  motion.  With 


cos-0  = 
and  hence 


x,  -  ut 


sin -ft  = 


f(xi  -  Xj)2 ♦  (xi -  X|)2 


;  A-M|‘rb  =  r/l-M|  sin2V  (2.37) 


.  U  ,1  „P 

^  A-M*sin*&  j  r  A-M*sinJ 


f  A-M*sin2d-  cos  ) 

iu«  [b  '  3T  — C-i^"  ~ - j  <2-3 


we  may  define  the  following,  generally  time-dependent  parameters  of  relative  notion, 

‘  S  1  -  (Hc  cos  0 /A-Mc  sin20  )  „  ip,o0A„ 

—  =  - —  — — .  — ~ — -  ,  with  p0  - (2. 


A-M2'  A-H2  sin2*’ 


~  |l  -  HMC  -  (Mc-K) (cos  0/AT-hS  sin’O')]  .  (2.bO) 

Because  these  are  rather  complex  functions  of  space  and  time  it  may  be  worthwhile  looking 
into  three  specific  source/observer  configurations  separately  (compare  Fig.  b). 


°-T  J 

-Qt-x,  x,-ut  — J 


b:  Source  and  observer  in  arbitrary  rela¬ 
tive  motion. 


(a)  Source_and„obseryer_aggroaching  each 
other  ' 

This  special  configuration  is  charac¬ 
terized  by 

•0=0°,  r  *  x,  -  ut  s  A-Mj  rb 

and  hence  Eq.  (2. 3b)  reduces  to 
P(r,t)  =  ( 2 . bl ) 

ip,u,As  j  l-yc  ltjj  f  l  x,  1 

eXp  ^aTj- 

In  this  form  Eq.  (2.bl)  also  indica¬ 
tes  the  apparent  phase  velocity  and 
wave  length  a  fixed  observer  would 
register.  The  corresponding  parameter 
ratios  were  listed  along  with  the  am¬ 
plitude  and  frequency  ratios  in 
Table  i. 


(b )  Source_and_obseryer_gassing_each_other 
This  configuration  is  characterized  by 

0  =  90°  ,  ut  =  x,  ,  r  =  Axj  -  x,)2  +  (x,  -  x,)2‘  = 
so  that  the  pressure  may  be  written  as 
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(c)  Deporting 

*=180* 

(b)  Passing  by 

*i90* 

(a)Approoching 

*=0* 
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wm 
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Frequency  ~~ 

0 
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1-MMC 

1*M 

1-MC 

W 

1*Mc 

caa 

1_Mc 

1»Mc 

Wove  speed  — 

1  -  M 

1*M 

-p,(r,t)  = 

:TT-Wexp 

C  ' 
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at  that  very  moment.  The  amplitude 
arid  frequency  ratios  (according  to 
Eqs.  (2.39)  and  (2.90))were  again 
listed  on  Table  1. 


(c )  Sour ce_and_observer_degar ting 

fEisIilsOlisliiE 

This  situation  with 
*  =  180°  ,  r  =  ut  -  x,  =  v£5£  xP 
resembles  that  of  case  (a)  with 
p(r,t)  =  (2.93) 


*Po“iA»  fl+!£ 

=  -T5F-'i^exp 


now  showing  the  wave  propaga- 

Table  1:  Unified  convection  effects  for  specific  source/  tion  in  the  negative  x,-direc- 
observer  configurations  as  illustrated  in  Pig.  9.  tion.  The  characteristic  para¬ 

meters  were  again  listed  on 
Table  1. 
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The  above  described  effects  due  to  source  convection  hold  for  any  arbitrary  values  of 
M  and  Mc  at  long  as 

|MC|  =  jc  -  a|/a,  <  1  .  (3.99) 

The  corresponding  formulae  for  |MC|  >1  arc  easily  obtained  in  a  similar  manner. 

2.9  Three  special  cases  of  relative  motion 


There  are  several  ways  of  deriving  the  effects  on  the  sound  field  due  to  a  uniform  con¬ 
vection  of  the  source.  It  is  a  characteristic  feature  of  the  above  described  Lorentz  trans-  i 

formation  approach  that  the  results  for  the  radiated  pressure  at  a  fixed  point  in  (Xj/t)-  ", 

space  are  given  directly  in  terms  of  the  noving  source  position  as  measured  at  the  time  * 

the  far  field  signal  is  received.  As  a  consequence  of  this,  part  of  what  was  identified  as  < 

convective  amplification  or  attenuation  by  comparing  Equations  (2. 3*0  and  (2.35)  directly  i 

can  under  certain  circumstances  be  simply"  due  to  the  source/observer  distance  varying  in  i 

tine  rather  than  to  any  effect  of  relative  notion.  j 

The  alternative  retarded-time  formulation,  which  was  used  almost  exclusively  in  recent  i 

aeroacoustic  theories  (see,  e.g..  Refs.  [3],  [9]),  accounts,  explicitly,  for  the  fact  that  ! 

the  sound  received  at  t  was  emitted  as  sound  at  the  retarded  tine  ! 


tr  =  t  -  R/a  ,  (2. «5) 

where  now  R  denotes  the  wave  propagation  path  the  sound  has  travelled  from  the  source  to 
the  observer  at  a  phase  speed  a.  The  latter  approach  appears  to  be  advantageous  when,  in 
particular,  the  sound_ propagates  in  a  medium  otherwise  at  rest  with  then  a  =  a0  . 

2.9,1  Moving-source  problem 

We  now  reduce  our  general  analysis  of  Chap.  2.2  to  the  nore  specific  case  where  there 
is  no  mean  flow  present  and  the  source  moves  at  a  constant  Mach  number  Ms  in  the  positive 
xj-direction  (see  sketch  (1)  on  Table  2),  i.e. 

M  =  c/a,  =  0  ;  M0  i  (c  -  u)/a,  =  -  u/a,  =  -  Ms  .  (2.96) 


x,  -  ttt  -  x,  -  utr  -  u(t  -  tr)  =  R  cos  0  -  HSR  -  R(cos  9  -  Xs)  (2. 51) 

thus  yielding 

3,  =  R(1  -  Ms  cos  0)  (3.52) 

and  hence  for  the  pressure  field  in  terns  of  the  source  coordinates  at  the  respective  tine 
of  emission, 

iulpaAe  - 

p  =  - -7- - exp  iu,(t-R/a,)  .  (2-53) 

R(l-Mscos6>1 


■K-  - 


(1-Ks)_l 

0  = 

0° 

1 

for  0  = 

90°  . 

(2 .54 ) 

(1+MS)’J 

9  = 

180° 

P  is  now  ir.  a  form  similar  to  that  in  standard  textbooks  (see,  e.g.,  Morse  4  Ingard 
[5]?  Eq.  (11.2.15)  or  Goldstein  [3],  Eq.  (1.110)).  It  shows  the  occurrence  of  a  multipli¬ 
cative  factor  in  the  amplitude  function  which  describes  convective  amplification  as  a 
function  of  6  vith 


C1  =  (1  -  cos  0) 


The  Doppler  frequency  shift,  too,  may  be  expressed  in  terms  of  the  angle  of  emission, 
0,  if  we  define  u  as  the  tine  derivative  of  the  phase  function  in  Eq.  (2.47 ) , 

“  1  ftO,<t-R/a,)]  =  «c(l  -  £  dR/dt)  :  »,{l  ♦  . 

C  is  thus  seen  to  also  determine  the  frequency  ratio 


(1  -  M-  cos  0) 


in  full  agreement  with  the  formulae  for  0  =  0°  in  box  (la)  and  for  0  =  180°  in  box 

(lb)  of  Table  2.  For  sound  radiation  at  e  =  90  ,  i.e.  normal  to  the  direction  of  motion, 

the  frequency  remains  that  of  the  original  source  fluctuations.  Note,  however,  that  the 
source  will  have  passed  tl}e  observer  by  an  amount  «(t  —  te)  until  that  sound  can  be  re¬ 
ceived.  C  is  plotted  as  a  function  of  0  in  Fig.  5> 

While  the  Doppler  frequency  shifts  at  points  in  or  opposite  to  the  direction  of  motion 

are  independent  of  the  model  employed,  the  apparent  upstream  amplification  and  downstream 


ratio 

(1-Ns)'1 

0 

r  0° 

1 

for  0 

=  90° 

(?.55) 
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—  180° 
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attenuatic  t  depend  on  the, reference- source, ^ Whe¬ 
ther  it  is  thought  of  as  being  placed  at ‘(i)  the 
real-time_position  ut  or  (ii)  the  retarded^time 
position  utr.  The  corresponding  upstream/down- 
jtream  pressure  'amplitude  ratios  therefore  differ 
for  the  two  models , 

(i)  symmetric  veal-time  positions  (Table  2) 

*0°  -  i+M* 

l - T=tT  (2,56) 

Pi  QrtO  3 


UU  IJV  1  w 

q  (ii)  symmetric  re tavded-tima  positions  (Eq.(2»5^)) 

Fig.  5=  Convection  factor  C  due  to  a  p0°  _  |l4^s )  ,2 

uniform  motion  (Ms)  of  a  simple  source  r  _  ll-M„  I  ’  \a.pu 

according  to  £q.  (2.55).  Pl80°  '  3< 

Both  were  plotted  in  Fig.  6  on  a  logarithmic 
decibel  scale  as  sound  pressure  level  (SPL)  difference 

AL  *  20  log  (P0o/plg0o)  .  (2.58) 


In  any  case,  the  motion  of  the  source  relative  to  the 
ambient  medium  is  seen  to  have  a  tremendous  effect  on 
both  the  frequency  and  intensity  cf  Its  sound  field  as 
received  by  a  stationary  observer,  even  at  relatively 
small  Mach  numbers.  For  higher  order  acoustic  sources  one 
can,  under  certain  circumstances,  imagine  an  energy  con¬ 
centration  in  front  of  the  source  which  even  exceeds  that 
illustrated  in  Fig.  6.  The  so-called  conveotive  amplifi¬ 
cation  factor  is  sometimes  written  in  the  foirn 


=  (1-MS  cos  e) 


10,  monopole 
1,  dipole 
2,  quadrupole 


10  S'  with  n  varying  with  the  specific  structure  of  the  source 

S\^^  (compare,  e.g.,  Morfev  [4],  Eq.  (7)). 

02  oV  06  os  To  What  a11  convection  effects,  in  this  notation,  have  in 

common  is  the  invariance  with  Ms  of  the  sound  field  at 

Mj  - »  normal  incidence,  9  =  90°  .  This  is  illustrated  in 

Fig.  7  where 

Fig.  6:  Upstream/downstream  SPL  _2 

difference  for  a  moving  source  AL.  -  Ln  -  Lon0  *  20  log(l-H„cos  9)"  =  40  log  C  (2.60) 

according  to  Eqs.  (2.56)-(2.50) . 

was  plotted  as  a  function  of  9  with  Ms  as  a  parameter. 

Although  that  alternative  novation  may  be  lees  coi venient  in  cases,  we  may  finally  write 
the  Doppler  frequency  shift  and  amplification  factors  n  terms  of  the  instantaneous  source- 
observer  angle  0  according  to  Eqs.  (2.39)  and  (2.40), 

p  1  +  (Ms  cos  »//l-H|  sin8*) 

— s — 7=-  ■■■=.■■-—■  . ^ -  (2.ol; 

p0  /l-M2  /l-M2  sin!v> 

V  S7  S  1%  l1  +  Ms(003d//l-H|  sinb)j  (2.62) 

2.4.2  Moving  observer  problem 

The  second,  more  trivial  case  where  the  receiver  moves  relative  to  a  stationary  source 
and  a  fluid  at  rest  is  physically  indistinguishable  from  that  of  a  source  co-moving  with 
the  fluid  at  the  same  velocity  u  =  c  relative  to  the  (then  fixed)  observei  (see  sketch 
(2)  on  Table  2), 

M  =  c/a0  =  M„  ;  Me  =  (c-  u)/ae  =  C  (2.63) 


Cn  these  simplifying  assumptions  Eq.  (2.38)  assumes  the  following  form 


i  p  q  co  ^  A  g 
licr 


;xp  iu,  (t  -  r/a0) 


with  r  =  /(x,  -  a„M,t)2  +  (Xj-x,)2  +  (x,-x,)2  . 

The  new  Doppler  shifted  frequency  received  by  the  moving  observer  may,  according  to 
Eq.  (2.39),  be  expressed  by 


’  yjy--. 


■  ■  ■  . 
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Fig.  7:  Effect  of  a  uniform  motion  (Ma) 
on  the  directivity  pattern  of  a  simple 
source  according  to  Eqs.  (2.53).  (2.54), 
and  (2.60). 
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=  (1  +  M,  cos  ft)  (2.65) 

where,  of  course,  ft  is  defined  by  Eq.  (2.37)  at 
the  inatantattaoua  ■: source/observer  angle.  The 
corresponding  plots  in  Fig.  8  show  an  essential 
difference  when  compared  to  m/m,  in  case  (1) 

(Pig.  5).  This  difference  becomes  negligible 
only  for  vanishing  Mach  numbers  Ms  =  M0  <<  1  . 

This  kind  of  a  relative  motion  has,  naturally, 
no  effect  on  the  structure  of  the  source  or  its 
radiation  field  as  we  have  tacitly  assumed  an 
idealized  (i.e.  immaterial)  sound  receiver 
throughout  in  our  analysis. 

2.4.3  Co-moving  source  and  observer  problem 

This  is  another  special  case  incorporated  in 
our  more  general  analysis  of  Chap.  2.2  When  stu¬ 
dying  the  noise  of  a  propulsion  system,  e.g.,  a 
propeller  or  jet  engine  on  an  aircraft,  it  is 
often  very  convenient  and  has,  in  fact,  become 
common  practice  to  perform  the  bulk  of  the  mea¬ 
surements  with  the  whole  vehicle  or  the  propul¬ 
sion  system  alone  on  a  static  test  facility.  We 
are  then  faced  with  the  problem  of  how  these  -< 
static  test  data  might  be  converted  into  those 
to  be  expected  when  the  vehicle  is  in  motion. 

The  inverse  problem  would  be  to  relate  the 
aircraft  noise  measured  in  a  fly-over  test  or 
the  noise  of  a  high  speed  train  while  passing 
by  to  the  corresponding  data  known  from  static 
tests.  The  principle  effects  due  to  this  kind 
of  relative  motion  can  be  investigated  by  assu¬ 
ming  a  simple,  acoustically  compact  source  to 
begin  with.  Although  such  a  procedure  would,  in 
practice,  create  insurmountable  experimental 
difficulties,  we  now  let  the  idealized  receiver 
move  with  this  simplified  source  or  (what  is 
physically  the  same)  superimpose  a  uniform  mean 
flow  c  on  a  stationary  source/observer  constel¬ 
lation  (see  sketch  (3)  on  Table  2).  With 


M  =  c/a,  =  Mf 


we  may  then  rewrite  Eqs. 
obtain 


Mf  =  Mc  (2.66) 

(2.39)  and  (2. HO)  to 


(Mf  cos  ft//l-Mj.  sin*ft ) 
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Fig.  8:  Doppler  frequency  shift  u/m,  as  —  =  1 

registered  by  a  uniformly  moving  (M0)  0 

observer  according  to  Eq.  (2.65). 

The  new  convection  factor,  Eq.  (2.67),  may 
tell  us  the  principal  difference  in  the  direc¬ 
tivity  pattern  of  the  source  as  compared  to  its  static  directivity.  For  our  idealized 
sound  receiver,  however,  we  would  expect  exactly  the  same  difference  to  .occur  when  static 
noise  data  are  compared  with  directivity  patterns  measured  in  fly-over  or  pass-by  tests. 
Only  the  frequencies  would  be  Doppler  shifted  according  to  case  2.4.2  and  the  instan¬ 

taneous  source-observer  angle  ft  will  have  to  vary  during  the  fly-over  test.  The  amplifica¬ 
tion  and  attenuation  due  to  the  flight  effects,  however,  can  best  be  described  by  the  lo¬ 
garithm  of  Eq.  (2.67), 

AL,  -  h  -  L(Mf=0)  =  20  log  .  (2.68) 

P  9 

The  corresponding  directivity  patterns  depicted  in  Fig.  9  show  several  very  remarkable 
features  some  of  which  may  be  worth  to  be  taken  into  account  in  standard  fly-over  or  pass- 
by  noise  testing  procedures: 

-  The  amplification  in  the  upstream  direction  is  equal  (in  absolute  values)  to  the  atte¬ 
nuation  in  the  downstream  direction, 

AL2  (ft  =0°)  =  -  ALj  (0  =  3  80°)  . 

-  The  direction  normal  to  the  flow  (ft  =  90°)  shows  a  negligible  flow  effect  for  vanishing 
Mf  <<  1  only.  Considerable  amplification  is  found  at  ft  =  90°  for  moderate  Mf. 
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Fig,  0:  Effect  of  a  uniform  flow  (Mp)  on 
the  directivity  pattern  of  a  simple 
source  according  to  Eq.  (2.68). 


-  While  the  maximum  attenuation,  occursialways 
at  d  =  0°.  the  peak,  ampli'fioat'idhvisj'cont*!^ 
nuously  shifted  from  9  -  180°-  for''  MfA<’<"i  , 
towards  9  =  90°  with  Mf  a  p p r oa c h i nguni t yv  ( 

-  All  directivity  correction  curves  in -Fig. >y 
seem  to  cross  in  a  fairly  narrow  range  of  ang¬ 
les  around  9  =  60°.  This  angle,  at  which  the 
flow  effect  is  practically  absent,  whatever 
the  value  of  Mf,  represents  itself  as. that 
angle  where  the  intensity  of  the  stationary . 
source  can  be  measured  during  flight.  9  -  60° 
may  thus  take  the  role  of  6  =  90°  in  the  mo¬ 
ving  source  problem  (compare  Fig.  7). 

3.  JET  NOISE  RADIATED  UNDER  STATIC  AND  UNDER 
FLIGHT  CONDITIONS 

When  looking  for  examples  to  illustrate  the 
various  Doppler  frequency  shifts  and  convective 
amplification  effects  of  sources  in  motion  rela¬ 
tive  to  the  fluid  and/or  the  observer  one  soon 
realizes  that  the  corresponding  experiments  are 
scarce.  One  important  area  of  application  of  the 
foregoing  theoretical  considerations  is  to  the 
aerodynamic  near  fields  of  turbulent  wave  packets 
travelling  downstream  in  free  shear  layers.  These 
will  be  the  subject  of  the  ensuipg  Chaps.  A  and 
5. 


Here  we  will  try  to  illustrate  the  effects  of 
relative  motion  of  aeroacoustic  sources  on  their  far  field  radiation  characteristics.  For 
lack  of  a  better  example,  we  may  first  consider  the  effect  of  the  downstream  convection 
(or  propagation)  of  the  jet  flow  inhomogeneities  generating  jet  noise.  Secondly,  the  ef¬ 
fect  of  forward  motion  of  the  aircraft  is  illustrated  by  assuming  that  the  jet  flow  radia¬ 
tes  as  one  coherent  simple  source. 


3.1  Jet  noise  source  convection  effect 

Sound  generation  by  an  extended  turbulent  flow  like  a  simple,  circular,  subsonic  jet 
is  an  extremely  complicated  process.  The  radiated  far  field  as  characterized  by  the 

-  acoustic  intensity  level 

-  power  spectrum  density 

-  polar  directivity  pattern 

-  azimuthal  field  structure 

can,  at  least  in  principle,  be  related  to  a  bunch  of  different  source  characteristics  as 
there  are 

-  intensity  distribution  (strength) 

-  statistical  behaviour  (coherence) 

-  spatial  scales  (compactness) 

-  azimuthal  structure  (modes) 

-  downstream  propagation  (convection) . 


A  complete  theory  relating  the  acoustic  to  the  aerodynamic  field  quantities  requires 
an  integration  process  in  which  aerodynamic  source  cancellation  and  acoustic  wave  inter¬ 
ference  mechanisms  must  be  accounted  for.  As  an  alternative  to  such  a  quantitative  Jet 
noise  theory,  one  may  study  the  effects  on  the  far  field  of  the  various  near  field  charac¬ 
teristics  separately.  Here  we  want  to  concentrate  on  the  very  specific  effect  source  con¬ 
vection  has  on  the  acoustic  direotivity.  We  assume. that  all  the  other  source  parameters 
remain  entirely  unaltered  and  ask  ourselves,  what  is  the  effect  of  the  convection  Mach  num¬ 
ber  Ms  as  typical  of  the  downstream  propagation  of  those  jet  disturbances  that  are  respon¬ 
sible  for  the  radiated  noise  (compare  Fig.  10).  1 


From  published  data  we  take 


Mg  =  0.65  Mj 


(5.1) 


J. 

Vet*?.-' 


Fig.  10:  Sektch  illustrating  source 
convection  effect. 


and  assume,  for  a  while,  that  the  axial  extent  of  the 
total  source  region,  Ls,  be  small  compared  to  the  far 
field  distance  r, 

Ls  <<  r  and  R  =  r  (geometric  far  field'.  (3.2) 

This  means,  effectively,  that  the  fixed  observer  in 
the  far  field  should  see  all  the  downstream  travel¬ 
ling  source  elements  under  the  same  angle  0  to  the 
jet  axis.  The  finitenees  (as  distinct  from  the  above 
mentioned  compactness)  of  the  source  region  has  an 
important  consequence  with  respect  to  the  source  con¬ 
vection  effect  derived  under  Sec.  2.4.1:  for  sound 
waves  to  arrive  at  an  arbitrary  constant  3ngle  9  it 
is  necessary  that  they  were  emitted  at  approximately 
the  same  angle  0=9  to  the  jet  axis  at  the 


appropriate  retarded;  time  tr  =  "t  -  (R/a0).  Hence  the  emitting  source  element  has  long 
.  ..  .h  disappeared  befor'e.'this^sound  has. reached  the  observer.  This  particular  situation  suggests 
the  :emissidri  angle  e  as  the  only  "appropriate  variable  when  plotting  polar  directivity  pat- 
1  '  ‘  terns-.i’or  jet  noise  as  measured  on  a  static  test  facility. 

Next  we  assume- the  jet  to  have  a  "basic"  directivity  that  is  uniform  like  that  of  a 
simple  monopole  and  the  whole -of; the  directionality  observed  in  the  far  field  being  a  re¬ 
sult  of  the  source  convection  only.  This  admittedly  is  an  oversimplified  model  of  the  real 
situation.  Vet,  knowing  that  a  higher' order  source  can  be  composed  by.  a  series  of  simple 
sources,.,  we  may  tentatively -use  the  directivities  from  Pig.  7  for  a  comparison  with  measu¬ 
red  jet  r.oise  data.  Since  at  6  =  90°  this  specific  type  of  convection  effect  is  absent, 

we  have  used  the  sound  pressure  level  measured 
normal  to  the  jet  as  the  reference  point  and  plot¬ 
ted  in  Fig.  11  the  conjectural  directivity  pat¬ 
terns  along  with  those  experimentally  determined 
d0|  II  I  by  Lush  [6] .  The  field  shapes  are  seen  to  agree 

very  well  at  low  Mach  numbers.  At  higher  values 
of  M j ,  however,  the  assumed  source  convection 

*  -'"I  "  I  XI I  ^Tn  1  effect  overestimates  the  amplification  in  the 

I  100 1  I  "“k  I  v  1  quadrant  0°  <  3  <  90°  . 

Several  explanations  can  be  given  for  this  de¬ 
viation  considering  all  the  other  aerodynamic  and 
acoustic  parameters  that  might  change  with  vary¬ 
ing  jet  Mach  number.  The  least  probable  one,  how¬ 
ever,  seems  to  be  that,  instead  of  a  simple  source 
model,  one  should  proceed  to  a  higher-order  type 
of  a  source.  A  quadrupole  model,  for  instance, 
would  be  even  worse  as  it  would  predict  a  still 
higher  power  of  the  convection  factor  in  Eq. 
(2.59).  Goldstein  [3]  in  his  Pigs.  2.19  and  2.15 
compared  directivity  patterns  predicted  by 
(1  -  Ms  cos  e)_  with  the  sound  intensity  measu¬ 
rements  of  Lush  [6]  and  other  investigators.  But 
lateron  (in  his  Figs.  6.3  and  6.9)  he  found  a 
(1  -  Ms  cos  0)_>-  dependence  with  M3  =  0.62  Mj 
to  fit  the  experimental  data  much  better.  Jones 
[7],  too,  considered  different  convection  factors 
in  an  attempt  to  overcome  this  discrepancy  be¬ 
tween  measurements  and  theories  based  on  the  spe¬ 
cific  quadrupole  model  introduced  by  Lighthill 
[8J . 

Assuming  a  correspondingly  smaller  value  for 
_  ,  M3/Mj  as  was  occasionally  recommended  in  the  li- 

■1U  Polar  directivity  patterns  of  terature  does  not  seem  a  valid  approach  either, 
jet  noise  after  Ref.  [6]  and  of  a  con-  Here  suffice  it  to  state  that,  due  to  source  con- 

3imple  3CUroe  according  to  Eq.  vection,  30und  radiated  at  acute  angles  0  to  the 

jet  axis  is  amplified  whereas  that  radiated  at 
,.  ..  .  ..  ,  .  .  obtuse  angles  0  is  attenuated.  The  measured  dis¬ 

tortion  in  field  shapes  is  almost  the  same  as  that  of  a  simple  monopole  convected  in  the 
downstream  direction. 


,,,  v**s*f,s  I 


.2  Jet  noise  forward  speed  effect 


Fig.  12  illustrates  two  physically  equivalent  configurations  for  studying  the  effect  of 
forward  speed  of  a  vehicle  on  the  far  field  of  the  sources  moving  with  it .  The  superposi¬ 
tion  of  a  uniform  flow  with 
Mach  number  Mf  on  the  assu- 

(a)  (b)  medly  unaltered  stationary 

- ►  source  (configuration  (a)) 

,  corresponds  to  the  co-raoving 

_ _  source  and  observer  problem 

~~~*  (~  - —  |  (  I  I  _  of  Sec.  2.9.3.  It  is  not  easi- 

— »  -  u  "j  ly  accomplished  experimentally 

\  — — ---  1  c  \  \  |  since  it  requires,  among  other 

\  \  \  r  things,  extremely  large  wind 

- ►M.  \  f  \\R  l°  tunnels  and  in-flow  sound  mea- 

_ „  \  \\  surements  [9].  The  fact  that, 

\  - ir.  practical  situations,  the 

(a)  Wind- tunnel  (b)  In-flight  observer  moves  with  the  flow 

would  make  no  difference  for 

situations  the  directivity  as  a  function 

of  0,  which,  in  this  case,  is 

Pig-  12:  Sketch  illustrating  forward  speed  effect.  undoubtedly  the  most  appro¬ 

priate  angle  to  be  chosen  whe- 


(a)  Wind  -  tunnel  (b)  In-flight 

situations 

12:  Sketch  illustrating  forward  speed  effect. 


....  ..  _  . .  ther  the  observer  is  co-moving 

with  the  source  or  the  fluid.  The  frequency  spectra  would  differ  for  the  two  cases  but  not 
the  intensities  as  was  earlier  described  in  Sec.  2.9.2  (moving  observer  problem). 

The  effect  of  flight  on  jet  noise,  e.g.,  can  thus  be  studied,  in  a  qualitative  manner, 
by  adding  intensity  levels  AL2  according  to  Eq.  (2.68)  to  the  directivities  measured  under 


'-v.< 
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static  conditions.  This  flight  correction  of  the  field  shapes  can  be  done  .inrthe>tsame;;way;'' 
for- polar  or  linear  .plots.  The  latter  has  become  common-practice  in  staticrton^iigHCiscomt 
parisons  [10,  11}  12] .  •  -  ' \( 

Such  a  directivity  plot  of  the  static  data  along  a  line  parallel  to  the  jet  axis  cor:; 
responding  to  a  flight  altitude  of  r(  was  reproduced  in  Fig.  13.  The  raw  static  -  data  were 
_ _  ...  — ■ - 1 - -  obtained  by  Brooks  [lO]-witfi  a  RollsrRoyce  Vi¬ 
per  11  jet  engine  over  a  xoncrete  surface  along 
a -line  parallel  to  and  only  30. m  to  the  side  of 

90 - - the  engine  centre-line.  For  the  flight  tests  the 

/  "N.  same' engine  was  installed  on  a  Jet  Provost  air- 

J  da  I  craft  and  the  microphone  mounted  on  a  tower  of 

I  1  ///  \ - -  a  bridge.  The  actual  fly-over  tests  were  then 

L  1  - - - 3^  done  at  rB  =  150  m  with  the  engine  operating 

p  „  S'  Vi  \  conditions  maintained  constant  so  far  as  possi- 

80  -f  ble.in  order  to  simulate  the  same  noise  source 

/  \\  '  conditions  as  in  the  static  test3.  We  have  mo- 

<  ~  m  W  dified  Brooks’s  static  field  shapes  in  three 

'  ,  _  Y  steps  and  replotted  them  in  Fig.  13’. 

7l( _  — »m,  x.  r, _ (i)  Due  to  the  forward  speed  (Mf  =  0.373  in 

I  our  example)  we  expect  a  correspondingly 

- reduced  source  convection  Mach  number 


Fig.  13=  Qualitative  static-to-flight 
comparison  of  jet  noise  linear  field 
shapes. 

Mj  =  1.07}  Mf  =  0.373,  q,  =  150  m. 
-  Static  test  (bare  Viper  11  engi¬ 
ne,  Aston  Down)  [10] 

- Due  to  modified  source  convection 

factor  (Eqs.  (2.5!!),  (3.3  )) 

- . - Due  to  forward  speed  effect  (Eq. 

(2.67)) 

- Flight  test  (Jet  Provost  air¬ 
craft,  Severn  Bridge)  [lO] 


Hs  =  0.65(Mj  -  Mf)  (3-3) 

to  become  effective.  This  modifies  the 
field  shape  according  to  Eq.  ( 2 . 54 1  and 
Fig.  7  relative  to  its  value  at  0  -  90°. 
The  correspondingly  corrected  directivity 
pattern  has  its  new  maximum  at  60°  to  the 
jet  axis. 


factor  (Eqs.  (2. 54),  (3.3  ))  (ii)  In  a  very  crude  first  approximation,  we 

- . - Due  to  forward  speed  effect  (Eq.  may  take  this  modified  static  field  shape 

(2.67))  as  a  new  datum  that  accounts  for  the  va- 

- Flight  test  (Jet  Provost  air-  ried  aerodynamic  conditions  only.  If  the 

craft,  Severn  Bridge)  [lO]  forward  speed  had  no  additional  effects 

on  the  development  of  the  mean  flow  and 
the  turbulence  structure  of  the  jet,  we 

could  now  try  to  correct  the  directivity  according  to  Eq.  (2.67)  or  Fig.  9.  The  ma¬ 
ximum  of  the  new  directivity  can  be  seen  in  Fig.  13  to  have  been  shifted  towards  80° 
with  an  almost  symmetric  decay  at  both  sides  of  this  peak.  Such  field  shapes  are  very 
typical  for  jet  noise  in  flight. 

(iii)  Although  this  is  not  clearly  stated  in  Brooks's  paper,  we  take  it  from  a  private 

communication  with  Prof.  J.E.  Ffowcs  Williams  that  all  the  flight  data  of  Ref.  [10] 

have  been  plotted  as  a  function  of  the 

18!>,| - - - * - 1—— ^ ==~TI  angle  9  at  the  time  of  emission  of  the 

sound.  Thi3,  however,  is  simply  related 
.  /  ,//  t0  the  instantaneous  observation  angle  ■& 

>50°  j  /  Sjy/  by  f, _ ,  1 

/  s''/  sin©  =  sinO  wl-Mj3in2d  +  Mfcosdj  (3.4) 

’’  /  //S'/  which  is  independent  of  the  side-line  dis- 

120°  /  /  / /  tance  rt  (compare  sketch  (b)  of  Fig.  12). 

/  /'/ /  With  the  aid  of  Eq.  ( 3 * ^ )  or  Fig.  Ih  we 

/  // /  may  replot  Brooks’s  flight  data  and  com- 

gQo _ /  //  / _  pare  it  with  the  modified  static  directi- 

/ ///  vity  characteristic  in  Fig.  13. 


r 
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f  // /  Despite  of  the  very  rough  assumptions  made 

60P  /  ///  - Mi*°  the  two  directivities  are  amazingly  similar  in 

/ ///  -  0  2  shape  except  for  3mall  angles  to  the  jet  axis. 

/  ///  -  0373  The  philosophy  behind  our  simple  model  is  that 

30*  ////  _  0  9  we  that  the  j«t  flow  as  a  whole  should  be 

///'  considered  as  one  more  or  less  coherently  radia- 

////  .  '•  ting  sound  source  as  opposed  to  a  model  that 

1/  0  _ _  assumes  a  large  number  of  statistically  uncorre- 

0”!£- - -±- - — - 2L - -  lated  and  hence  independently  radiating  turbu- 

u“  30*  60  90°  120*  150  180  lent  eddies.  In  both  models  source  convection  is 

likely  to  have  an  important  effect  on  the  far 
Fig.  IQ :  Emission  angle  9  and  observa-  field  directivity.  The  simple  source  model  seems 
tion  angle  interdependence  according  to  yield  the  correct  trends  for  source  convec- 
to  Eq.  (3.  h )  tion  and  flight  effects  whereas  the  well  known 

quadrupole  model  was  apparently  less  successful. 
At  least  one  might  get  this  impression  from  most  recently  published  papers  on  jet  noise  in 
flight.  The  corresponding  correction  formula  in  the  quadrupole  model  as  originally  derived 
by  Ffowcs  Williams  [13]  , . 

p(9)  .1  1  it  r\ 

— f —  -  1  ■  ■  ,  ;a  1  -  —  r/T1  }3>5; 

p(e*90°)  (i+Hf  cos  e)  (i-mc  coc  e)5/ 


p-'l  I 


- M,  =04 

-  09 


Plight  factor  (l+Mfcos  0>" 


according  to  Ref.  [13] . 


seems  to  have  been  tried  with  little  success . 

The  flight  factor  (l*Mf  cos.©)"1  is  shown  for 
comparison  in  Fig.  15.  For  moderate  values. of  Mf, 
as  in  the  example  treated  above,  it  can  oniy  ac¬ 
count  for  a  modification  by  less  than  1  dB  of  the 
— directivity  between  6  =  60°  and  120°.  The  dif- 
180*  ferences  between  the  correction  curves  in  Figs. 

15  and  9  are  even  more  pronounced  for  higher 
flight  Mach  numbers.  Fq.  (2.67)  results  in  a 
strong  amplification  of  the  noise  radiated  in 
the  forward  quadrant  (particularly  at  angles 
— close  to  90° !)  and  similarly  strong  attenuation 
in  the  rearward  arc.  Both  effects  were  observed 
i  in  a  variety  of  static-to-flight  comparisons  but 
cannot  be  explained  by  the  conventional  correc¬ 
tion  factors. 


So  far  we  have  considered  the  effect  of  source  convection  and  forward  speed  on  the 
field  shapes  only.  No  attempt  was  made  to  also  estimate  the  effect  of  flight  on  the  abso¬ 
lute  intensity  at  a  given  point  in  the  far  field.  This  would  require  a  more  elaborate  in- 
spection  ot  the  source  integral.  Miehalke  and  Michel  [14] ,  however,  have  only  recently  de¬ 
rived  a  new  jet  noise  flight  correction  factor.  This  enables  more  than  just  a  qualitative 
static-to-flight  comparison;  it  also  predicts  the  intensity  variations  with  an  unpreceden¬ 
ted  accuracy. 

4.  AERODYNAMIC  PRESSURE  MEASUREMENTS  IN  TURBULENT  FLOW 
4.1  The  near  field  induced  by  convected  flow  inhomogeneities 

Chapter  2  of  these  lecture  notes  dealt  with  linear  perturbations  of  a  fluid  flow  in  the 
most  general  sense.  The  basic  equations  are  equally  valid  for  small  aerodynamic  fluctua¬ 
tions  about  a  steady  state  as  induced,  for  instance,  by  a  moving  source  or  sink.  The  la¬ 
minar  flow  over  a  wavy  boundary,  the  flow  field  induced  by  an  isolated  vortex  or  by  a  more 
or  less  regular  vortex  street  shed  from  an  obstacle  in  the  flow  would  be  some  typical 
examples  of  unsteady  aerodynamic  flow  fields  of  practical  interest.  In  the  limit  of  very 
slow  variations  in  time  (u  +  0)  or  the  medium  being  considered  ac  quasi-inoompreseible 
(a0  ■*  <»)  we  may  concentrate  on  what  was  termed  near  field  in  the  preceding  sections. 

In  the  radiated  far  field  (Sections  2.3  and  2.4)  we  have,  for  obvious  reasons,  dealt 
with  the  acoustic  pressure  exclusively.  The  acoustic  particle  velocity  vr  in  the  direction 
of  propagation  is  always  simply  related  to  the  local  aeouetio  pressure  by 

p(xj.,t)  =  p0a0vr(xi,t)  (4.1) 

(compare  Eqs.  (2.24),  (2.25)  and  (2.31)  for  x2  =  x2  and  x,  =  x,).  In  the  aerodynamic 
near  field,  however,  the  interrelationship  between  unsteady  pressure  and  velocity  fields 
is  far  less  obvious. 
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In  countless  studies  of  low  subsonic  (M  =  c/a0  <<  1),  unsteady  flow  fields  it  has  been 
assumed  as  a  characteristic  property  of  the  aerodynamic  pressure  fluctuation  that  it  is 
proportional  to  the  square  of  the  local  velocity  fluctuation  in  contrast  to  a  sound  field, 
in  which  the  acoustic  pressure  is  proportional  to  the  first  power  of  the  velocity  fluctua¬ 
tion  (refer,  e.g.,  to  Ref.  [5],  Chap.  11.1,  p.  703,  and  Chap.  11.4,  p.  764).  A  relation¬ 
ship  like 

p  =  ap0v2  ,  (4.2) 

where  the  twiddles  denote  statistical  averages  (r.m.s.  values)  and  o  takes  on  values  be¬ 
tween  0.58  and  unity,  may  be  valid  in  the  very  special  case  of  homogeneous,  isotropic  tur¬ 
bulence  [15].  As  an  estimate  of  the  pressure  fluctuation  in  a  real  flow,  however,  Eq.  (4.2) 
would  require  that  the  turbulent  velocity  perturbations  be  convected  with  the  assumedly 
uniform  flow,  i.e.  Taylor's  hypothesis  3/3t  =  -c3/3x  be  strictly  satisfied. 

It  is  much  more  realistic,  however,  to  assume  that  in  real  flows  we  have  all  kinds  of 
inhomogeneities  travelling  at  convection  speeds  u  which  are  somehow  coupled  to  but  need 
not  be  identical  with  the  value  of  the  mean  flow  speed,  c  /  0.  This  is  especially  true 
when  there  is  violent  vortical  motion  in  a  region  of  high  shear  rates  (as,  e.g.,  in  the 
mixing  region  of  a  jet,  Fig.  16)  which  can  induce  disturbances  in  (i)  the  adjacent  higher- 
velocity  potential  core  region  or  (ii)  the  lower-velocity  entrainment  region.  This  is  a 
situation  very  similar  to  that  depicted  in  Fig.  2  of  a  source  Q  moving  relative  to  both 
the  flow  and  the  observer. 

In  the  near  field  of  the  source  we  may,  according  to  Eq.  f2.32)  of  Sec.  2.2,  expect  a 
linear  relationship  between  the  local  streamwise  velocity  and  pressure  perturbations, 

p(xitt)  =  -  P»(c- u)vj(xi,t)  .  (4.3) 

A  similar  relation  would  hold  if,  instead  of  a  simple  source,  we  had  one  of  higher  order 
of  complexity  and,  instead  of  just  a  single_point  source,  we  had  a  series  of  sources,  all 
travelling  at  the  same  constant  speed  u  i  c  in  the  direction  x2  of  the  mean  flow  c.  The 
pressure  and  velocity  fields  of  convected  vortices  were  discussed  in  some  detail  in  Refs. 
[16]  and  [17] . 
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Fig.  16:  Circular  jet  flow  configuration. 


In.  the  special- case  ofafrosen-patter it- : 
of  turbulence  converted  past  theobserver',;: 
it  would' be  .possible  to  describe  tfjharmorii’c-  :i 
Fourier  component  by  '  T'T"'  ./ 

v,(x,  ,t)  =  A  exp  in(t-  xi/,u).k  ,(,4.4> 

i.e.  a  coherent  wave-like  perturbation. of  the 
flow  and  obtain  Eq.  (4.3)  from  integrating 
the  linearized  equation  of  motion  directly 
[18]. 

Experiments  inside  turbulent  flows  have 
until  recently  favoured  the  measurement  of 
the  mean  and  fluctuating  velocity  fields  with 
highly  sophisticated  hot  wire  and  Laser  ane¬ 
mometers.  Fluctuating  pressure  measurements  were  mostly  restricted  So  the  pressure  field 
at  solid  flow  boundaries  where  it  is  measurable  with  flush-mounted  microphones  [19] . 

Pressure  probes  for  measuring  the  pressure  fluctuations  within  the  turbulent  flow,  on 
the  other  hand,  have  long  been  suspected  of  inevitably  creating  and  subsequently  receiving 
additional  spurious  pressure  disturbances  due  to  probe-flow  interactions.  Considerable 
efforts  have  been  expended  over  the  past  ten  years  to  show  that  acceptable  pressure  data 
may  b.  obtained  in  a  variety  of  flow  configurations, 

(a)  C.^cular  model  jets  [it,  20] 

(b)  Co  'nnular  model  jets  [21] 

(c)  Two-  tream  plane  shear  layers  [22] 

(d)  Two-o  -nensional  wake  behind  cylinders  [23-25] 

(e)  Axisym,.  “trie  wake  behind  disks  [26] 

(f)  Turbulet.  duct  flows  [2y]  . 

4.2  Possible  sour,  'a  of  error  in  aerodynamic  pressure  measurements 
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Most  of  the  above  -lentioned  pressure  measurements  employed  suitably  shaped  condenser 
microphone  probes.  A  i  mber  of  probe/flow  interferences  are  conceivable  which  may  render 
applications  of  thi3  te  hnique  difficult:  " 

(1)  Acoustic  contaminat'on  of  the  flow 

(2)  Resolution  error  due  to  finite  transducer  dimensions 

(3)  Flow-affected  sensitiv'ty  of  the  microphone 

(4)  Acceleration  response  a  e  to  probe  vibrations 

(5)  Probe-flow  interaction  no!se 

(6)  Fluctuating  cross  flow  err  r 

(7)  Response  to  axial  velocity  . ’actuations 

Some  of  these  error  mechanisms  were  described  in  some  detail  in  Refs.  [18] ,  [28-30]. 

The  cross-flow  error,  e.g.,  is  due  to  he  lateral  velocity  fluctuations  vn  normal  to 
the  probe  surface  causing  an  unsteady  stag  ation  pressure  of  the  order 

P«  =  v  »vn  •  (4.5) 

Although  the  magnitude  of  the  error  coefficient.  |R|,  should,  according  to  Ref.  [28], 
i  ever  exceed  a  value  of  0.5,  Eq.  (4.5)  confirms  < arlier  suspicions  that  it  is  principally 
i  possible  to  accurately  measure  pressures  of  the  ^rder  p»v  .  A  probe  that  necessarily 
si,  'os  the  flow  at  the  measuring  point  would  surely  e  inadequate  for  measuring  the  pres¬ 
sure  in  an  isotropic  turbulence  field  if  this  were  ge  'erned  by  Eq.  (4.2). 

Wht.  -  dealing  with  highly  unisotropic  jet  and  wake  fli  >s,  however,  a  more  realistic  esti¬ 
mate  ox  the  r.m.s.  flow  pressure  can  make  use  of  the  relt.  ion  (4.3)  yielding 


The  new  coei . icient 


p  =  TfPjcv 


Y  =  |1-  u/c|  =  |M0/M| 


(4.6) 


(4.7) 


can  be  estimated  ’  lie  between  0.2  and  0.5  corresponding  to  local  o .nveation  speeds  of 
the  disturbances  ii  the  range 


(4.8) 


-  *  0.5  -  0.8  }  1  -  0.2  -  0.5 

c 

depending  on  the  specif.  -  flow  under  investigation.  As  a  result  of  this  rel.  '■ive  motion 
between  the  flow  and  the  erodynamic  inhomogeneities  disturbing  it  we  would  i.  t  be  sur¬ 
prised  at  all  if  the  press. -e  coefficient 

rhr  ■  2T(f)"  <"•’> 

would  exceed  the  critical  value  aroqnd  unity  by  orders  of  magnitude  depending  on  the  local 
value  of  the  flow  turbulence  level  v/5  which  can  be  very  small  indeedl 
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very; small*  c6mpared;it6  the- corresponding  ratio  in*. ah  acoustic  wave  field  according  to -Eq. 

WsD.;.  .  •  ,  '  ’  .  ■  ' 

=  2(i?)  ’  =  2Mrl(— )  *  (4.10) 

jP,vJ  '*>'  '5' 

Xet,  it,  will  be  seen  to  exceed,  by  a  considerable  amount,  the  values  of  Sec.  4.1  for  iso¬ 
tropic  turbulence, 

=  2a  =  1.2  -  2  . 
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The  following  collection  of  pressure  and  velocity  data  will  commence  with  the  results 
obtained  in  unbounded  free  shear  layers .  It  is’  in  this  area  where  pressure  measurements 
are  most  urgently  needed  in  connection  with  certain  aero-acoustic  and  turbulent-energy- 
transport  phenomena ,  but  where  equally  often  pressure  measuring  devices  have  been  suspec¬ 
ted  of  being  unreliable.  The  pressure  intensity  results  will  be  reproduced  as  reported  by 
several  independent  research  groups  employing  highly  dissimilar  pressure  probe  geometries 
and  sensing  devices. 

In  each  individual  case  where_the  r.m.s.  pressure  p  has  been  measured  along  with  the 
local, mean  (U)  and  fluctuating  (v)  velocities,  the  dimensionless  pressure  coefficient 
p/(l/2  pov*)  will  be  evaluated.  p«  is  the  mean  density  of  the  medium,  which  in  all  cases 
will  be  air  at  velocities  U  varying  between- 10* and  200  m/s.  This  pressure  coefficient, 
which  may  be  looked  at  as  the  ratio  of  potential  to  kinetic  aerodynamic  energy  density, 
will  always  be  plotted  against  the  local  (longitudinal)  turbulence  level  v/U.  This  way  of 
presentation  of  the  results  will  enable  an  easy  comparison  of  the  situation  in  free  mixing 
layers  with  that  in  a  variety  of  flow  configurations  with  solid  boundaries. 

4.3.1  Circular  model  jets 

The  first  set  of  data  was  obtained  with  a  condenser  microphone  and  hot  wire  placed  in 
the  potential  core  region  of  a  jet  issuing  from  a  vortex-filament  nozzle  with  a  contrac¬ 
tion  ratio  of  200  cm/14  cm  1181.  The  results  are  shown  in  Fig.  17.  The  velocity  was  kept 

1 — ' — n — - - — t — - - — n- very  low  during  this  earlier  study,  as 

.„3  A»  may  be  seen  from  Table  3,  which  supple- 

u  \  :  ments  the  figure  by  co-ordinating  the 

symbols  with  the  respective  jet  parame- 
A.  ters.  More  recently,  Armstrong  [31]  has 

X  extended  the  jet  pressure  measurements 

]  o towards  higher  exit  velocities  in  another 

I  -2 _ _  jet  facility  which  was  also  described  in 

10  »  ,  :  Ref.  [l8J .  Only  a  few  of  his  results  are 

p  '  iA  reproduced  in  Fig.  17,  but  for  Mach  num- 

lp  Ak  ,  bers  not  exceeding  0.6  -  0.7  Armstrong 

2  °  found  no  dramatic  changes  in  either  the 

rk  \  7  normalized  intensity  or  structure  of  the 

1qI  Circular  jets  ^  V  _ ^/J  turbulent  pressure  and  velocity  fields. 

\  Planchon  [20]  at  the  University  of 

j\®’  Illinois  in  his  jet  pressure  measurements 

Co-annular  jets  ,  *  employed  a  bleed-type  pressure  transducer, 

kyS^  *  details  of  which  were  given  by  Spencer 

o  W,  and  Jones  [33]  .  Although  the  design  and 

10  ■  -V - operation  of  this  transducer  has  little 

\  in  common  with  the  probe  microphones  pre- 

\  f erred  by  our  group,  the  results  for  the 

\  intensity  and  structure  of  the  pressure 

\  field  look  promisingly  similar  (compare 

,o'[  I  1  1  l\  pie-  «>• 

®  ®  2  10  '  100  Sami  et  al .  [32]  appear  to  not  have 

p,  v/U  — ►  been  convinced  themselves  that  they  were 


17:  Aerodynamic  pressure  coefficient  versus  measuring  the  true  r,m.3.  turbulent  pres- 
local  longitudinal  turbulence  level  in  circular  sures  with  their  piezo-electric  ceramic 
and  co-annular  jet  flows.  probe,  which  again  differs  considerably 

...  .  ,  from  the  probes  described  above.  Never¬ 

theless,  their  data  fit  quite  well  into  the  overall  trends  depicted  in  Fig.  17,  The  dashed 
line  gives  an  average  of  their  pressure  and  velocity  results  from  several  radial  traverses 
at  varying  distances  x  from  the  jet  exit. 

Siddon  [28]  designed  and  tested  a  special  pressure  probe  which  enabled  him  to  correct 
the  detected  pressure  signal  for  the  error  due  to  the  fluctuating  cross-flow  normal  to  the 
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Tabl;  3:  Parameters  of  circular  jets  with  and  without  secondary  flow  (symbols  corres 
por.u  to  data  points  in  Pig.  17). 


probe's  surface.  Siddon's  result  obtained  at  x  =  6  D  for  a  10  cm  circular  jet  are  also 
incorporated  in  Fig.  17  and  Table  3- 


4.3.2  Co-annular  model  jets 


It  is  well  known  that  a  secondary  flow  passing  by  the  primary  flow  as  an  annular  jet, 
considerably  modifies  all  three:  the  mean  flow  properties,  the  distribution  of  turbulent 
intensity  and,  hence,  the  noise  generation. ^It  is  interesting  to  see  whether  the  relative 
magnitude  of  the  pressure  and  velocity  fluctuations  would  also  be  altered  by  the  by-pass 
flow. 


Work  done  at  Illinois  University  also  provides  valuable  data  in  this  respect.  Hammersley 
[21]  reports  pressure  and  velocity  data  for  the  core  (index  C)  and  by-pass  (BP)  regions 
with  by-pass  ratios  Djjp/Dq  of  the  order  of  2  or  3,  respectively.  For  a  constant  velocity 
Catio  Ugp/Uc  equal  to  0.4  the  corresponding  pressure  coefficients  have  been  plotted  against 
v/U  where  U  represents  the  local  mean  velocity  as  in  the  plain  jet  case. 
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After  having-.discussed  axisymmetric  shear  layers,  we  now  turn  to  two-dimensional  free 
shear  layers.  Spencer' and  rjones-fasj'have  investigated  the  mixing  of  two  parallel,  uniform 
air  streams  with  Ua  >  Ub  •  For.  measuring  conditions  as  listed  in  Table'll,  their  pressure 
and  velocity- data  are  shown  in  Fig.  18.  On  the  high-.velocity  side  of  the -shear  layer 
(n>0)  the  results  follow  the  same  trend  as  in  the  core,  region  of  a  circular  jet.  reaching 

pressure  -  coefficients  above  100^  -Again 
bhe  hi crhenv  values  nf  fi/M/P  e„v2l  >qp- 
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Fig.  18:  Aerodynamic  pressure  coefficient 
versus  local  longitudinal  turbulence  level 
in  free  shear  layers. 

r.m.s.  pressure  p  is  by  far  larger  than  that 
lence.  The  last  statement  is  especially  true 
of  symmetry  (r  =  0)  in  the  outer  flow  region 


respond  to  measuring  positions,  remote 
from  that  region  where  the  most  intense 
turbulent  mixing  takes  place.  For  the 
normalized  lateral  distance  n  =  O,  a 
minimum  of  p/(l/2  pov2)  >  5  is  reached 
for  v/U  between  0.15  and  0.20.  Similarly, 
as  in  the  jet  experiments,  the  pressure 
coefficient  increases  again  on  the  low- 
velocity  side  (n  <  0)  of  the  shear  layer 
reaching  values  of  50  and  more.  In  con¬ 
trast  to  the  jet  entrainment  region,  the 
latter  correlate  with  lower  turbulence 
levels  since  a  slowly  decreasing  u  is 
divided  by  U  approaching  Uh  instead  of 
U  approaching  zero  in  the  jet  case. 

l|  ■  3.4  Axisvmmetric  wake  behind  circular 
disk 

Only  most  recently  we  have  started 
measuring  the  aerodynamic  pressure  field 
in  the  wake  of  a  circular  disk  in  a  large 
free  jet  wind  tunnel  [26] .  The  normalized 
intensity  plots  in  wig.  19  show  quite  an 
amazing  similarity  with  the  conditions 
in  jet  flows  as  indicated  by  the  straight 
line  (from  Fig.  17).  The  wake  results,  so 
far,  look  very  promising  in  fiat  they 
seem  to  reveal  a  remarkably  uifferent 
large  scale  unsteady  flow  structure  when 
compared  to  that  of  turbulent  jets.  It 
may  suffice  here  to  note  that,  again,  the 
anticipated  in  Eq.  <4 .2)  for  isotropic  turbu- 
for  measuring  positions  remote  from  the  axis 


Two-stream  plane  3hear  layer 


5 

1  \ 

Spencer  4  Jones  [22] 

x  x  =  10  cm  -0.06  <  n  <  +0.06 

Ua  -  30  m/s 

ub/ua  =  0.3 

•  17.8 
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H.3.5  Two-dimensional 
wake  behind  cir¬ 
cular  cylinder!" 

Kobashi  [23] ,  in 
what  is  one  of  the 
earliest  studies  of 
aerodynamic  pressure 
fluctuations ,  measu¬ 
red  intensity  profi¬ 
les  at  42  D  downstream 
of  a  circular  cylin¬ 
der.  If,  in  his  Fig. 
16,  k  is  approximately 
taken  as  p  and  the  di¬ 
mensions  of  this  as 
kg/ms2  =  N/m2  (instead 
of  kg/m2  as  written  at 
the  ordinate),  one  may 
again  evaluate 

p/ (1/2  P0V2)  as  a  function  of  v/U.  The  corresponding  data  points  in  Fig.  19  lie  very  close 
to  the  results  valid  for  axisymmetric  jets  and  wakes. 

This  coincidence  of  the  jet  and  wake  situations  is  confirmed  if  one  replots  in  our  uni¬ 
fied  fv,rm  Strasberg’s  results  which  he  obtained  at  x  24  D  where  the  turbulence  level 
i3  higher  by  a  factor  of  two,  at  least.  His  result  apparently  remained  constant  for  consi¬ 
derably  varying  flow  parameters  (compare  Table  4).  These  far-wake  results  42  D  and  24  D 
downstream  may  be  accomplished  by  a  single  measurement  of  Maekawa  et  al.  [25]  close  to  a 
cylinder  at  x  =  2.3  D  .  All  three  2d-wake  investigations  employed  different,  partly  home¬ 
made,  probe  microphones  with  a  ball-shaped  nose  and  the  pressure-sensing  holes  (or  ring 
slit)  about  2.5  (or  5)  probe  diameters  away  from  the  tip. 

4.3.6  I-ully  developed  turbulent  duct  flows 

The  fully  developed  turbulent  flow  in  long  ducts  may  be  considered  as  intermediate  be¬ 
tween  free  and  attached  shear  layers.  Neise  [27],  when  determining  the  turbulent  background 
noise  for  sound  measuremerits  in  hard-w'alled,  circular  ventilating  ducts,  obtained  pressure 


Table  4:  Parameters  of  two-dimensional  free  shear  layers  (symbols 
correspond  to  data  points  in  F.bg.  18). 
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Fig.  19:  Aerodynamic  pressure  coefficient 
versus  local  longitudinal  turbulence  level 
in  axisymmetric  and  two-dimensional  wake 
flows.  For  comparison:  pressure  according 
to  Eqs.  (4.5),  (M . 11) ,  and  (4.16). 


Fig.  20:  Aerodynamic  pressure  coefficient 
versus  local  longitudinal  turbulence  level 
in  various  duet  flows. 
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1.  Axisymmetric  wake  behind  circular  disk 

Fuohs  et  al.  [26]  •  x  =  3  D 

D  =  5  cm,  Rep  =  5*10*  O  r  =  0 


0  <  r  <  2.5  D 
0.25  D  <  x  <  7  D 


1)  =  15  m/s 


2.  Two-dimensional  wake  behind  circular  cylinders  in  a  cross  flow 

Kobashi  [23]  x  x  =  42  D  -4  D  <  r  <  +4  D  U„  =  14  m/s 

D  =  1  cm,  Rep  =  lO* 

Strasberg  [24]  b  x  =  24  D  r  =  0.5  D  4<U(o<24  m/s 

2.5  <  D  <  10  cm,  6* 10s  <  Rep  <  1.6>10s 

Haekawa  et  al.  [25]  ®  x  =  2.3  D  r  =  1.75  D  U„  =  9.7  m/s 

D  =  2  cm.  Rep  =  1.3*10* 

Table  5:  Parameters  of  axisymmetric  and  of  two-dimensional  wake  flows  (symbols  correspond 
to  data  points  in  Fig.  19). 
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and  velocity  coefficients  which  are  depicted  in  Fig.  20.  Comparison  with  the  jet  data  in¬ 
dicated  by  the  upper  solid  line  shows  that  the  duct  values  for  p/(l/2  pov2)  lie  just  a 
little  below  the  former.  This  may,  according  to  Eqs,  (4.8)  and  (4.9),  be  indicative  of  the 
convection  speeds  in  duct  turbulence  to  exceed  the  values  of  u/c  in  the  initial  region  of 
a  jet. 
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9.3. 7  Grid  generated  turbulence 


Siddon  [28]  also  reported  pressure  intensity  profiles  in  a  rectangular  channel  flow.  The 
results  lie  close  to  Neise's.  In  addition,  Siddon  measured  aerodynamic  pressure  and  velo¬ 
city  fluctuations  in  a  wind  tunnel  far  downstream  of  a  coarse  grid  which  was  especially 
built  into  the  upstream  end  of  the  diffusor  section  to  generate  a  homogeneous  and  appro¬ 
ximately  isotropic  turbulence  field  in  the  test  section.  The  combination  of  p/(l/2p0v2) s  2 
and  v/U  =  0.1  lies  close  to  the  duet  data  measured  near  the  walls. 


9 ■ 4  Limitations  on  measuring  techniques  employing  inserted  microphone  probes 


In  the  preceding  Sec.  9.3  we  have  plotted  normalized  pressure  and  velocity  coefficients 
for  a  variety  of  selected  flows.  Por  similar  plots  of  data  from  bounded  flows  (e.g.  wall 
jets  and  boundary  layers)  refer  to  Ref.  [3^1J  •  Pigs.  17-20  allow  a  rough  estimate  of  the 
fluctuating  pressure  intensity  p  from  what  Is  usually  termed  "turbulence  level",  v/U,  and 
from  the  respective  mean  flow  velocity  U  at  the  measuring  position. 


i 
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The  normalized  pressure  coefficient  p/(l/2p,vJ)  as  measured  with  inserted  microphone 
probes  may  tentatively  bo  compared  with  the  results  in  Eqs.  0.6)  through  0.9)  from  our 
simple  linearized  analysis  of  convected  flow  inhoraogeneities .  The  conjectural  coefficient 
Y  comes  very  close  to  what  one  might  expect  as  corresponding  convection  speeds  Uc/U  =  |1-y] 
in  these  flows  (compare  Table  7).  The  duct  flow  estimate,  0.82  <  Uc/U  <  0.9  ,  agrees  very 
well  indeed  with  measured  convection  speeds  in  such  turbulent  flows.  The  relatively  high 

pressure  coefficients  yielding  the  ex- 


Jet  Flows 

0.1  <  y  <  0.9 

0.1  <  u0/u  <  0.9 

Wake  Flows 

0. 16  <  Y  <  1.0 

0  •;  U0/U  <  0.89 

Duct  Flows 

0.1  <  Y  <  0.18 

0.82  <  Uc/U  <0.9 

Table  7 :  Conjectured  convection  speeds  when 
results  of  Pigs.  17,  19,  and  20  are  interpreted 


tremely  low  Up/U  values  in  Table  7  cor¬ 
respond  (i)  to  the  fluctuations  in  the 
so-called  potential  core  close  to  the 
jet  exit  and  (ii)  to  the  outer  flow 
regions  far  remote  from  the  wake 
(r  =  2.5  D).  Inside  the  actual  wake  and 
jet  mixing  regions  the  conjectural 
values  for  Uc/U  vary  between  0.8  and 
0.8  in  excellent  agreement  with  convec- 


as  due  to  convected  flow  inhomogeneities.  tion  speeds  measured  there. 


It  is  noted,  however,  that  this  oversimplified  model  can  only  be  regarded  as  a  first, 
qualitative  approach  aimed  at  a  better  understanding  of  aerodynamic  pressure  fields  in 
turbulent  flow.  It  may  help  explain  why  pressure  intensity  levels  exceed  those  expected 
for  isotropic  turbulence  by  orders  of  magnitude  in  more  realistic  flow  situations.  Before 
more  comprehensive  studies  of  the  aerodynamic  pressure  fields  can  be  undertaken,  one  would 
like  to  know  the  possible  limitations  imposed  on  the  probe  microphones  measuring  technique 
by  the  error  mechanisms  discussed  under  Sec.  9.2: 

9.9.1  Acoustic  contamination  of  the  flow 

The  effects  of  an  externally  applied  sound  field  on  the  flow  are  twofold.  The  first  is 
quite  obviousj  when  acoustic  pressure  disturbances  a’ e  superimposed,  with  the  flow  acting 
as  its  carrier  in  a  strictly  passive  manner,  the  sound  pressure  level  L  ought  to  lie  suf¬ 
ficiently  far  (say,  10  dB)  below  the  equivalent  aerodynamic  flow  pressure  level  Lp, 

Lp  =  20  log  p/p,  ,  (9.12) 


i 

i 


where  p*  =  2*10"?  N/m1  is  the  sane  reference  pressure  as  for  the  sound  pressure  -J.evei'*. 
Otherwise  L  would  contribute  to  Lp  or  even  mask  the  pressure  fluctuations  to. be. measured. 

Pig.  21  may  be  used  for  a  first  estimate  of  what  pressure  levels  L_  are  to.be  expected 
as  a  function  of  characteristic  flow  velocity  U(.  in  jet;  wake;  and  dutt  'flows  mainlyVoh- 
sidered  here.  With  the  equivalent  flow  pressure  levels  as  high  as  97  to  117  dB  at  a  flow 
velocity  as  low'  a .3  15  m/s,  in  the  present  experiments  this  kind  of  an  acoustic  contamina¬ 
tion  could  savely  be  excluded.  Sound  pressure  levels  of  the  order  indicated  by  Fig.  21 
are  extremely  unlikely  even  in  relatively  noisy  flow  facilities  occasionally  used  in 
practice. 

A  second  effect  of  acoustic  contami¬ 
nation  is  far  less  obvious;  the  flow, 
apart  from  carrying  the  sound  waves,  may 
actively  respond  to  acoustic  disturban¬ 
ces  however  small  these  may  be.  This  is 
undoubtedly  the  case  whenever  the  flow 
goes  through  a  transition  from  a  laminar 
to  a  turbulent  state  like  in  a  jet  at 
lower  Reynolds  numbers.  Use  has,  in  fact 
been  made  of  this  in  especially  devised 
experiments;  a  sound  field  of  a  certain 
frequency  may  be  used  to  trigger  the 
flow  disturbances  in  the  initial  shear 
layer  near  the  jet  nozzle  lip.  In  these 
artificially  excited  aerodynamic  pres¬ 
sure  waves  which  then  travel  downstream 
in  the  steadily  broadening  jet  shear 
layer,  the  randomness  as  typical  of  the 
naturally  occurring  fluctuations  has 
been  removed.  Acoustically  seeding  or 
forcing  of  a  jet  flow  may  even,  in  cer¬ 
tain  circumstances,  facilitate  investi¬ 
gations  into  the  aerodynamic  pressure 
field  [35]. 


Armstrong  et  al.  [42] 

D  =  5  cm 

Lau  [39] ;  D  =  5  cm 
Fuchs  et  al.  r 
Neise  [27] 

(increased  turbulence  level) 


=  5  cm 

[26] 


O  x  =  2  D, 
Q  X  =  3  D, 
A  x  =  2  D, 
A  X  =  3  D, 


r  =  0 
r  =  0.5  D 
r  =  0 
r  =  0 


4.4.2  Resolution  error  due  to  finite 
transducer  dimensions 


X  x  :  DO  D,  r  :  0 
+  r  =  0.25  D 

•  x  =  5  D,  r  =  0.225  D 

Fig.  21:  Aerodynamic  pressure  fluctuation  level 
in  various  turbulent  flows.  For  comparison: 
wind  noise  level  according  to  Eq.  (4.13) . 


Fig.  22:  Fluctuating  pres¬ 
sure  measuring  probes  with 
built-in  B&K  condenser  mi¬ 
crophones  fitted  with  nose 
cones  (d  =  1/4  in.  and 
1/8  in.) 


As  is  well  known  from  wall  pressure 
measurements  underneath  turbulent  boun¬ 
dary  layers  [19]  it  is  of  the  ut¬ 
most  importance  that  the  size  of  the 
pressure  sensing  transducer  element  be 
sufficiently  3mall  to  obtain  optimum 
resolution.  This  is  warranted  only  when 
the  dimensions  of  the  pressure  sensing 
area  are  small  compared  with  the  charac¬ 
teristic  scale  of  the  pressure  field . 

Otherwise  the  pressure  vs  measured  too 
low.  In  our  own  jet  and  wake  experiments  [l8,  26],  where 
we  have  preferably  used  1/8-inch  Bruel  &  Kjaer  condenser 
microphones  fitted  with  r.ose  cones  (Pig.  22),  we  came  to 
the  conclusion  that  this  type  of  resolution  error  was  prac¬ 
tically  absent.  This  may  not  surprise  after  these  flow 
fields  have  been  found  to  be  dominated  by  large-scale  co¬ 
herent  turbulence  structures. 

4.4.3  Flow-affected  sensitivity  of  the  microphone 

Pressure  sensitivity  and  frequency  response  of  micro¬ 
phones  are  usually  calibrated  for  sound  waves  impinging  at 
an  individual  (or  random)  angle  of  incidence  to  the  probe 
axis  with  the  medium  (usually  air)  otherwise  at  rest.  It 
is  conceivable  that  these  response  characteristics  are 
affected  in  the  presence  of  flow.  One  knows,  e.g.,  that 
the  acoustic  impedance  of  perforated  walls  is  affected  by 
turbulent  grazing  flow  [36] .  Both  amplitude  and  phase  of 
the  measured  acoustic  or  aerodynamic  pressures  could  thus 
be  adulterated. 


Neise  [37]  determined  exactly  how  large  the  effect  of  flow  is  on  the  pressure  sensiti¬ 
vity  of  probe  microphones  of  the  kind  used  for  in-flow  pressure  measurements.  He  showed 
that  there  is  a  measurable  logs  in  sensitivity  due  to  the  air  flow.  It  does,  however,  not 
exceed  0.5  d3  for  low  subsonic  flow  velocities  in  a  frequency  range  between  HO  and  1250  Hz 
Fig.  23  shows  the  results  and  a  schematic  of  the  test  set-up  in  which  a  reference  micro¬ 
phone  was  mounted  flush  with  the  duct  wall.  Unfortunately,  these  experiments  could  not 
be  carried  out  for  flow  velocities  beyond  40  ra/s,  a  value  which  is  typical  of  fan  r.oise 
measurements  in  ventilating  ducts  [38] . 
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jkjjj  Acceleration  response  due, to. probe 
vibrations 

Another  possible  source  of  error  nay 
have  its  origin  in  the  response  of  the 
microphone  built  into  the  pressure  probe 
to  possible  flop-induced  probe  vibrations. 
The  unsteady  flow. around-  the  body  can  in 
certain  cases  excite  vibrations  thus  si¬ 
mulating  pressure  fluctuations  in  the 
microphone  output.  In  our  own  experiments 
we  had  no  problem  avoiding  critical  probe 
vibrations  by  mounting  the  microphones  on 
fairly  rigid  home-made  holders  as  seen  on 
Pig.  22.  Small  lateral  oscillations  of 
the  probe  tips  which  became  visible  at 
higher  flow  velocities  do  not  seem  to 
have  caused  spurious  pressure  signals. 

4.4.5  Probe-flow  interaction  effects 


Even  if  the  pressure  probes  were  made 
ideally  rigid  and  the  on-coming  flow  per¬ 
fectly  laminar,  one  can  still  imagine  a 
variety  of  mechanisms  by  which  pressure 
perturbations  may  be  created.  Two  of 
these  mechanisms  depe..J  on  the  geometry 
and  relative  motion  of  the  probe  alone: 
Firstly,  a  wake  is  formed- behind  the 
probe,  and  secondly,  a  boundary  layer 
develops  along  the  probe  surface.  Both 
flow  phenomena  may,  in  principle,  induce 
pressure  fluctuations  on  the  probe  its«=lf 
if  no  other  unsteadiness  is  present.  Part 
of  these  self-induced  disturbances  may 
also  be  registered  as  noise  by  the  micro¬ 
phone  dependent  on  the  position  of  the 
pressure  sensor  thus  limiting  the  measu¬ 
rement  cf  the  wanted  aerodynamic  or 
acoustic  pressure. 


Change  of  acoustic  sensitivity  of  A  number  of  attempts  woro  made  to  de- 

SftS  r?5?  ’  termine  this  kind  of  a  "wind  noise"  due 

3  r  12'J-  to  the  plow  around  the  probe.  They  em¬ 

ployed  rotating  booms,  ground  vehicles 

and  aircraft  to  move  the  microphone  probe  through  assumedly  undisturbed  air.  None  of  these, 
however,  is  reckoned  to  have  yielded  the  absolute  minimum  wind  noise  level.  We  conclude 
this  from  measurements  in  one  of  our  high  contraction  ratio  free  jet  facilities  (Fig.  22). 

A  reasonably  quiet,  low  turbulence  (v/U,  <  0.005),  parallel  flow  is  generated  in  the  jet 
exit  plane.  If  the  above  described  1/8,  l/1*, 1/2,  and  1  inch  microphone  probes  are  inserted 
there,  they  measure  pressure  levels  below  those  previously  reported  as  wind  noise  at  the 
respective  flow  velocities  provided  the  probes  are  carefully  aligned  with  the  flow  and 
fitted  with  the  standard  nose  cones.  Considerably  higher  noise  levels  are  measured  with 
the  nose  cones  replaced  by  the  standard  protection  grids.  For  the  time  being,  we  may  there¬ 
fore  take  these  pressure  levels  as  the  upper  limit  for  the  wind  noise  for  as  long  as  no 
lower  pressure  levels  are  found  in,  possibly,  even  quieter  flow  situations. 

The  respective  signal-to-noise  ratio  for  aerodynamic  pressure  measurements  in  jet,  wake, 
and  duct  flows  may,  on  this  basis,  be  seen  in  Fig.  21  to  deteriorate  with  the  flow  veloci¬ 
ty.  This  is  because  this  type  of  wind  noise  increases  with  approximately  the  third  power 
of  U«, 

Ps  *  U’  (4.13) 

whereas  the  aerodynamic  pressure,  from  all  we  know,  scales  on  c-Uo, 

p  s,  p0Uo  (4.14) 

for  not  too  high  flow  Mach  numbers  M.  The  reason  for  the  wind  noise  level  in  Fig.  21  to 
level  off  for  Uj  <  JO  m/s  is  the  acoustic  background  noise  m  the  test  room  contamina¬ 
ting  the  pressure  measurements  in  the  jet  exit  plane  at  these  very  low  velocities. 

Another,  very  important  probe-flow  interaction  effect  becomes  evident  at  very  high  sub¬ 
sonic  flow  velocities.  For  U0  >  220  m/s  corresponding  to  K(  >  0.6  the  jet  results  for 
r  =  0  ,  x  =  2  D  in  Fig.  21  show  quite  a  dramatic  deviation  from  the  dependence  indicated 
by  Eq.  (4.14).  This  effect,  which  does  not  occur  in  the  data  obtained  at  r  =  0.5  D  ,  was 
also  found  by  Lau  [39^  in  a  completely  different  jet  facility  (compare  the  triangles  in 
Fig.  21). 

No  really  conclusive  explanation  of  this  probe-flow  interaction  effect  can  be  given 
here.  But  there  is  sufficient  evidence  that  when  an  obstacle  like  the  probe  microphone  is 
inserted  in  the  high  velocity  jet  core  flow  this  may  generate  both  additional  flow  distur¬ 
bances  and  noise  in  excess  of  what  is  experienced  with  the  unperturbed  jet.  The  former 
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Fig.  24:  Pressure  distribution  for 
quasi-steaiy ,  symmetric  flow  around 
the  pressure  probe  [18]  . 


The  effect  of  variations  in  the  axial  flow  velo¬ 
city  on  the  pressure  fluctuations  on  the  probe  sur¬ 
face  was  estimated  in  Ref.  [18]  for  both  acoustic 
and  aerodynamic  pressure  measurements  with  inserted 
microphones.  In  this  analysis  the  geometry  of  the 
probe,  particularly  its  diameter  d,  played  an  im¬ 
portant  role.  In  the  limit 

d  <<  Ax  , 

where  Ax  is  the  axial  scale  of  the  aerodynamic 
pressure  inhomogeneities  (or  the  wave  length  X  in 
the  case  of  a  sound  wave  propagating  in  the  axial 
direction)  two  special  cases  may  be  considered 
here ; 


(a)  Acoust ic_gressure_at_the_grobe_t ig 

fd/a0  =  d/A  «  1  ;  PA/p  =  1  +  M0 


i1*  .as) 


For  Mach  numbers  approaching  unity  the  sound  pressure  level  may  thus  be  measured  too 
high  by  up  to  6  dB  due  to  the  response  of  the  probe  at  x  =  0  to  the  acoustic  par¬ 
ticle  velocity  of  the  incident  sound  wave.  At  any  other  point  on  the  probe  surface 
this  error  would  be  much  less. 

(b)  Aerodynamic_gressure_at_cylindrical_ring_element  (Fig.  24) 

One  could  think  of  designing  a  probe  with  pressure  holes  located  exactly  where 
the  mean  static  pressure  pg  just  equals  p  in  the  undisturbed  flow.  In  practical 
situations  with  turbulence  levels  ov-n  1C  f,  however,  the  instantaneous  flow  direc¬ 
tion  would  continuously  change  with  vine.  This  would  shift  the  zero  crossing  of  the 
pressure  distribution  on  thfe  probe  surface  and  result  in  considerable  stagnation 
pressures  in  that  particular  region  B.  The  small  negative  pressure  at  the  cylindri¬ 
cal  ring  element  shown  in  Fig.  24,  on  the  other  hand,  has  the  advantage  of  not  vary¬ 
ing  too  much  with  the  angle  of  incidence.  For  the  profile  chosen  to  imitate  a  stan¬ 
dard  B4K  nose  cone,  of  the  old  .type,  the  error  due  to  axial  velocity  variations  was 
roughly  <  . :imated  in  Ref.  [18]  as 


may  give  rise  to  upstream  travelling  pressure  waves  which,  under  certain  conditions i; help, 
building  up  a  feedback  loop  with  the  downstream  travelling  jet  instability  wavesV'Thia"’' 
phenomenon  was  thoroughly  studied  by  Neuwerth  [40],  The  latter  effect  was  occasionally 
observed  in  jet  noise  far  field  investigations,  especially  in  so-called  "causality  (near  /*  +--> 
field/far  field)  correlations"  [4lj. 

It  is  quite  clear  from  considerations  like  those  in  Sec.  2.4.3  that  any  acoustic  dis¬ 
turbances  emanating  from  the  probe  will  be  amplified  in  the  upstream  direction  as  was 
illustrated  by  Fig.  9.  For  flow  Mach  numbt-s  Mf  approaching  unity  this  amplification  plus 
the  onset  oi  a  3trong  feedback  mechanism  may  well  explain  an  increase  in  measured  aero¬ 
dynamic  pressure  fluctuation  levels  which  is  primarily  due  to  the  measuring  probe  sitting 
in  and  interacting  with  the  flow  around  it  in  a  way  which  becomes  critical  at  Mt  >  0.6  . 

It  is,  however,  pointed  out  here  that  a  similarly  strong  probe-flow  interaction  effect 
does  not  occur  at  M(  <  0.6  and  that  measurements  at  higher  jet  exit  velocities, 

Uq  >  226  m/s  ,  seem  not  to  have  been  affected  if  performed  with  the  probe  positioned  in 
the  mixing  region  (the  squares  in  Fig.  21)  where  the  local  mean  flow  Mach  number  stays 
below  0.6  even  when  M(  approaches  unity. 

4.4.6  Fluctuating  cross  flow  error 

This  error  mechanism  has  already  been  discussed  in  Sec.  4.2.  Let  us  assume  that  vn,  the 
flow  velocity  fluctuations  normal  to  the  probe  surface,  to  be  of  the  same  order  of  magni¬ 
tude  as  v,  the  axial  velocity  component.  We  may  then  conclude  from  Figs.  IV  through  20 
that  the  measured  pressure  exceeds  the  critical  value  of  Eq.  (4.5)  by  orders  of  magnitude 
except  for  those  flow  situations  providing  conditions  for  nearly  isotropic  turbulence 
(e.g.,  the  in-duct  results  downstream  of  a  grid  or  perforated  orifice  in  Fig.  20).  in 
Fig.  19  we  have  indicated  both  limits  for  isotropic  turbulence  and  for  the  fluctuating 
cross  flow  error. 

4.4.7  Response  to  axial  velocity  fluctuations 

We  are  left  with  one  la3t  possible  source  of  error  which  may  be  due  to  yet  another 
unsteady  flow/probe  interference  effect.  To  understand  this  effect  in  principle,  consider 
a  steady  (or  slowly  varying)  potential  flow  about  a  stream-lined  body  simulating  the 

microphone  probe  as  aligned  with  the  mean  flow  di¬ 
rection  (Fig.  24).  Only  in  a  limited  region  B  on 
the  surface  of  the  body  will  the  pressure  pn  be 
approximately  equal  to  the  undisturbed  static  pres¬ 
sure  p  in  the  flow.  Exterior  so  that  distinguished 
area  the  pressure  differs  from  p  and  similarly  a 
fluctuating  pressure  there  cannot  in  general  be  ex- 
ojfl  I  \  pected  to  equal  that  at  the  measuring  position  in 

the  flow  before  the  insertion  of  the  probe. 
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and  g  and  9  are  approximately  related  according  to  Eq.  (4.6). 

The  estimate  (4.16)  was  used  in  Fig.  19  to  indicate  a  possible  error  response  involved 
in  measurements  of  aerodynamic  pressures  of  the  type  discussed  in  Sec.  3.  For  feasible 
ways  of  further  minimizing  this  "nose  curvature  error",  in  cases  where  p  should  not  domi¬ 
nate  over  p?  of  Eq.  (4.16),  refer  to  Refs.  [18,  28]. 

5.  AERODYNAMIC  PRESSURE  FIELDS  IN  WAKES  AND  IN  JETS 

In  Sec.  4.4  we  have  given  a  detailed  description  of  the  error  mechanisms  involved  in 
measuring  aerodynamic  pressure  fluctuations  with  inserted  microphone  probes.  From  the 
survey  of  pressure  data  in  Figs.  17  through  19  we  may  conclude  that  in  free  shear  layers 
the  pressure  measurements  are  most  likely  unaffected  by  possible  probe-flow  interferences. 
The  validity  of  the  measuring  technique  for  practically  important  jets  and  wakes  has 
enabled  extensive  investigations  into  their  unsteady  flow  fields.  These  have  helped  reveal 
certain  large-scale  coherent  turbulence  phenomena  which  could  not  be  identified  in  earlier 
studies  employing,  e.g.,  hot-wire  probes  in  the  mixing  region  of  turbulent  jets.  Charac¬ 
teristic  structures  were  found  to  exist  in  these  flows  which  do  not  fit  into  conventional 
concepts  of  turbulent  eddies  be  they  small  or  large.  A  large  portion  of  the  turbulence  in 
circular  jets  and  wakes,  for  instance,  can  much  better  be  described  by  a  very  pronounced, 
three-dimensional  wave  field  propagating  with  the  mean  flow. 

As  these,  purely  aerodynamic,  wave  structures  have  recently  gained  interest  in  the 
field  of  experimental  and  theoretical  aeroacoustic3 ,  we  may  briefly  mention  how  these 

waves  behave  in  terms  of  the  r.m.s. 
pressure  associated  with  them.  Fig.  25 
shows  the  downstream  development  of  the 
pressure  level  p/(l/2  P0U2)  along  the 
centre-line  of  (a)  the  axisymmetric  wake 
behind  a  circular  disk  and  (b)  the  axi¬ 
symmetric  free  jet. 

Particularly  strong  pressure  pulsation 
levels  of  up  to  12  t  of  the  (mean)  total 
head  pressure  1/2  p#U2  are  realized 
around  x  =  2.5  D  in  the  downstream 
stagnation  point  region  behind  the  disk. 
This  amazingly  high  unsteadiness  in  the 
aerodynamic  pressure  field  in  a  wake 
becomes  an  even  more  important  factor  in 
unsteady  aerodynamics  as  we  now  know  that 
these  pressure  oscillations  occur  cohe¬ 
rently  over  the  whole  of  the  wake  in  the 

Fig.  25:  Normalized  pressure  intensity  lateral  as  as  the  i°nEitudinal 

p77T7F7,U2)_  in  a  circular  wake  ( - •>  and  directions  [26]. 

jet  (  ).r=0  The  jet  pressul.e  waves  show  a  compa¬ 

ratively  smooth  increase  in  the  initial 

jet  region  up  to  a  level  below  4  %  and  (not  shown  in  Fig.  25)  a  gradual  decay  in  the 
transition  region.  Far  downstream  the  jet  and  wake  pressure  fieJ.ts  seem  to  be  comparable 
in  strength.  On  the  disk  surface,  on  the  other  hand,  the  fluctuating  pressure  remains 
considerably  above  that  in  the  jet  exit  plane  (about  3  %  as  compared  to  0.6  % ,  respective¬ 
ly).  This  pressure  will,  of  course,  exert  an  unsteady  aerodynamic  force  on  the  disk  and 
cause  the  jet  thrust  to  fluctuate,  too. 
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lude  this  3hort  excursion  into  the  field  of  unsteady  aerodynamics  with  Fig.  26. 
that  for  both  flows  the  linear  relationships  Eqs.  (4.6)  through  (4.8)  provide 

a  fairly  acceptable  model  for  the  pressure  and 
axial  velocity  fluctuations.  One  would  estimate 
axial  phase  velocities  of  the  order 

|  =  0.6  -  0.9 

in  rough  agreement  with  corresponding  measure¬ 
ments  [31] .  It  is  noted,  however,  that  a  simple 
model  like  that  leading  to  Eq.  (4.6)  cannot  be 
regarded  rs  a  substitute  for  necessarily  more 
comprehensive  studies  of  the  individual  pressure 
field  characteristics  of  the  flows  so  briefly 
described  in  Sec.  4.3. 


26:  Dimensionless  ratio  p/poU  v 

-)  and  jet  ( — ). 
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in  a  circular  wake  (• 


Fig.  27 :  Schematic  of  a  slit-tube  microphone  probe  for  sound  measure¬ 
ments  in  turbulent  flow  [43]  • 


6.  SOUND  PRESSURE  MEASUREMENTS  IN  TURBULENT  FLOW 

absofbmg  mn.fof'hor*  with  . 

p,p,  mater  iol  sl.1  doth  prot.Coo  *,d  and  5  Kehave^lis- 

\  I  \  Is  \  cussed  ih-flow 

_ — probe  measurements 

dUi  li;  O  SJ5£*S£r 

1  I  [T  I  Ifni  assumed  not  to  be 

,  I  9  T  contaminated  by 

-  •  . . - 340 - - « — -j  '-15-'  any  spurious  pres- 

i  sure  fluctuations 

Fig.  27:  Schematic  of  a  slit-tube  microphone  probe  for  sound  measure-  as  due  to  internal 
merits  in  turbulent  flow  [43] .  or  external  sound 

sources.  Other 

aeroacoustic  problems  require  the 
measurement  of  sound  pressure 

80j=r - — - —  — - - - - - -  fields  superimposed  on  a  turbu- 

\  lent  flow,  e.g.,  in  model  expe- 

CB  — _bsr _ '  _ _ riments  in  wind  tunnels  or  when 

t  ^  s.  (al  sound  propagation  in  ventilating 

I  7Q _ _ _ \  _ _ ducts  is  to  be  studied.  It  is 

=  \_T  \  ~  then  necessary  to  not  only  avoid 

2Q log \  any  kind  of  probe/flow  interfe- 

p« - V - x - rence  generating  extra  noise  but 

\  v  also  suppress  the  detection  of 

60 - A-- - iv - the  above  described  aerodynamic 

j'V  \  pressures  already  present  in  the 

_ _ \ _ flow  before  the  insertion  of  the 

X  probe.  The  latter  can  be  seen  in 

*\.  Fig.  21  to  reach  remarkably  high 

20  50  100  200  500  1000  2000  5000  Hz  20000  pressure  levels. 

To  give  an  example,  the  in- 

Fig.  28:  Turbulent  flow  pressure  spectra  measured  in  a  f°r  the 

duct  by  means  of  a  1/2-in.  BSK  condenser  microphone  sound  power  generated  by  turbo- 

fa)  with  nose  cone  machines  [38]  requires  that  the 

(b)  with  slit  tube  rU3l  unwanted  flow  pressure  level  be 

U0  =  20  m/s,  15  %  turbulence  level,  39  "Jf  v  33  pos^ble  in 

p  .  o  y  -  r  n  Af  •  in  order  to  acnieve  an  optimum 

r  -  o,  x  -  5  D,  Af  -  10  Hz.  signal-to-noise  ratio  for  the 

sound  measurements.  For  tnis 

purpose,  Neise  [27]  has  developed  a  slit-tube  microphone  probe  a  cross-sectional  view  of 
which  is  shown  in  Fig.  27.  It  enables  a  suppression  of  the  turbulent  flow  pressure  by 
more  than  12  dB  over  a  broad  range  of  frequencies  as  long  as  the  duct  flow’ Mach  number  is 
low  enough  (Fig.  28). 

Since  we  have  no  space  here  to  discuss  this  important  measuring  procedure  in  depth  the 
interested  reader  may  refer  to  Neise's  most  recent  paper  [43] .  There  he  may  also  find  re¬ 
commendations  how  one  can  check  the  validity  of  this  technique  in  cases  where  the  flow 
turbulence  level  cannot  be  measured  separately. 
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Fig.  28:  Turbulent  flow  pressure  spectra  measured  in  a 
duct  by  means  of  a  1/2-in.  B&K  condenser  microphone 

(a)  with  nose  cone 

(b)  with  slit  tube  [43] . 

U0  =  20  m/s,  15  %  turbulence  level, 
r  =  O,  x  =  5  D,  Af  s  10  Hz. 
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a  sound  propagation  speed 

a,  speed  of  sot  .id  in  medium  at  rest 

A,  source  stre-.gth 

Si  mean  flow  velocity  vector  (Fig.  1) 

C  source  convection  factor  (Eq.  (2.54)) 

d  pressure  probe  diameter 

f  frequency 

L  acoustic  pressure  fluctuation  level  (dB) 

Le  coherence  length  scale 

Lp  aerodynamic  pressure  fluctuation  level  (Eq.  (^ .  12 ) ) 

Lg  source  length  scale 

M  flow  Mach  number  (Eq.  (2.10)) 

Mc  Mach  number  of  relative  motion  (Eq.  (2.11)) 

Mf  Mach  number  of  source  and  observer  in  motion  (Eq.  (2.66)) 

M<  jet  exit  Mach  number 

Mq  Mach  number  of  observer  in  motion  (Eq.  (2.63)) 

Ms  Mach  number  of  source  in  motion  (Eq.  (2.1l6)) 

p  pressure 

(5t  pressure  amplitude  radiated  by  a  stationary  source 

in  a  medium  at  •  st  (Eq.  (2.39)) 

Q  source 

r  source-observer  distance 

r°  source-observer  distance  in  Lorentz  system  (Eq.  (2.13)) 

R  source-observer  distance  at  the  time  of  emission 

R,  defined  in  Eq.  (2.48) 

t  time 

tr  retarded  time  (Eq.  (2.45)) 

u  speed  at  which  source  moves  (Fig.  2) 

v^  particle  velocity  vector 

x^  fixed  (Cartesian)  coordinates 

x!  Galilean-transformed  coordinates  (Eq.  (2.2)) 

x*  Lorentz-transformed  coordinates  (Eq.  (2.8)) 

x^a  flow  coordinates  (Eq.  (2.5)) 

x^  specified  Lorentz  coordinates  (Eq.  (2.12)) 

Xjt  source  coordinates  (Eq.  (2.16)) 

Y  coefficient  defined  in  Eqs.  (4.6)  and  (4.7) 

■6  observation  angle  between  r  and  the  direction  of 

motion  (Table  2) 

G  emission  angle  between  R  and  the  direction  of  motion 

(Table  2) 

X  acotctic  wave  length 

Ax  axial  scale  of  a  flow  inhomogeneity 

p0  fluid  density 

♦  velocity  potential 

oi  o  source  frequency 

oib  frequency  in  Lorentz  system 

oi,f!  radian  frequency 
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